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Abstract

An introduction to the instanton formalism in supersymmetric gauge theories is
given. We explain how the instanton calculations, in conjunction with analyticity
in chiral parameters and other general properties following from supersymmetry,
allow one to establish exact results in the weak and strong coupling regimes. Some
key applications are reviewed, the main emphasis is put on the mechanisms of the
dynamical breaking of supersymmetry.
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1 Introduction and Outlook

Most theorists firmly believe that the underlying theory of fundamental interactions
is supersymmetric. If so, at energies below 100 GeV supersymmetry (SUSY) must
be broken, since no traces of the Fermi-Bose degeneracy were detected so far. One
can speak of two alternative patterns of the SUSY breaking: explicit or sponta-
neous. Although the former pattern is sometimes discussed in the literature, this
direction is obviously peripheral. For aesthetical and theoretical reasons the main
trend is the spontaneous breaking of supersymmetry. Various mechanisms of the
spontaneous SUSY breaking were worked out; a common feature of all of them is
the occurrence of the massless Goldstino. When the supergravity is switched on
the phenomenon analogous to the Higgs mechanism occurs – the Goldstino mixes
with the gravitino and is “eaten up” by the latter – the gravitino becomes massive.
Therefore, phenomenology of the spontaneous SUSY breaking cannot be considered
in isolation from gravity.

To us, the most interesting question is dynamics lying behind the spontaneous
SUSY breaking. More exactly, our prime topic is the nonperturbative gauge dynam-
ics which, in certain supersymmetric theories, creates non-supersymmetric vacua.
Why this happens in some models and does not in others? Which features of the
supersymmetric Yang-Mills theories are crucial for this phenomenon and which are
secondary?

These and other similar questions were first posed in the beginning of the 1980’s.
Many breakthrough discoveries were made then, approximately fifteen years ago. In
the subsequent decade the issue was in a dormant state. It was revived recently in
connection with new breakthrough discoveries in nonperturbative gauge dynamics.
The present review is an attempt to give a unified “big picture” of the development
of the subject spanning over 15 years.

Several reviews and lectures published recently are devoted to the dynamical
SUSY breaking. Usually the main emphasis is made on general aspects and phe-
nomenological consequences. Not much attention is paid to theoretical tools devel-
oped over these years, which allow one to obtain exact results in strongly coupled
gauge theories, in certain instances. The formalism of the supersymmetric instan-
tons is one of such tools. A significant part of this review is devoted to in-depth
studies of the supersymmetric instantons. More exactly, we focus on the aspects
of superinstanton calculus that are important for the mechanisms of the dynamical
SUSY breaking. The second part of the review presents a survey of such mechanisms.

1.1 Dynamical SUSY breaking: what does that mean?

Logically, there are two possibilities for the spontaneous breaking of supersymme-
try. It could be broken at the tree (classical) level by virtue of one of two known
mechanisms: the Fayet-Iliopoulos mechanism or the O’Raifeartaigh mechanism (see
Sec. 5.1). Both were most popular in the 1970’s and early 1980’s. They are out of
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fashion now. If one believes that the only genuine mass scale in the fundamental
theory is that of Grand Unification, ∼ 1016 GeV, or the Planck scale, ∼ 1019 GeV,
then it is natural to expect that the tree-level breaking would produce the splittings
between the masses of ordinary particles and their superpartners of the same order
of magnitude. Then, next-to-nothing is left of supersymmetry as far as physics of
our low-energy world is concerned. In particular, SUSY will have nothing to do with
the hierarchy problem – its main raison d’etre in the model-building.

If supersymmetry is unbroken at the tree level, it remains unbroken at any finite
order of perturbation theory. If the SUSY breaking still occurs in this case, it must
be exponential in the inverse coupling constant, ∼ e−C/g

2
, where C is a positive

constant. A natural very small parameter appears in the theory. The exponent
e−C/g

2
suppresses all SUSY breaking effects. Starting from the fundamental scale

∼ 1019 GeV, one can expect to get in this case the mass splitting between the
superpartners of order of the “human” scale, ∼ 102 GeV. Then supersymmetry
may be instrumental in the solution of the hierarchy problem and in shaping the
major regularities of the electroweak theory. It is just this scenario that is called
the dynamical SUSY breaking, that will be in the focus of the present review. The
term was put into circulation by Witten [1]. The models where the phenomenon
occurs are rather sophisticated in their structure and are not so abundant. The
searches that eventually led to the discovery of such models present a dramatic
chapter in the history of supersymmetry. We will dwell on various aspects of this
story and on nuances of the dynamical SUSY breaking in due course. Whether
the models developed so far may be relevant to nature is a big question mark.
Since supersymmetry is not even yet observed, it seems premature to submerge
too deeply into the phenomenological aspects. Our prime emphasis will be on the
underlying dynamics which is beautiful by itself. It is inconceivable that such an
elegant mechanism will not be a part of the future theory in this or that form.

From the ample flow of the literature devoted to the dynamical supersymmetry
breaking we have chosen only one little stream. The early works [2–5] established the
basic principles of the construction and set the framework and formalism that are
universally used at present in this range of questions. The ideas elaborated in these
works were further advanced and supplemented by new discoveries, of which most
important are two mechanisms: one of them is due to specific features of confinement
in SUSY gauge theories [6] and another is due to a quantum deformation of the
moduli space [7]. It may well happen that only one of several competing dynamical
scenarios will survive in the future. But which one? Since the answer is unknown,
we should get acquainted with all of them.

1.2 Hierarchy problem

As we have mentioned, the dynamical SUSY breaking could explain how supersym-
metry could survive down to energies constituting a tiny fraction of the Planck mass
MPl. This is only one aspect of the hierarchy problem. One can ask oneself why W
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and Z bosons are so light compared to MPl? Or, in other words, why the expecta-
tion value of the Higgs field triggering the SU(2) breaking in the Standard Model is
so small?

One needs the Higgs doublet to be essentially massless on the scale of MPl. The
elementary charged scalars are not protected against large quadratically divergent
corrections pushing their masses to MPl, except in supersymmetric theories. Super-
symmetry pairs elementary scalars with elementary spinors that could be naturally
massless because of their chirality. In fact, SUSY propagates the notion of chiral-
ity to the scalar fields. It is quite possible then that the same exponentially small
nonperturbative effects, which are responsible for the dynamical SUSY breaking,
provide the Higgs field with an exponentially small (on the scale MPl) expectation
value and mass. We do not know exactly how this could happen but a priori this is
conceivable.

1.3 Instantons

Many mechanisms of the supersymmetry breaking to be discussed below refer to
the weak coupling regime. In a sense, the smallness of the coupling constant is a
prerequisite in our explorations. In the weak coupling regime the mystery surround-
ing nonperturbative effects in the gauge theories fades away – we know that certain
nonperturbative phenomena are due to instantons [8]. Thus, the instantons are the
most important technical element of the whole construction.

The instantons were discovered in [8] in the context of quantum chromodynam-
ics (QCD). In QCD they are instrumental in revealing a topologically nontrivial
structure in the space of fields. They can not be used, however, for quantitative
analyses of the nonperturbative effects since the instanton-based approximations in
QCD are not closed: typically the instanton contributions are saturated at large dis-
tances, where the coupling constant becomes of order unity, and the quasiclassical
(weak coupling) methods become inapplicable. As was noted by ’t Hooft [9], in the
models where the gauge symmetry is spontaneously broken, e.g. in the Standard
Model (SM), the instanton calculations become well-defined, the integrals over the
instanton size ρ are cut off at ρ ∼ v−1 where v is the expectation value of the Higgs
field. The running coupling constant is frozen at distances of order v−1, and if it
is small at such distances, as is the case in the Standard Model, all approximations
that go with the instanton analyses are justified.

From the calculational side everything is okey with the instantons in the Higgs
regime. However, the exponentially small instanton contribution is usually buried in
the background of much larger perturbative contributions, which mask it and make
it totally negligible. The only exception known so far is the baryon number violating
effects in the Standard Model. These effects identically vanish to any finite order in
perturbation theory, but are generated by instantons [9].

Instantons in supersymmetric theories are very peculiar. Many SUSY models
possess the so called vacuum valleys, or flat directions, or moduli spaces of vacua.
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There are infinitely many physically inequivalent degenerate vacuum states. As
a matter of fact, the degeneracy is continuous. The degeneracy is protected by
supersymmetry from being lifted in perturbation theory to any finite order. The
instantons may or may not lift the vacuum degeneracy. If they do, a drastic re-
structuring of the vacuum state occurs. The instantons are the leading driving force
in the vacuum restructuring; the perturbative background is just absent. Thus,
we encounter here with the situation similar to the baryon number violation in the
Standard Model, except that the baryon number violation is an exotic process, while
the instanton-generated superpotentials in the vacuum valleys of the SUSY models
are quite typical.

The distinguished role of the instantons in the phenomena to be discussed below
is not the only special circumstance. Another remarkable feature of the supersym-
metric instantons, with no parallels in nonsupersymmetric models, is the fact that
their contribution can be found exactly [3]. In conventional theories a perturbative
expansion is built around the instanton solution, so that the corresponding contri-
bution takes the following generic form

e−C/α(C0 + C1α+ C2α
2 + ...) , α ≡ g2

4π
. (1.1)

The series in α never terminates, although practically, of course, it is hard to go
beyond the one-loop approximation. The supersymmetric instanton is unique: the
general loop expansion (i.e. the expansion in powers of α) trivializes. No α series
emerges in the instanton-generated quantities. All quantum corrections around the
instanton solution cancel each other [10, 11], and the problem reduces to consider-
ation of the classical solution itself, and the zero modes it generates [12, 13]. The
zero modes are associated with the symmetries of the problem that are nontrivially
realized on the instanton solution. The cancellation of the quantum corrections is
due to the fact that the instanton field is a very special field configuration: each
given instanton preserves one half of the original supersymmetry.

Even though the α series does not appear one may pose a question of the iteration
of the exponential terms, i.e. multi-instantons. It turns out that in many cases these
iterations do not take place – the one-instanton results are exact. In other instances
the multi-instantons can be summed up exactly.

Quite often the instanton calculations are performed by “brute force”, by using
methods that are essentially non-supersymmetric. Such an approach is quite pos-
sible, especially in those instances when the authors are not interested in overall
numerical constants, while the general structure of the result is known a priori, say,
from R symmetries. Our approach is different. About one half of the review is
devoted to building a superinstanton formalism which takes maximal advantage of
SUSY, at every stage. Although it takes some effort to master it, once this is done
various instanton calculations can be carried out with ease. In this way the reader
gets a much better insight in technical and conceptual aspects of nonperturbative
gauge dynamics.
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1.4 The Higgs mechanism en route

At first sight, the supersymmetric gauge theories look very similar to ordinary QCD.
In the simplest case of SUSY gluodynamics the only difference refers to the represen-
tation of the color group to which the fermions belong. In SUSY gluodynamics the
fermions (gluinos) transform according to the adjoint representation of the group,
as the gluons, and are the Majorana fields. If one adds the matter superfields in
the fundamental representation, one gets the quarks, and, in addition, their scalar
partners, squarks. Keeping in mind this similarity, it was tempting to interpret the
supersymmetric gauge dynamics in parallel to that of QCD. As a matter of fact, in
some of the first works (e.g. [14]) devoted to nonperturbative effects in supersymmet-
ric QCD (SQCD) attempts were made to closely follow the pattern of QCD, which
gave rise to paradoxes. The paradoxes are resolved as follows: in many instances
the spontaneous breaking of the gauge symmetry takes place. The theory one deals
with is in the Higgs phase: the gauge bosons are heavy which freezes the gauge
coupling constant. This is in clear contradistinction to what happens in QCD. The
Higgs regime is a common phenomenon in the SUSY gauge theories with matter.

The Higgs phenomenon is very well known from the Standard Model. In SM the
potential energy associated with the Higgs field is

UH(φ) = C(φ̄φ− v2)2 . (1.2)

It is obvious that the minimum of the energy corresponds to a nonzero expectation
value

〈

φ̄φ
〉

vac
= v2 . (1.3)

If v is large, we deal with the classical field and can speak of the average value not
only of the square of the field (1.3), but of the field itself.

In contrast to the Standard Model, however, where the potential (1.2) is usually
postulated, in the SUSY gauge theories of interest, similar potentials are generated
dynamically, by instantons, and are fully calculable in the models where the ex-
pectation values of the scalar fields are large. One may ask how large parameters
can appear. The set of dimensional parameters in the “microscopic” SQCD is the
same as in QCD. The basic parameter is Λ, the scale parameter which determines the
value of the running gauge coupling constant. In addition, the set of the dimensional
parameters includes the masses of the matter fields, quarks and squarks,

Λ , m1 , m2 , ... . (1.4)

In the simplest case of one flavor the vacuum expectation value of the scalar field
can be estimated as

〈φ〉vac ∼ Λ
(

Λ

m1

)1/4

, (1.5)

and 〈φ〉vac is large provided m1 ≪ Λ. There is nothing of the kind in QCD where the
masses of the u and d quarks can be assumed to vanish and no vacuum condensates
become infinite in this limit.
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The crucial distinction between QCD and SQCD arises due to the existence of
the flat directions in the latter. The vacuum state can be at any point from the
bottom of the valley. Classically, all these points are degenerate. That is why
small perturbations (say, the mass terms, Yukawa couplings or instanton-generated
superpotentials) can drastically change the values of the vacuum condensates.

In the supersymmetric theories with the fundamental matter there is no phase
transition between the Higgs and confinement regimes [15]. By continuously chang-
ing some parameters (for instance, the mass parameters mi) one passes from the
weak coupling Higgs regime to the strong coupling confinement regime. SUSY has
a remarkable property: it enforces holomorphic dependences of chiral quantities on
chiral parameters. Moreover, general features of the theory can often prompt one
the structure of the analytic function. Then, performing calculations in the weak
coupling regime allows one to establish exact results referring to the strong coupling
regime. This is the reason why the Higgs phenomenon in SUSY gauge theories is of
paramount importance in the technical aspect.

1.5 Chiral versus nonchiral models

All gauge theories with matter can be divided in two distinct classes: chiral and non-
chiral matter. The second class includes supersymmetric generalization of QCD, and
all other models where each matter multiplet is accompanied by the corresponding
conjugate representation. In other words, the gauge symmetry does not forbid a
mass term for all matter fields.

Models with the chiral matter are those where mass terms are impossible (more
exactly, at least for some of the matter fields the quadratic terms in the superpo-
tential are forbidden by gauge invariance). The matter sector in such theories is
severely constrained by the absence of the internal anomalies in the theory.

For a long time SUSY practitioners were convinced that the dynamical SUSY
breaking can occur only in rather exotic models where the matter sector is chiral.
The conclusion that the chirality of the matter is a necessary condition seemingly
followed from Witten’s index [2]. Needless to say that this constraint drastically
narrows down the class of models to be examined.

Recently it was realized, however, that nonchiral models may also experience
the dynamical SUSY breaking. The Intriligator-Thomas-Izawa-Yanagida (ITIY)
mechanism [7] and its derivatives [16] are nonchiral. The fact that nonchiral models
of the dynamical SUSY breaking exist was an unexpected discovery. It is highly
probable that the future searches for new mechanisms will focus on the nonchiral
models. The vast majority of the mechanisms established so far are chiral, though.
In particular, all models found in the 1980’s are chiral.
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1.6 What will not be discussed

At the early stages it was believed that a dynamical SUSY breaking could be built in
directly into the supergeneralization of the Standard Model (Minimal Supersymmet-
ric Standard Model, or MSSM), or into the SU(5)-based theory of grand unification
(GUT), with a minimal set of quintets and decuplets. It was realized rather quickly
that a reasonable pattern of the mass splittings between the superpartners was not
attainable in this way. In particular, gauginos came out unacceptably light. At
present no model is known where the dynamical SUSY breaking would act directly
in the more or less established SM-related sector and would lead to no contradictions
with phenomenology. The word “established” is used above as opposed to hypothet-
ical. To solve the problem theorists invented a totally new sector – a part of the
world which is pure fantasy so far – and dubbed it supersymmetry breaking sector.
It consists of some hypothetical fields, none of which is discovered, whose sole role in
today’s theory is to break supersymmetry. Then this breaking is communicated to
our world through yet another sector, a messenger sector. Two alternative scenarios
of how this communication could be achieved are elaborated in the literature. In the
first scenario, which was most popular in the 1980’s, the contact between the two
worlds – ours and the supersymmetry breaking sector – is realized only through grav-
ity. The gravity is universal. Once it is switched on, the supersymmetry breaking
sector generates a mass m3/2 6= 0 to the originally massless gravitino,

m3/2 ∼
m2

br

MPl

, (1.6)

where mbr is the scale of supersymmetry breaking. The coupling of gravitino to the
fields belonging to our world then generates SUSY breaking terms in the Lagrangian,
which from the point of view of the human observer look as an explicit supersym-
metry breaking by soft terms. The mass splittings between the superpartners is

∆m ∼ m3/2 ∼
m2

br

MPl

. (1.7)

The SUSY breaking scale is the geometrical average between ∆m and MPl; if we
want ∆m to be of order 100 GeV, mbr ∼ 1011 GeV. This scenario is called gravity-
mediated.

In the second scenario gauge fields play the role of the messenger interaction.
Messenger (heavy) quarks and leptons are introduced, that are coupled directly to
the supersymmetry breaking sector on the one hand, and to our gauge bosons, on
the other. Since the gauge coupling constant is much stronger than the gravitational
constant, the scale of supersymmetry breaking need not be so large as in the previous
case. In the gauge-mediated scenario mbr is of order 10 TeV.

Both scenarios have their virtues and shortcomings. In the gravity-mediated
models the suppression of the flavor changing neutral currents does not come out
naturally while in the gauge-mediated models one typically ends up with a horrible
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messenger sector. Moreover, the gauge-mediated approach is not closed, one needs
supergravity anyway. Indeed, the spontaneous SUSY breaking inevitably produces a
massless fermion, the Goldstino. No such massless fermions seem to exist; therefore,
one should make the Goldstino massive which can only be achieved through its
coupling to gravitino.

It seems that neither of the approaches is fully phenomenologically acceptable
and aesthetically appealing. The issue remains a challenge for the future theory.
The question of implementation of the dynamical SUSY breaking in realistic models
will not be discussed at all. It will just assumed that this dynamical phenomenon
is somehow realized in a consistent way, either through a supersymmetry breaking
sector and messengers, or somehow else. We will limit ourselves to the internal
structure of possible mechanisms of the dynamical SUSY breaking. Many excellent
reviews are devoted to phenomenological aspects of gravity-mediated and gauge-
mediated scenarios. The reader is referred to e.g. Ref. [17].

1.7 Instantons vs. supersymmetry: literature travel guide

The subject we are going to discuss is vast, its development spans almost two
decades. The advancement is not always straightforward. Therefore, it is conve-
nient to provide a brief literature travel guide.

The importance of the dynamical SUSY breaking was first realized by Witten in
1981 [1] who started considering general aspects of the phenomenon and provided
many insights. The first instanton calculations in supersymmetric gauge theories
ascend to 1982: in Ref. [18] certain three-dimensional models were considered, while
in Ref. [19] the four-dimensional theories were addressed for the first time. In the
latter work the question was raised as to the compatibility of the instanton-induced
’t Hooft vertex with supersymmetry. Shortly after, the problem was solved in [3]
where basic elements of super-instanton calculus were introduced. The formalism
was applied in calculation of appropriately chosen n-point functions of chiral su-
perfields (all fields of one and the same chirality). It was shown that, thanks to
supersymmetry, the result could only be a constant, and in many instances this
constant turned out to be non-vanishing due to the instanton contribution. By
exploiting the cluster decomposition at large distances the gluino condensate was
found. As a byproduct, the exact Novikov-Shifman-Vainshtein-Zakharov (NSVZ)
β function emerged [11]. Then, this approach was generalized [4] to include SUSY
gauge theories with matter. This line of research culminated in the very beginning
of 1984 when the SU(5) model with M (anti)decuplets and M quintets was con-
sidered [20]. The instantons were shown to generate the gluino condensate, which
under certain conditions on the Yukawa couplings is incompatible with supersym-
metry. The conflict was interpreted as a dynamical SUSY breaking.

In fact, a few weeks before this work, the SU(5) model with one decuplet and one
anti-quintet was analyzed in Ref. [21]. The model is strongly coupled; the analysis
was based on indirect (symmetry) arguments and the ’t Hooft matching. This was
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the first example ever where the dynamical SUSY breaking was indicated.
Meanwhile, it was realized [5,22] that in a wide class of models with matter and

classically flat directions the gauge symmetry was implemented in the Higgs regime.
By an appropriate adjustment of parameters (masses, Yukawa couplings, etc.) one
could guarantee the theory to be weakly coupled. Then the heavy gauge bosons
could be integrated out and the vacuum structure could be inferred from the effec-
tive low-energy theory of the moduli. The equivalence between the two approaches
– calculation of the condensates and the low-energy Lagrangian for the moduli –
was established in [23]. Being formally equivalent, the method of the effective La-
grangians for the moduli turned out to be more “user-friendly”. The underlying
physical picture is transparent, an advantage that can hardly be overestimated. In
the quest for the dynamical SUSY breaking the effective Lagrangian approach of
Affleck, Dine and Seiberg became standard; some ideas and technical elements of
the condensate calculations were later incorporated, though.

Affleck, Dine and Seiberg were the first to realize [24] that in SU(5) model with
two or more generations (i.e. M (anti)decuplets and M quintets where M ≥ 2)
the dynamical SUSY breaking occurs in the weak coupling regime, provided the
Yukawa couplings are small, and the model, being fully calculable, presents a great
theoretical laboratory. Their paper [24] was submitted for publication on February
10, 1984 – the next day after [20], where the very same model was analyzed, with
the same conclusion of the dynamical SUSY breaking.

The basic elements of the superinstanton formalism (the one-instanton problem
in the theories with matter) were worked out by 1985 [13]. Some additional elements
were elaborated in [25]. Significant improvements were later made in Ref. [26], in
connection with the instanton calculations in extended supersymmetries. A continu-
ous progress in the multi-instanton calculations 1 culminated in the explicit construc-
tion [27] of the n-instanton measure for arbitrary n. Much work was done to make
this achievement possible; the interested reader can turn to the review paper [28]
for references and comments.

Drawing the picture in broad touches one may say that in 1984 and 1985 the first
stage was completed – although work continued and some novel important results
were obtained in the following two or three years (e.g. [29]), the interest to the issue
have been rapidly drying out. The subject was in a dormant state for about a decade;
it was revived in 1993, after breakthrough observations due to Seiberg [30,31]. New
models exhibiting the dynamical SUSY breaking were constructed. Some of them
continue the trend established in the 1980’s, others are based on new ideas. The
first class is represented by the so-called 4-1 model and its relatives [32, 33]. In
the second class the most prominent is the ITIY model [7], which is nonchiral and,
nevertheless, ensures the SUSY breaking. The model is strongly coupled, by default,
and is noncalculable. Another novel mechanism is the Intriligator-Seiberg-Shenker
(ISS) model [6], which also takes place in the strong coupling regime. Both have

1The problems where the multi-instanton calculations are needed will not be discussed in this
review.
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numerous descendants.

2 Supersymmetric Theories: Examples and Gen-

eralities

Our first task is to reveal general features of the supersymmetric theories instrumen-
tal in the dynamical SUSY breaking. We start from a brief review of the simplest
models, intended mainly in order to introduce our notations and highlight some basic
formulas. The feature we will focus on is the existence of continuum of degenerate
classical vacua, the so called D-flat directions (in the absence of the superpotential).
These vacua define physically inequivalent theories. The fermion-boson cancellation
inherent to supersymmetry guarantees that no superpotential is generated to any
finite order of perturbation theory, i.e. the D-flatness is maintained. The vacuum
degeneracy can be broken only by nonperturbative effects which will be discussed
in Sec. 4. Traveling over the D-flat directions one finds oneself, generally speaking,
in the Higgs phase. We will dwell on peculiarities of the Higgs mechanism in su-
persymmetric gauge theories. Anomalous and non-anomalous R symmetries play a
special role in the analysis, and we will dwell on them too. Finally, we will consider
issues related to Witten’s index.

2.1 Superspace and superfields

The four-dimensional space xµ can be promoted to superspace by adding four Grass-
mann coordinates θα and θ̄α̇, (α, α̇ = 1, 2). The coordinate transformations

{xµ, θα , θ̄α̇} : δθα = εα , δθ̄α̇ = ε̄α̇ , δxαα̇ = −2i θαε̄α̇ − 2i θ̄α̇εα (2.1)

add SUSY to the translational and Lorentz transformations 2.
Here the Lorentz vectorial indices are transformed into spinorial according to the

standard rule

Aββ̇ = Aµ(σ
µ)ββ̇ , Aµ =

1

2
Aαβ̇(σ̄

µ)β̇α , (2.2)

where
(σµ)αβ̇ = {1, ~τ}αβ̇ , (σ̄µ)β̇α = (σµ)αβ̇ . (2.3)

We use the notation ~τ for the Pauli matrices throughout the paper. The lowering
and raising of the indices is performed by virtue of the ǫαβ symbol (ǫαβ = i(τ2)αβ,

2Our notation is close but not identical to that of Bagger and Wess [34]. The main distinction is
the conventional choice of the metric tensor gµν = diag(+−−−) as opposed to the diag(−+ ++)
version of Bagger and Wess. For further details see Appendix in Ref. [35]. Both, the spinorial
and vectorial indices will be denoted by the Greek letters. To differentiate between them we will
use the letters from the beginning of the alphabet for the spinorial indices, e.g. α, β and so on,
reserving those from the end of the alphabet (e.g. µ, ν, etc.) for the vectorial indices.
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ǫ12 = 1). For instance,

(σ̄µ)β̇α = ǫβ̇ρ̇ ǫαγ (σ̄µ)ρ̇γ = {1,−~τ}β̇α . (2.4)

Two invariant subspaces {xµL , θα} and {xµR , θ̄α̇} are spanned on 1/2 of the Grass-
mann coordinates,

{xµL , θα} : δθα = εα , δ(xL)αα̇ = −4i θαε̄α̇ ;

{xµR , θ̄α̇} : δθ̄α̇ = ε̄α̇ , δ(xR)αα̇ = −4i θ̄α̇εα , (2.5)

where
(xL,R)αα̇ = xαα̇ ∓ 2i θαθ̄α̇ . (2.6)

The minimal supermultiplet of fields includes one complex scalar field φ(x) (two
bosonic states) and one complex Weyl spinor ψα(x) , α = 1, 2 (two fermionic states).
Both fields are united in one chiral superfield,

Φ(xL, θ) = φ(xL) +
√

2θαψα(xL) + θ2F (xL) , (2.7)

where F is an auxiliary component. The field F appears in the Lagrangian without
the kinetic term.

In the gauge theories one also uses a vector superfield,

V (x, θ, θ̄) = C + iθχ− iθ̄χ̄+
i√
2
θ2M − i√

2
θ̄2M̄

−2θαθ̄α̇v
α̇α +

{

2iθ2θ̄α̇

[

λ̄α̇ − i

4
∂αα̇χ

]

+ H.c.
}

+ θ2θ̄2
[

D − 1

4
∂2C

]

. (2.8)

The superfield V is real, V = V †, implying that the bosonic fields C, D and vµ =
σµαα̇v

α̇α/2 are real. Other fields are complex, and the bar denotes the complex
conjugation.

The transformations (2.5) generate the SUSY transformations of the fields which
can be written as

δV = i
(

Qε+ Q̄ε̄
)

V (2.9)

where V is a generic superfield (which could be chiral as well). The differential
operators Q and Q̄ can be written as

Qα = −i ∂
∂θα

+ ∂αα̇θ̄
α̇ , Q̄α̇ = i

∂

∂θ̄α̇
− θα∂αα̇ ,

{

Qα , Q̄α̇

}

= 2i∂αα̇ . (2.10)

These differential operators give the explicit realization of the SUSY algebra,
{

Qα , Q̄α̇

}

= 2Pαα̇ , {Qα , Qβ} = 0 ,
{

Q̄α̇ , Q̄β̇

}

= 0 ,
[

Qα , Pββ̇
]

= 0 , (2.11)

where Qα and Q̄α̇ are the supercharges while Pαα̇ = i∂αα̇ is the energy-momentum
operator. The superderivatives are defined as the differential operators D̄α, Dα̇

anticommuting with Qα and Q̄α̇,

Dα =
∂

∂θα
− i∂αα̇θ̄

α̇ , D̄α̇ = − ∂

∂θ̄α̇
+ iθα∂αα̇ ,

{

Dα , D̄α̇

}

= 2i∂αα̇ . (2.12)
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2.2 The generalized Wess-Zumino models

The generalized Wess-Zumino model describes interactions of an arbitrary number
of the chiral superfields. Deferring the discussion of the general case, we start from
the simplest original Wess-Zumino model [36] (sometimes referred to as the minimal
model).

2.2.1 The minimal model

The model contains one chiral superfield Φ(xL, θ) and its complex conjugate Φ̄(xR, θ̄),
which is antichiral. The action of the model is

S =
1

4

∫

d4x d4θΦΦ̄ +
1

2

∫

d4x d2θW(Φ) +
1

2

∫

d4x d2θ̄ W̄(Φ̄) . (2.13)

Note that the first term is the integral over the full superspace, while the second and
the third run over the chiral subspaces. The holomorphic function W(Φ) is called
the superpotential. In components the Lagrangian has the form

L = (∂µφ̄)(∂µφ) + ψαi∂αα̇ψ̄
α̇ + F̄F +

{

F W ′(φ) − 1

2
W ′′(φ)ψ2 + H.c.

}

. (2.14)

From Eq. (2.14) it is obvious that F can be eliminated by virtue of the classical
equation of motion,

F̄ = − ∂W(φ)

∂φ
, (2.15)

so that the scalar potential describing self-interaction of the field φ is

V (φ, φ̄) =

∣

∣

∣

∣

∣

∂W(φ)

∂φ

∣

∣

∣

∣

∣

2

. (2.16)

In what follows we will often denote the chiral superfield and its lowest (bosonic)
component by one and the same letter, making no distinction between capital and
small φ. Usually it is clear from the context what is meant in each particular case.

If one limits oneself to renormalizable theories, the superpotential W must be
a polynomial function of Φ of power not higher than three. In the model at hand,
with one chiral superfield, the generic superpotential can be always reduced to the
following “standard” form

W(Φ) =
m2

λ
Φ − λ

3
Φ3 . (2.17)

The quadratic term can be always eliminated by a redefinition of the field Φ. More-
over, by using the R symmetries (Sec. 2.8) one can always choose the phases of the
constants m and λ at will.

Let us study the set of classical vacua of the theory, the vacuum manifold. In the
simplest case of the vanishing superpotential, W = 0, any coordinate-independent
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field Φvac = φ0 can serve as a vacuum3. The vacuum manifold is then the one-
dimensional (complex) manifold C1 = {φ0}. The continuous degeneracy is due
to the absence of the potential energy, while the kinetic energy vanishes for any
constant φ0.

This continuous degeneracy is lifted by the superpotential. In particular, the
superpotential (2.17) implies two classical vacua,

φvac = ±m
λ
. (2.18)

Thus, the continuous manifold of vacua C1 reduces to two points. Both vacua
are physically equivalent. This equivalence could be explained by the spontaneous
breaking of Z2 symmetry, Φ → −Φ, present in the action (2.13) with the superpo-
tential (2.17).

2.2.2 The general case

In many instances generalized Wess-Zumino models emerge at low energies as effec-
tive theories describing the low-energy behavior of “fundamental” gauge theories,
much in the same way as the pion chiral Lagrangian presents a low-energy limit
of QCD. In this case they need not be renormalizable, the superpotential need not
be polynomial, and the kinetic term need not be canonic. The most general action
compatible with SUSY and containing not more than two derivatives ∂µ is

S =
1

4

∫

d4x d4θK(Φi, Φ̄j) +
{

1

2

∫

d4x d2θW(Φi) + H.c.
}

, (2.19)

where Φi is a set of the chiral superfields, the superpotential W is an analytic
function of all chiral variables Φi, while the kinetic term is determined by the function
K depending on both chiral Φi and antichiral Φ̄j fields. Usually K is referred to as
the Kähler potential (or the Kähler function). The Kähler potential is real.

In components the Lagrangian takes the form

L =
n
∑

i,j=1

{

Gij̄ ∂µφi ∂
µφ̄j̄ −

[

G−1
]

ij̄

∂W
∂φi

∂W̄
∂φ̄j̄

}

+ fermions (2.20)

where

Gij̄ =
∂2 K
∂φi∂φ̄j̄

(2.21)

plays the role of the metric on the space of fields (the target space), and G−1 is the
inverse matrix.

What is the vacuum manifold in this case? In the absence of the superpotential,
W = 0, any set φ0

i of constant fields is a possible vacuum. Thus, the vacuum

3By coordinates we mean here coordinates in superspace, xµ, θα, θα̇.
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manifold is the Kähler manifold of the complex dimension n and the metric Gij̄

defined in Eq. (2.21). If W 6= 0 the conditions of the F -flatness

∂W
∂φi

= 0 (2.22)

single out some submanifold of the original Kähler manifold. This submanifold may
be continuous or discrete. If no solutions of Eq. (2.22) exist, supersymmetry is
spontaneously broken, see examples in Sec. 5.

To illustrate this general construction let us consider the model with two super-
fields Φ and X, and

K = Φ̄Φ + X̄X , W(Φ, X) =
m2

λ
Φ − λ

3
Φ3 − αΦX2 . (2.23)

In this simple case the Kähler manifold is two-dimensional complex space C2. If
m2/λ = 0 and λ = 0 but α 6= 0 the vacuum manifold is one-dimensional space,
X = 0 and Φ arbitrary. Switching on all three coefficients in W reduces the vacuum
manifold to four points. The first pair is at Φ = ±m/λ , X = 0; another pair is at
Φ = 0 , X = ±m/

√
αλ. Inside each pair the vacua are equivalent due to Z2 × Z2

symmetry of the model.

2.3 Simplest gauge theories

Now let us proceed to the gauge models, which constitute the main contents of this
review.

2.3.1 Supersymmetric quantum electrodynamics

Supersymmetric quantum electrodynamics (SQED) is the simplest and, historically,
the first [37] supersymmetric gauge theory. This model supersymmetrizes QED.
In QED the electron is described by the Dirac field. One Dirac field contains two
chiral (Weyl) fields: left-handed and right-handed, both with the electric charge 1.
Its complex conjugate contains left-handed and right-handed Weyl spinors with the
electric charge −1. So, in terms of Weyl spinors the electron is described by two
left-handed fields, one with charge +1, another with charge −1, complex conjugated
fields are right-handed. In SQED each Weyl field is accompanied by a complex
scalar field, selectron. Thus, we get two chiral superfields, S and T of the opposite
electric charges.

Apart from the matter sector there exists the gauge sector which includes the
photon and photino. In the superspace one uses the vector superfield V , see Eq. (2.8).
The SQED Lagrangian is

L =
{

1

8 e2

∫

d2θW 2 + H.c.
}

+
1

4

∫

d4θ
(

S̄eV S + T̄ e−V T
)

+
{

m

2

∫

d2θ ST + H.c.
}

,

(2.24)

16

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



where e is the electric charge, m is the electron/selectron mass, and Wα is the
supergeneralization of the photon field strength tensor,

Wα =
1

8
D̄2DαV = i

(

λα + iθαD − θβ Fαβ − iθ2∂αα̇λ̄
α̇
)

. (2.25)

This superfield is chiral, Wα = Wα(xL, θ). Its form as well as the form of interaction
is fixed by the SUSY generalization of the gauge invariance [38],

S(xL, θ) → eiΛ(xL,θ) S(xL, θ) , T (xL, θ) → e−iΛ(xL,θ) T (xL, θ) ;

S̄(xR, θ̄) → e−iΛ̄(xR,θ̄) S̄(xR, θ̄) , T̄ (xR, θ̄) → eiΛ̄(xR,θ̄) T̄ (xR, θ̄) ;

V (x, θ, θ̄) → V (x, θ, θ̄) − i
[

Λ(xL, θ) − Λ̄(xR, θ̄)
]

. (2.26)

The gauge parameter which was a function of x in QED is now promoted to the
chiral superfield Λ(xL, θ). Using this gauge freedom one eliminates, for example, all
terms in the first line in Eq. (2.8),

VWZ = −2θαθ̄α̇vαα̇ − 2iθ̄2(θλ) + 2iθ2(θ̄λ̄) + θ2θ̄2D . (2.27)

This is called the Wess-Zumino gauge.
If we take into account the rules of integration over the Grassmann numbers

we immediately see that the integration d2θ singles out the θ2 component of the
chiral superfields W 2 and ST , i.e. the F terms. Similarly, the integration d2θd2θ̄
singles out the θ2θ̄2 component of the real superfields S̄eV S and T̄ e−V T , i.e. the
D terms. The fact that the electric charges of S and T are opposite is explicit in
Eq. (2.24). The theory describes conventional electrodynamics of one Dirac and two
complex scalar fields. In addition, it includes photino-electron-selectron couplings
and self-interaction of the selectron fields of a very special form, to be discussed
below.

In the Abelian gauge theory one is allowed to add to the Lagrangian the so-called
ξ term,

∆Lξ =
ξ

4

∫

d2θd2θ̄ V (x, θ, θ̄) ≡ ξ

2

∫

dθαWα ≡ ξD . (2.28)

It plays an important role in the Fayet-Iliopoulos mechanism of the tree-level spon-
taneous SUSY breaking (Sec. 5.1). Although this term is specific for the Abelian
theories, one can find some analogs in the non-Abelian gauge theories too.

The D component of V is an auxiliary field (similarly to F ); it enters the La-
grangian without derivatives,

L =
1

2e2
D2 +D (S̄S − T̄ T ) + ξD + . . . (2.29)

where the ellipses denote D-independent terms. Thus, D can be eliminated by
substituting the classical equation of motion. In this way we get the so-called D-
potential, describing the self-interaction of selectrons,

UD =
1

2e2
D2 , D = −e2(S̄S − T̄ T + ξ) . (2.30)
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This is only a part of the potential energy. The full potential is obtained by adding
the part generated by the F terms of the matter fields, see Eq. (2.16) with W →
mST ,

U(S, T ) =
e2

2
(S̄S − T̄ T + ξ)2 + |mS|2 + |mT |2 . (2.31)

This expression is sufficient for examining the structure of the vacuum manifold (we
do not give here the full component expression for the SQED Lagrangian, deferring
this task till Sec. 2.3.2, where the transition to components is elaborated in more
complicated non-Abelian gauge theories).

The energy of any field configuration in supersymmetric theory is positive-
definite. Thus, any configuration with the zero energy is automatically a vacuum,
i.e. the vacuum manifold is determined by the condition U(S, T ) = 0. Assume at
first that the mass term and the ξ term are absent, m = ξ = 0, i.e. we deal with
massless SQED. Then,

U(S, T ) =
e2

2
(S̄S − T̄ T )2 ≡ 0 , (2.32)

Modulo gauge transformations the general solution is

S = Φ , T = Φ , (2.33)

where Φ is a complex parameter. One can think of the potential U as of a mountain
ridge; the D-flat directions then present the flat bottom of the valleys. This explains
the origin of the term vacuum valleys. The (classical) vacuum manifold is one-
dimensional complex line, parametrized by Φ. Each point at the manifold can be
viewed as a vacuum of a particular theory.

Considering the parameter Φ as a chiral superfield Φ(xL, θ), we arrive at the
Wess-Zumino model with the Kähler potential Φ̄Φ. The model describes the super-
multiplet containing one massless scalar and one Weyl fermion.

It is not difficult to verify that there is no other light excitations at the generic
point on the vacuum manifold. Indeed, at Φ 6= 0 the theory is in the Higgs phase:
the photon supermultiplet becomes massive. The photon field “eats up” one of the
real scalar fields residing in S, T , and becomes massive, along with another real
scalar field which acquires the very same mass. The photino teams up with a linear
combination of two Weyl spinors in S, T , and becomes a massive Dirac field, with
the same mass as the photon. One Weyl spinor and one complex scalar (two real
fields) remain massless.

The consideration above was carried out in the Wess-Zumino gauge. The gauge
invariant parametrization of the vacuum manifold is given by the product ST . This
product is a chiral superfield, of zero charge, so it is gauge invariant. Every point
from the bottom of the valley is in one-to-one correspondence with the value of
ST = Φ2.

The occurrence of the flat directions is the single most crucial feature of the
SUSY gauge theories instrumental in the dynamics of SUSY breaking. The issue
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will be discussed in more detail in Secs. 2.4 and 2.5. We started from the simplest
example, SQED, to get acquainted with the phenomenon.

Introducing the mass term m 6= 0 one lifts the vacuum degeneracy, making the
bottom of the valley non-flat. The mass term pushes the theory towards the origin of
the valley. Indeed, with the mass term switched on the only solution corresponding
to the vanishing energy is S = T = 0. The vacuum becomes unique. If, in addition,
ξ 6= 0, supersymmetry is spontaneously broken, see Sec. 5.1.

2.3.2 Supersymmetric QCD with one flavor

As the next step, we consider SUSY generalization of QCD (to be referred to as
SQCD). Here we limit ourselves to the gauge group SU(2) with the matter sector
consisting of one flavor. The gauge sector consists of three gluons and their su-
perpartners – gluinos. The corresponding superfield now is a matrix in the color
space,

V = V aT a , (2.34)

where T a are the matrices of the color generators. In the SU(2) theory T a = τa/2
where τa are the Pauli matrices, a = 1, 2, 3.

Similarly to SQED, the matter sector is built from two superfields. Instead of the
electric charges now we must pick up certain representations of SU(2). In SQED the
fields S and T have the opposite electric charges. Analogously, in SQCD one super-
field must be in the fundamental representation and another in anti-fundamental.
The specific feature of SU(2) is the equivalence of doublets and anti-doublets. Thus,
the matter is described by the set of superfields Qα

f where α = 1, 2 is the color index
and f = 1, 2 is a “subflavor” index. Two subflavors comprise one flavor.

The Lagrangian of the model is

L =

{

1

4g2

∫

d2θTrW 2 + H.c.

}

+
1

4

∫

d2θd2θ̄ Q̄feVQf +
{

m

4

∫

d2θ Qf
αQ

α
f + H.c.

}

.

(2.35)
The chiral superfield Wα which includes the gluon field strength tensor, is the non-
Abelian generalization of Eq. (2.25),

Wα =
1

8
D̄2

(

e−VDαe
V
)

= i
(

λα + iθαD − θβ Gαβ − iθ2Dαα̇λ̄
α̇
)

. (2.36)

Unlike the situation in the Abelian case, now Wα is not (super)gauge invariant,
Eq. (2.36) refers to the Wess-Zumino gauge.

Note that the SU(2) model under consideration, with one flavor, possesses a
global SU(2) (subflavor) invariance allowing one to freely rotate the superfields Qf .
All indices corresponding to the SU(2) groups (gauge, Lorentz and subflavor) can
be lowered and raised by means of the ǫαβ symbol, according to the general rules.

The Lagrangian presented in Eq. (2.35) is unique if the requirement of renormal-
izability is imposed. Without this requirement the last term in Eq. (2.35), the su-
perpotential, could be supplemented, e.g., by the quartic color invariant (QαfQαf )

2.
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The cubic term is not allowed in SU(2). In general, the renormalizable models with
a richer matter sector may allow for the cubic in Q terms in the superpotential.

It is instructive to pass from the superfield notations to components. We will
do this exercise once. Start from W 2. The F component of W 2 includes the kinetic
term of the gluons and gluinos, as well as the square of the D term,

1

4g2

∫

d2θTrW 2 = − 1

8g2

(

Ga
µνG

aµν − iGa
µνG̃

aµν
)

+
1

4g2
DaDa +

i

2g2
λaσµDµλ̄

a .

(2.37)
Note that the inverse coupling constant 1/g2 can be treated as a complex parameter,

1

g2
→ 1

g2
− i

ϑ

8π2
(2.38)

where ϑ is the vacuum angle. For the time being the occurrence of the ϑ angle is
not important.

The next term to be considered is
∫

d2θd2θ̄ Q̄eVQ. Calculation of the D compo-
nent of Q̄eVQ is a more time-consuming exercise since we must take into account the
fact that Q depends on xL while Q̄ depends on xR; the both arguments differ from x.
Therefore, one has to expand in this difference. The factor eV sandwiched between
Q̄ and Q covariantizes all derivatives. Taking the field V in the Wess-Zumino gauge
one gets

1

4

∫

d2θd2θ̄ Q̄feVQf = Dµφ̄f Dµφf + F̄ fFf +Da φ̄fT aφf

+iψfσ
µDµψ̄

f +
[

i
√

2(ψfλ)φ̄f + H.c.
]

. (2.39)

Finally, we present the superpotential term,

m

4

∫

d2θ Qf
αQ

α
f = mφfαF

α
f − m

2
ψfαψ

α
f . (2.40)

The fields D and F are auxiliary and can be eliminated by virtue of the equations
of motion. In this way we get the potential energy,

U = UD + UF , UD =
1

2g2
DaDa , UF = F̄ f

αF
α
f , (2.41)

where
Da = −g2 φ̄fT

aφf , F α
f = −m̄ φ̄αf . (2.42)

The D potential UD represents a quartic self-interaction of the scalar fields,
of a very peculiar form. Typically in the φ4 theory the potential has one – at
most several – minima. The only example with a continuous manifold of points
of minimal energy which was well studied in the context of non-supersymmetric
theories is the spontaneous breaking of a global continuous symmetry, say, U(1). In
this case all points belonging to the vacuum manifold are physically equivalent. The
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D potential (2.41) has a specific structure – there is a continuous vacuum degeneracy,
the minimal (zero) energy is achieved on an infinite set of the field configurations
which are not physically equivalent.

To examine the vacuum manifold let us start again from the case of the vanishing
superpotential, i.e. m = 0. From Eq. (2.42) it is clear that the classical space of
vacua is defined by the D-flatness condition

Da = −g2 φ̄fT
aφf = 0 , a = 1, 2, 3 . (2.43)

The notion of D-flatness is specific for the Wess-Zumino gauge description of the
vacuum manifold. Later on we will present a more general (and more geometrical)
construction of the vacuum manifold (Sec. 2.4).

In the case at hand it is not difficult to find the D flat direction explicitly. Indeed,
consider the scalar fields of the form

φαf = v

(

1 0
0 1

)

, (2.44)

where v is an arbitrary complex constant. It is obvious that for any value of v all
D’s vanish. D1 and D2 vanish because τ 1,2 are off-diagonal matrices; D3 vanishes
after summation over two subflavors.

It is quite obvious that if v 6= 0 the original gauge symmetry SU(2) is totally
Higgsed. Indeed, in the vacuum field (2.44) all three gauge bosons acquire mass
MV = g|v|. Needless to say that supersymmetry is not broken. It is instructive
to trace the reshuffling of the degrees of freedom before and after the Higgs phe-
nomenon. In the unbroken phase, corresponding to v = 0, we have three massless
gauge bosons (6 degrees of freedom), three massless gauginos (6 degrees of freedom),
four matter Weyl fermions (8 degrees of freedom), and four complex matter scalars
(8 degrees of freedom). In the broken phase three matter fermions combine with the
gauginos to form three massive Dirac fermions (12 degrees of freedom). Moreover,
three matter scalars combine with the gauge fields to form three massive vector
fields (9 degrees of freedom) plus three massive (real) scalars. What remains mass-
less? One complex scalar field, corresponding to the motion along the bottom of the
valley, v, and its fermion superpartner, one Weyl fermion. The balance between the
fermion and boson degrees of freedom is explicit.

Thus, we see that in the effective low-energy theory only one chiral superfield Φ
survives. This chiral superfield can be introduced as a supergeneralization of Eq.
(2.44),

Qα
f = Φ

(

1 0
0 1

)

. (2.45)

Substituting this expression in the original Lagrangian (2.35) we get

Leff =
1

2

∫

d2θd2θ̄ Φ̄Φ +
{

m

2

∫

d2θΦ2 + H.c.
}

. (2.46)
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Here we also included the superpotential term assuming that |m| ≪ g|v|. Thus, the
low-energy theory is that of the free chiral superfield with the mass m. We hasten to
add that Eq. (2.46) was obtained at the classical level. The quantum corrections do
modify it as we will see later. In particular, the kinetic term receives perturbative
corrections. The expansion parameter is 1/ log |Φ|/Λ. The superpotential term is
also renormalized but only at the nonperturbative level, see Sec. 4.3. In this way
we arrive at an effective low-energy Lagrangian of the general form (2.19) with one
chiral superfield.

2.4 The vacuum manifold: generalities

In this section we present a general approach to the construction of the vacuum
manifold in the gauge theories. Particular applications will be given in the subse-
quent sections. We start from a historical remark. A gauge invariant description of
the system of the vacuum valleys was suggested in Ref. [39] and extensively used
in Refs. [5, 40]; recently the issue was revisited in Ref. [41]. In these works it is
explained that the set of proper coordinates parametrizing the space of the classical
vacua is nothing else but the set of independent gauge invariant polynomials con-
structed from the chiral matter fields. Another name for these coordinates, often
used in the literature, is the moduli. The vacuum manifold is referred to as the
moduli space.

In the previous sections we considered the U(1) and SU(2) theories in the Wess-
Zumino gauge. This gauge is extremely convenient in the unbroken phase. At
the same time, for the general analysis of the Higgs phase, a superanalog of the
unitary gauge is more suitable. To illustrate the statement we turn again to the
same SU(2) theory with one flavor. As was just explained, in this theory only one
physical Higgs superfield Φ survives. Correspondingly, Eq. (2.45) can be viewed
as the unitary gauge condition, rather than the parametrization of the vacuum
manifold; any field configuration Qα

f can be cast in the form (2.45) by an appropriate
gauge transformation. In this gauge the Lagrangian becomes

L =

{

1

4g2

∫

d2θTrW 2 + H.c.

}

+
1

4

∫

d2θd2θ̄ Φ̄Φ Tr eV . (2.47)

(We omit the mass term for the time being.)
To verify that this is indeed the analog of the unitary gauge one can rewrite the

Lagrangian in components keeping the terms up to quadratic in V ,

Lquad = − 1

4g2
Ga
µνG

aµν +
1

2g2
DaDa +

|φ|2
2

[

vaµv
aµ + CaDa +

1

4
∂µC

a∂µCa

+
1

2
M̄aMa

]

+ 2∂µφ̄ ∂
µφ+ fermionic part . (2.48)

Note that the term linear in V drops out in Tr eV . Eliminating the auxiliary fields D
and M we arrive at the theory containing the massive vector triplet plus the scalar
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triplet (their common mass is g|φ|), plus the massless modulus field φ, plus their
fermionic partners.

The following general construction extends this example. Consider a generic
gauge theory, based on the gauge group G, with matter Q = {Qi} in the repre-
sentation R, which can be reducible. The index i runs from 1 to n where n is the
dimension of the representation R. The Lagrangian has the form

L =

{

1

8T (R)g2

∫

d2θTrW 2 + H.c.

}

+
1

4

∫

d2θd2θ̄ Q̄eVQ , (2.49)

where the group theory coefficient T (R) is defined after Eq. (2.90). In particular,
T (R) = 1/2 if the generators are in the fundamental representation of SU(N), which
is usually assumed. For the time being the superpotential is set to zero. The theory
is invariant under the (super)gauge transformations

eV (x,θ,θ̄) → eiΛ̄(xR,θ̄) eV (x,θ,θ̄) e−iΛ(xL,θ) , Wα(xL, θ) → eiΛ(xL,θ)Wα(xL, θ) e
−iΛ(xL,θ) ,

Q(xL, θ) → eiΛ(xL,θ)Q(xL, θ) , Q̄(xR, θ̄) → Q̄(xR, θ̄) e
−iΛ̄(xR,θ̄) . (2.50)

It is seen that for the spatially constant fields these gauge transformations elevate
the original group G to its complex extension Gc. The group Gc acts in the n-
dimensional complex space Cn. All points of Cn belonging to one and the same
gauge orbit of Gc are physically identical. After this identification is done, we get
the space M of physically distinct classical vacua as a quotient

M = Cn/Gc . (2.51)

In fact, the space M is not a manifold but, rather, a sum of manifolds,

M =
∑

i

Mi , (2.52)

where each Mi is characterized by a subgroup Hi of G which remains unbroken. For
instance, in the SU(2) model with one flavor discussed above the original complex
space is C4, its complex dimension is four. The group Gc which is a complexified
SU(2) is three-dimensional. Moreover, the space M is the sum of two manifolds:
the zero-dimensional M1 consisting of one point, Φ = 0, and the one-dimensional
manifold M2 which is Φ 6= 0. The stability group H1 coincides with SU(2) (the
entire SU(2) remains unbroken). For M2 the stability group is trivial (all vector
bosons are Higgsed).

Returning to the generic gauge theory let us consider the case when all vector
bosons are Higgsed. It implies that n ≥ dG, where dG is the dimension of the group
G (the number of the generators). We pick up such Mi in Eq. (2.52) whose stability
group is trivial. The dG degrees of freedom are eaten up in the process of Higgsing
the gauge bosons. Then the complex dimension of Mi is n− dG.
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To determine the Kähler metric on M we do the following. First, introduce
n− dG complex coordinates on M in some way,

Q = Q(τ1, . . . , τn−dG
) . (2.53)

One of the possible ways of parametrizing M is exploiting the set of gauge invariant
chiral polynomials constructed from the fields Q. Generally speaking, their number
is larger than n− dG, but the number of independent invariants is equal to n− dG.

Second, the condition of the vanishing energy, (i.e. Da = 0, cf. Eq. (2.48)) is

∂

∂Ca
Q̄(τ̄)eCQ(τ) = 0 . (2.54)

Here we get dG equations for dG quantities Ca, so the solution Ca(τ, τ̄) is unique 4.
Once the solution is found the Kähler metric is obtained,

K = Q̄(τ̄)eC(τ,τ̄ )Q(τ) . (2.55)

In the mathematical literature the procedure of constructing the kinetic term for
the moduli, after integrating out all heavy gauge bosons, goes under the name the
Kähler quotient, e.g. [42].

Although the construction described above solves the issue of the Kähler metric
on the moduli space in principle, in practice solving Eqs. (2.54) is a difficult technical
task. Therefore, it is instructive to see how the general procedure is related to the
D-flatness conditions in the Wess-Zumino gauge. To pass to this gauge we perform
the gauge transformation (2.50) with Λ = −iC/2,

Q̂ = eC/2 Q ,
¯̂
Q = Q̄ eC/2 , eV̂ = e−C/2 eV e−C/2 . (2.56)

Note that, after this transformation, the fields Q̂ and
¯̂
Q depend on the parameters

τi in a non-holomorphic way, unlike Q and Q̄, whose dependence was holomorphic.
The gauge transformed Ĉ vanishes, and Eqs. (2.54) take the form

∂

∂Ĉa

¯̂
QeĈQ̂

∣

∣

∣

∣

∣

Ĉa=0

=
¯̂
QT aQ̂ = 0 . (2.57)

This is precisely the D-flatness conditions in the Wess-Zumino gauge.
What happens if n < dG? In this case it clear that the group G cannot be fully

Higgsed. A part of the group G can be realized in the Higgs mode, however, while a
subgroup H of G remains unbroken. Then the consideration above can be repeated
with the substitution of dG by dG− dH . The gauge orbit which identifies the points
on Cn is that of the quotient G/H . Even at n > dG for each manifold Mi with
nontrivial Hi the situation is similar.

4If the solution is non-unique it means that Q(τ) belongs to Mi with a nontrivial stability
group Hi.
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The technical difficulty of solving Eqs. (2.54) explains why the Kähler metric
on the moduli space is explicitly found only in several relatively simple models.
Usually one analyzes the D-flatness conditions in the Wess-Zumino gauge, rather
than the general relations (2.54). This strategy proves to be simpler. One tries to
find a particular solution of the D-flatness conditions containing a sufficiently large
number of parameters. Once found, the particular solution is then promoted to the
general solution by virtue of the flavor symmetries of the model under considera-
tion. An instructive example is discussed in Sec. 2.5.3. It is customary to use the
gauge invariant polynomials as the moduli parameters. This corresponds to a par-
ticular choice of the moduli parameters τ introduced above. The use of the gauge
invariant polynomials makes absolutely transparent the realization of the quotient
space (2.51). On the other hand using more general parametrizations (2.53) may
result in algebraically simpler expressions for the Kähler potentials.

2.5 The vacuum manifold: examples

2.5.1 SU(5) model with one quintet and one (anti)decuplet

The approach based on the chiral polynomials is very convenient for establishing
the fact of the existence (non-existence) of the moduli space of the classical vacua,
and in counting the dimensionality of this space. As an example, consider the SU(5)
model with one quintet and one (anti)decuplet. This is the simplest chiral model
with no internal anomalies. It describes Grand Unification, with one generation of
quarks and leptons. This example of the non-chiral matter is singled out historically
– the dynamical supersymmetry breaking was first found in this model [20, 21].

The matter sector consists of one quintet field V α, and one (anti)decuplet an-
tisymmetric field Xαβ. One can see that in this case there are no chiral invariants
at all. For instance, V αV βXαβ , vanishes due to antisymmetricity of Xαβ. Another
candidate, ǫαβγδρXαβXγδXρσV

σ, vanishes too. This means that no D flat direc-
tions exist. The same conclusion can be reached by explicitly parametrizing V and
X; inspecting then the D-flatness conditions one can conclude that they have no
solutions, see e.g. Appendix A in Ref. [43].

Thus, the classical vacuum manifold reduces to the point V = X = 0.

2.5.2 The 3-2 model of Affleck, Dine, and Seiberg

The Affleck-Dine-Seiberg (ADS) model [22], also known as the 3-2 model, is based
on the direct product of two gauge groups, SU(3)×SU(2) (that is where the name
comes from). It can be obtained from the Standard Model by eliminating from the
latter certain elements inessential for the dynamical SUSY breaking. Following [22]
we retain only one generation of matter, discard the hypercharge U(1) and the
field ēL, singlet with respect to SU(3)×SU(2) (“color” and “weak isospin”). Thus,
altogether we will be dealing with 14 Weyl fermions.

25

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



In terms of the SU(3) color group we deal with SQCD with three colors and
two flavors, u and d. The quark sector includes the following chiral (left-handed)
superfields:

Qαf ≡ {uα, dα} , qαf̄ ≡ {ūα , d̄α} , (α = 1, 2, 3; f, f̄ = 1, 2) . (2.58)

The flavor SU(2) (the superscript f) of the left-handed particles, Qαf , is gauged –
this is our weak interaction. As for the antiparticles qαf̄ , the subscript f̄ is the index
of a global SU(2) which remains ungauged.

The gauge bosons W± and W 0, and their superpartners, transform according to
the adjoint representation of the group SU(2) of the weak isospin. It is here that
the asymmetry appears between the right- and left-handed matter. In addition, to
avoid the internal (global) anomaly [44] we must add to the matter sector one more
doublet of chiral superfields, the lepton doublet

Lf = {ν, e} . (2.59)

No mass term that would be invariant with respect to both SU(3) and SU(2) can
be built. Thus, the model is indeed chiral. In search of the valleys we will first count
the dimension of the moduli space. To this end one must construct all independent
chiral invariants. There are no bilinear invariants, as was just mentioned. Two cubic
invariants exist, however,

If̄ = Qαfqαf̄L
g εfg , (f̄ = 1, 2) . (2.60)

They form a doublet of the global SU(2). One more chiral invariant is quartic,

J = (Qαfqαf̄ ) (Qβgqβḡ) ǫfg ǫ
f̄ ḡ ≡ det {Qq} . (2.61)

We conclude that the moduli space has complex dimension three. Out of 14 fields
11 (the dimension of the SU(3)×SU(2)) are eaten up by the Higgs mechanism.

In the case at hand it is not difficult to find an explicit parametrization of
the D-flat directions. The two-parametric family of field configurations for which
Q̄T aQ = 0 for all a has the form

Qαf =







τ1 0
0 τ2
0 0





 , qαf̄ =







τ1 0
0 τ2
0 0





 , L =
(

0 ,
√

|τ1|2 − |τ2|2
)

. (2.62)

In terms of the general construction of Sec. 2.4 the fields above correspond to Q̂.
They satisfy the Wess-Zumino D-flatness conditions Q̄T aQ = 0.

For this configuration the gauge invariants If̄ and J are

I1̄ = −τ 2
1

√

|τ1|2 − |τ2|2 , I2̄ = 0 , J = τ 2
1 τ

2
2 . (2.63)
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The expressions above demonstrate that the vacuum family (2.62) is general modulo
the global SU(2) rotations,

q′αḡ = U f̄
ḡ qαf̄ , (2.64)

where U is a matrix from SU(2). The U(1) part of this SU(2) is irrelevant (it
changes the phases of τ1,2 which are arbitrary anyway); therefore, we deal with
the SU(2)/U(1) quotient in the flavor space. This quotient is equivalent to the
sphere which is parametrized by one complex parameter. Altogether, we have three
complex parameters – exactly the number we need. We do not write out the flavor
parametrization explicitly since we will use a round-about way to account for the
flavor symmetry.

Now we are ready to get the Kähler potential,

K =
¯̂
QQ̂ = 3τ̄1τ1 + τ̄2τ2 , (2.65)

where τi are the moduli fields depending on xL and θ (correspondingly, τ̄i depend
on xR and θ̄), and we set the matrix of the global SU(2) rotation to unity, U = 1.

As was already mentioned, in the literature it is customary to use the gauge
invariants as the moduli fields. In the given problem the gauge invariants If̄ and J
are related to τi by virtue of Eq. (2.63). We can rewrite the Kähler potential (2.65)
in terms of If̄ and J . Because of the flavor SU(2), the invariants I1 and I2 can only
enter in the combination

A =
1

2

(

Ī1I1 + Ī2I2
)

=
1

2
(τ̄1τ1)

2 (τ̄1τ1 − τ̄2τ2) . (2.66)

As for J , it is convenient to introduce

B =
1

3

√
J̄J =

1

3
τ̄1τ1τ̄2τ2 . (2.67)

Then

τ̄1τ1 =
(

A−
√
A2 − B3

)1/3
+
(

A+
√
A2 −B3

)1/3
, τ̄2τ2 =

3B

τ̄1τ1
. (2.68)

Thus, the Kähler potential takes the form

K = 3
[

(

A−
√
A2 −B3

)1/3
+
(

A+
√
A2 − B3

)1/3
]

+
3B

(

A−
√
A2 − B3

)1/3
+
(

A+
√
A2 −B3

)1/3
. (2.69)

For an alternative derivation of the Kähler potential in the 3-2 model see [45].
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2.5.3 SU(5) model with two quintets and two (anti)decuplets

This model was the first example of the instanton-induced supersymmetry breaking
in the weak coupling regime [20,24]. It presents another example of the anomaly-free
chiral matter sector. Unlike the one-family model (one quintet and one (anti)decu-
plet) the D-flat directions do exist. Generically, the gauge SU(5) symmetry is com-
pletely broken, so that 24 out of 30 chiral matter superfields are eaten up in the
super-Higgs mechanism. Therefore, the vacuum valley should be parametrized by
six complex moduli.

Denote two quintets present in the model as V α
f (f = 1, 2), and two (anti)decu-

plets as (Xḡ)αβ where ḡ = 1, 2 and the matrices Xḡ are antisymmetric in color indices
α, β. Indices f and ḡ reflect the SU(2)V× SU(2)X flavor symmetry of the model.
Six independent chiral invariants are

Mḡ = VkXḡVlε
kl , Bḡf = XḡXk̄Xl̄Vfε

k̄l̄ , (2.70)

where the gauge indices in M are convoluted in a straightforward manner V αXαβV
β,

while in B one uses the ǫ symbol,

XḡXk̄Xl̄Vf = ǫαβγδρ(Xḡ)αβ(Xk̄)γδ(Xl̄)ρκ(Vf )
κ .

The choice of invariants above implies that there are no moduli transforming as
{4, 2} under the flavor group (such moduli vanish).

In this model the explicit parametrization of the valley is far from being obvious,
to put it mildly. The most convenient strategy of the search is analyzing the five-
by-five matrix

Dα
β = V α

f V̄
f
β + (X̄ ḡ)αγ(Xḡ)γβ . (2.71)

If this matrix is proportional to the unit one, the vanishing of the D terms is
guaranteed. (Similar strategy based on analyzing analogs of Eq. (2.71) is applicable
in other cases as well).

A solution of D-flatness conditions (2.71) containing three real parameters was
suggested long ago in Ref. [46]. Recently, four-parametric solution was found [47].
It has the form

V1 =

















c
0
v1
3

0
d

















, V2 =

















0
v2
2

0
v2
4

0

















, (2.72)

X1 =

















0 0 x1
13 0 0

0 0 0 0 0
−x1

13 0 0 0 0
0 0 0 0 x1

45

0 0 0 −x1
45 0

















, X2 =

















0 a 0 0 0
−a 0 x2

23 0 x2
25

0 −x2
23 0 b 0

0 0 −b 0 x2
45

0 −x2
25 0 −x2

45 0

















,
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where

v1
3 = − a√

a2 − c2

√

b2 − (a2 − c2) ,

v2
2 =

c

b

√

b2 − (a2 − c2)

√

b2

a2 − c2
+
d2

a2
, v2

4 = −
√
a2 − c2

√

b2

a2 − c2
+
d2

a2
,

x1
13 =

c

b

√
a2 − c2

√

b2

a2 − c2
+
d2

a2
, x1

45 =
a

b

√
a2 − c2

√

b2

a2 − c2
+
d2

a2
,

x2
23 =

c√
a2 − c2

√

b2 − (a2 − c2) , x2
25 = −cd

a
,

x2
45 =

d

ba

√
a2 − c2

√

b2 − (a2 − c2) . (2.73)

The most general valley parametrization depends on 12 real parameters. Never-
theless, the four-parametric solution above is sufficient for the full reconstruction of
the Kähler potential provided that the flavor symmetry is taken into account. In-
deed, the flavor symmetry requires the Kähler potential to depend on the following
four combinations:

I1 = M̄ ḡMḡ , I2 =
1

2
B̄ḡfBḡf , I3 = M̄ḡB̄

ḡfBk̄fM
k̄ , I4 =

1

2
B̄k̄hB̄ḡfBḡhBk̄f . (2.74)

Substituting the solution (2.72) in the original kinetic term

V̄ fVf +
1

2
X̄ ḡXḡ , (2.75)

one finds the Kähler potential in terms of four parameters a, b, c, d, which can then,
in turn, be expressed in terms of four invariants Ii. In this way one arrives at

K(Ii) =
3

5

√
B



cos
(

1

3
arccos

A

B3/2

)

+
1

4

1

cos
(

1
3
arccos A

B3/2

)



 , (2.76)

where

A = 125I1 , B =
25

9

[√

I2 +
√

I4 − I2
2 +

√

I2 −
√

I4 − I2
2

]

. (2.77)

This Kähler potential was obtained in Ref. [47]. The remarkable feature of the result
is the absence of the invariant I3. The fact that K does not depend on I3 implies
some extra SU(2) flavor symmetry of the moduli space, in addition to the obvious
SU(2)V× SU(2)X . The extra flavor symmetry of K was not expected a priori.
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2.6 The impact of the superpotential

So far we discussed the structure of the classical vacua in the theories without
superpotential. We saw that in a large class of such theories there is a continuous
manifold of physically inequivalent vacua – moduli space. What is the physical way
to pick up a particular point in this space?

To this end one can introduce a small perturbation in the form of a superpotential
W which lifts the vacuum degeneracy. A few distinct scenarios of what happens then
exist. For a sufficiently general superpotential no continuous degeneracy survives.
The vacuum manifold shrinks to several isolated points determined by the extremal
points of W. In some particular cases it may happen that no supersymmetric
vacua exist. Then, logically there are two possibilities: there may exist a non-SUSY
vacuum with a positive energy density (supersymmetry is spontaneously broken, see
Sec. 5.1), or there may be no vacuum at all at finite values of the fields. The latter
case is called the run-away vacuum. Let us discuss in more detail this phenomenon,
which is an interesting animal in the zoo of the supersymmetric models.

Consider, e.g., the minimal Wess-Zumino model with the superpotential W =
µ3 ln(Φ/µ). Certainly, this is a nonrenormalizable model. Never mind; assume that
this model is nothing but a low-energy effective description of some fundamental
theory which is renormalizable and well-defined.

The scalar potential emerging from the logarithmic superpotential is

U =
µ6

|φ|2 . (2.78)

For any finite φ the vacuum energy density E is positive; the supersymmetric state
E = 0 is achieved only asymptotically, at |φ| → ∞. The theory has no vacuum state
in the regular sense of the word. To trace the fate of the sliding vacuum we can
stabilize the theory by introducing extra terms in the superpotential, for instance,
∆W = mΦ2/2 with an arbitrarily small m. The scalar potential becomes

U =

∣

∣

∣

∣

∣

µ3

φ
+mφ

∣

∣

∣

∣

∣

2

, (2.79)

and the supersymmetric vacuum is located at φ2 = −µ3/m. The limit m → 0
makes the notion of the run-away vacuum explicit. The run-away vacuum could be
of interest in the cosmological context, but we do not touch this subject here.

The most famous example of the gauge theory with the run-away vacuum is
SQCD with Nf = Nc − 1 in the limit of the strictly massless matter (Sec. 4.3).
The stabilization can be readily achieved in this case by adding a mass term to the
matter fields. Other examples with a similar behavior will be considered too.

2.7 The impact of quantum effects

In the discussion above we did not touch yet the quantum effects. They can be of
two types, perturbative and nonperturbative. Let us discuss them in turn.
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The perturbative corrections do not renormalize the superpotential – this is the
essence of the non-renormalization theorem for the F -terms [48]. Therefore, the F -
flatness conditions, F = 0, remain intact. What the perturbative corrections affect
is the Kähler potential. In the Higgs phase the parameter governing the amplitude
of corrections is the gauge coupling constant α(φ) ∝ (log φ/Λ)−1 where φ is the
scale of the moduli fields and Λ is the scale parameter of the gauge theory. For large
moduli, φ≫ Λ, the coupling is weak and the corrections to the Kähler potential are
calculable. If φ ∼ Λ, however, the corrections explode, and the Kähler potential is
not calculable.

The crucial role of the nonperturbative effects is that they can show up in the
superpotential. Thus, they can affect the F -flatness conditions. In particular, even
if the tree-level superpotential vanishes, a superpotential can be generated nonper-
turbatively, lifting the vacuum degeneracy. That is how the run-away vacuum occurs
in SQCD with Nf = Nc − 1.

Similarly to the perturbative corrections, in the Higgs phase in the weak coupling
range the nonperturbative corrections to the superpotential are calculable. The tool
allowing one to do the calculation is instantons. Many interesting phenomena occur
at this level, for instance, the dynamical SUSY breaking, see Sec. 5.4. This happens
because the nonperturbatively generated superpotentials have a different structure
compared to the tree-level superpotentials allowed by renormalizability.

Moreover, since we deal with the F -terms which are severely constrained by
the general SUSY properties, some results can be propagated from the weak to
the strong coupling regime. This is apparently the most interesting aspect of the
supersymmetric gauge dynamics.

2.8 Anomalous and non-anomalous U(1) symmetries

An important role in the analysis of SUSY gauge theories belongs to global symme-
tries. We encountered some examples of the flavor symmetries in the discussion of
the D-flat directions in the 3-2 and SU(5) models. In this section we focus on U(1)
symmetries.

One global U(1) symmetry, usually called the R symmetry, is inherent to any
supersymmetric theory because of its geometrical nature. In the superspace this R
transformation is expressed by the phase rotation of θ,

R : θ → eiα θ , θ̄ → e−iα θ̄ , xµ → xµ . (2.80)

The commutator of this transformation with the SUSY transformation (2.1) is

[Qα,Π] = Qα , [Q̄α̇,Π] = −Q̄α̇ , (2.81)

where Π is the generator of the transformation (2.80). These transformations gen-
erate the following transformations of the superfields:

Φ(x, θ, θ̄) → e−ir α Φ(x, eiαθ, e−iαθ̄) , (2.82)
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where r is the corresponding R charge of the field Φ.
To get acquainted more closely with this U(1) symmetry let us consider first

supersymmetric gluodynamics, the simplest non-Abelian gauge theory. The La-
grangian is obtained from Eq. (2.35) by omitting the part with the matter fields,

L =
1

4g2

∫

d2θTrW 2 + H.c. , (2.83)

where W = W aT a, and T a are the generators of G in the fundamental representa-
tion. The gauge group G can be arbitrary. In components

L =
1

g2

{

−1

4
Ga
µνG

aµν + iλaαDαβ̇λ̄
aβ̇
}

. (2.84)

With the massless gluino field, the Lagrangian (2.84) is invariant under the
chiral rotations λ→ λe−iα. This corresponds to the chiral transformation of super-
fields (2.82) with the R charge of V equal to zero and that of W equal to one. The
classically conserved R current is [49]

Rµ =
1

2
(σµ)αα̇R

αα̇ = − 1

g2
λaσµ λ̄

a , Π =
∫

d3xR0 . (2.85)

From the commutation relations (2.81) it follows that this current enters the same
supermultiplet as the supercurrent and the energy-momentum tensor [50]. In other
words, the axial current Rµ is the lowest component of the superfield Jαα̇

Jαα̇ = − 4

g2
Tr
[

eVWαe
−V W̄α̇

]

(2.86)

= Rαα̇ −
{

iθβJβαα̇ + H.c.
}

− 2 θβ θ̄β̇ ϑαα̇ββ̇ +
1

2

{

θαθ̄β̇ i ∂
γβ̇Rγα̇ + H.c.

}

+ . . . ,

where Jβαα̇ is the supercurrent, and ϑαα̇ββ̇ is the energy-momentum tensor,

Jβαα̇ = (σµ)αα̇ J
µ
β =

4i

g2
TrGαβ λ̄α̇ , (2.87)

ϑαα̇ββ̇ = (σµ)αα̇(σ
ν)ββ̇ ϑµν =

2

g2
Tr
[

i λ{αDβ}β̇λ̄α̇ − iDβ{β̇λα λ̄α̇} +GαβḠα̇β̇

]

.

The symmetrization over α, β or α̇, β̇ is marked by the braces. Note that all com-
ponent expressions we presented above refer to the Wess-Zumino gauge.

The classical equation for Jαα̇

D̄α̇Jαα̇ = 0 , (2.88)

besides the conservation of all three currents, contains also the relations

ϑµµ = 0 , (σµ)αα̇J
µα = Jααα̇ = 0 , (2.89)
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which express the classical conformal and superconformal symmetries. At the quan-
tum level these symmetries are broken. The conservation of the Rµ current is also
lost at the quantum level – this is the celebrated chiral anomaly. In particular, the
one-loop result for ∂µRµ is

∂µRµ =
TG

16π2
Ga
µνG̃

aµν . (2.90)

The group factors TG (and T (R) to be used below) are defined as follows. Let T a be
the generator of the group G in the representation R. Then Tr (T aT b) = T (R)δab.
Moreover, T (R) in the adjoint representation is denoted by TG. According to the
terminology used in the mathematical literature T (R) is one half of the Dynkin index
for the representation R; another name is the dual Coxeter number. For SU(N) one
has TG = N and T (fund) =1/2.

The superfield generalization of Eq. (2.90) is

D̄α̇Jαα̇ = − TG
8π2

DαTrW 2 . (2.91)

Equation (2.90) is nothing but one of the components of this superrelation. What
are other components? They present the anomalies in (σµ)

αα̇Jµα and ϑµµ,

(σµ)αα̇J
µα = Jααα̇ = i

TG
4π2

Tr
[

Ḡα̇β̇λ̄
β̇
]

, ϑµµ =
TG

16π2
Tr [GρσG

ρσ] . (2.92)

Besides, ϑµν and Jµα cease to be conserved. Indeed, acting by Dα on Eq. (2.91) and
combining it with complex conjugate one arrives at

∂µJµ = i
TG

32π2
Tr
[

D2W 2 − D̄2 W̄ 2
]

. (2.93)

In perfect parallel with the axial current the right-hand side is in fact a full derivative,

∂µRµ =
TG

16π2
∂µKµ , ∂µJµ =

TG
16π2

∂µKµ , (2.94)

where the superfield Kµ generalizes the Chern-Simons current Kµ,

Kµ = 4 ǫµνρσ Tr
{

Aν∂ρAσ −
i

3
Aν [AρAσ]

}

. (2.95)

Here we introduced the superfield Aµ which generalizes the standard vector potential
Aµ,

Aµ = −1

8
(σµ)

αα̇ [Dα, D̄α̇]V . (2.96)

We can return to the conserved currents by defining

R̃µ = Rµ −
TG

16π2
Kµ , J̃µ = Jµ −

TG
16π2

Kµ . (2.97)
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The price we pay is that the corrected current J̃µ is not a supergauge invariant
object. Nevertheless, in the Wess-Zumino gauge it is only the lowest component of
Kµ (equal to Kµ) which is explicitly gauge non-invariant.

Following a standard route one defines the conserved supercurrent J̃βαα̇ and the
energy-momentum tensor ϑ̃µν as the θ and θθ̄ components of J̃µ,

J̃βαα̇ = Jβαα̇ − i
TG
2π2

δβα Tr
[

Ḡα̇β̇λ̄
β̇
]

,

ϑ̃µν = ϑµν −
TG

16π2
gµν Tr [GρσG

ρσ] . (2.98)

These currents are conserved, but the conformal and superconformal anomalies are
still there.

J̃ααα̇ = −3i
TG
4π2

Tr
[

Ḡα̇β̇λ̄
β̇
]

, ϑ̃µµ = −3
TG

16π2
Tr [GρσG

ρσ] . (2.99)

Compared with Eq. (2.92) we got an extra coefficient −3. We stress once more that
Eq. (2.99) gives the anomalies in the conserved supercharge and energy-momentum
tensor.

The supermultiplet structure of the anomalies in ∂µRµ, the trace of the energy-
momentum tensor θ̃µµ and in J̃ααα̇ (the three “geometric” anomalies) was revealed
in [51].

Inclusion of the matter fields in the model-building typically results in additional
global symmetries, and, in particular, in additional U(1) symmetries. Some of them
act exclusively in the matter sector. These are usually quite evident and are im-
mediately detectable. Somewhat less obvious are U(1) symmetries which act on
both, the matter and gluino fields. They play a distinguished role in the analysis of
possible instanton-induced effects. Here we intend to present a classification of the
anomalous and non-anomalous U(1) symmetries.

The general Lagrangian of the gauge theory with matter is given in Eq. (2.49)
in the absence of the superpotential. The matter field Q consists of some number
of irreducible representations of the gauge group. Every irreducible representation
will be referred to as “flavor”, {Q} = {Q1, . . . QNf

}. It is clear that additionally to
U(1) discussed above one can make the phase rotations of each of Nf matter fields
independently. Thus, altogether we have Nf + 1 chiral rotations. Adding a general
superpotential W eliminates, in principle, all these U(1) symmetries. However, if
the classical conformal symmetry is unbroken, at least one U(1) survives [50]. The
conformal invariance implies the absence of dimensional parameters; in other words,
it limits the superpotential to be cubic in Q. Then the action is invariant under the
following transformation:

V (x, θ, θ̄) → V (x, eiαθ, e−iαθ̄) , Q(xL, θ) → e−2iα/3 Q(xL, e
iαθ) . (2.100)

The cubic form of the superpotential fixes the R charge of the matter to be 2/3. In
components the same transformations look as

Aµ → Aµ , λα → e−iαλα , ψ
f
α → eiα/3ψfα , φ

f → e−2iα/3φf . (2.101)
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The corresponding chiral current, which can be viewed as a generalization of the
current (2.85), is denoted R0

µ and has the form

R0
µ = − 1

g2
λaσµλ̄

a +
1

3

∑

f

(

ψfσµψ̄f − 2i φf
↔
Dµ φ̄f

)

. (2.102)

This current is the lowest component of the superfield J 0
αα̇,

J 0
αα̇ =

4

g2
Tr
[

W̄α̇ e
V Wα e

−V
]

− 1

3

∑

f

Q̄f

(←

∇̄α̇ eV∇α − eV D̄α̇∇α+
←

∇̄α̇

←
Dα e

V
)

Qf , (2.103)

where the background-covariant derivatives are introduced,

∇αQ = e−VDα

(

eVQ
)

, ∇̄α̇Q̄ = eV D̄α̇

(

e−V Q̄
)

. (2.104)

The superfield current J 0
αα̇ plays the same geometrical role as Jαα̇ in SUSY glu-

odynamics. In particular, the θθ̄ component contains the total energy-momentum
tensor of the theory.

The remaining Nf currents are due to the phase rotations of each flavor superfield
independently,

Qf (xL, θ) → e−iαf Qf (xL, θ) . (2.105)

Note that θ is not touched by these transformations – we deal with the genuinely
flavor symmetry. The corresponding chiral currents are

Rf
µ = −ψfσµψ̄f − φf

↔
Dµ φ̄f . (2.106)

In the superfield language, Rf
µ is the θθ̄ component of the so called Konishi cur-

rents [52]
J f = Q̄fe

VQf , (2.107)

To make the situation similar to Jαα̇ we can form another superfield J f
αα̇,

J f
αα̇ = −1

2
[Dα, D̄α̇]J f = −1

2
[Dα, D̄α̇] Q̄f e

VQf , (2.108)

of which Rf
µ is the lowest component. There is a deep difference between the flavor

current J f
αα̇ and the geometric current J 0

αα̇: the latter contains the supercurrent and
the energy-momentum tensor in the higher components while higher components of
the former are conserved trivially.

With all these definitions in hands we are ready to discuss the non-conservation
of the currents both due to the classical superpotential and the quantum anomalies.
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For the geometric current J 0
αα̇ one has

D̄α̇J0
αα̇ =

2

3
Dα









3W −
∑

f

Qf
∂W
∂Qf





−




3TG −∑

f T (Rf)

16π2
TrW 2 +

1

8

∑

f

γfD̄
2(Q̄f e

VQf )











, (2.109)

where γf are the anomalous dimensions 5 of the matter fields Qf . The first line
is purely classical. It is seen that the classical part vanishes for the cubic in Q
superpotential, as it was discussed above. The second line is the quantum anomaly.
Being understood in the operator form, this anomaly is exact [53]. Higher loops
enter through the anomalous dimensions γf . Let us memorize this relation – it will
play an important role in what follows.

The anomaly in the Konishi currents J f is expressed by the formula [52]

D̄2J f = D̄2 (Q̄fe
VQf) = 4Qf

∂W
∂Qf

+
T (Rf)

2π2
TrW 2 . (2.110)

The first term on the right-hand side is classical, the second term is the anomaly.
Note that in this operator relation there are no higher-order corrections, in contrast
with the situation with the geometric anomalies, Eq. (2.109).

By combining the Konishi currents with the R0
µ current, with the appropriate

coefficients, one establishes all conserved anomaly-freeR currents of the theory under
consideration (provided that they exist, of course). To this end it is convenient to
write the anomaly relations in the form of divergences of J 0

αα̇ and J f
αα̇,

∂αα̇J 0
αα̇ = − i

3
D2









3W −
∑

f

(

1 +
γf
2

)

Qf
∂W
∂Qf





− 1

16π2



3TG −
∑

f

(1 − γf)T (Rf)



TrW 2







+ H.c. , (2.111)

and

∂αα̇J f
αα̇ = iD2

{

1

2
Qf

∂W
∂Qf

+
T (Rf)

16π2
TrW 2

}

+ H.c. , (2.112)

where we used Eqs. (2.108), (2.109) and (2.110) plus the algebraic relation

∂αα̇[Dα, D̄α̇] = − i

4

(

D2D̄2 − D̄2D2
)

. (2.113)

From the equations above it is clear that there exist Nf linear combinations of
Nf + 1 chiral currents which are free from the gauge anomaly. The choice is not

5For the definition of γf ’s see Eq. (4.7).
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unique, of course. In particular, we can choose one of such currents in the form

J 0f
αα̇ = J 0

αα̇ −
3TG −∑

f (1 − γf)T (Rf)

3
∑

f T (Rf)

∑

f

J f
αα̇ , (2.114)

The coefficient in front of the second term is proportional to the β function, see
Sec. 4.1. In the extreme ultraviolet, where α→ 0, the anomalous dimensions γf(α)

vanish, and we are left with the one-loop expression for the current J 0f
αα̇ . The

formula (2.114) is valid, however, for any α. Thus, it smoothly interpolates to the
strong coupling range [54]. In particular, if the theory is conformal in the infrared
the second term vanishes and the current J 0f

αα̇ coincides with the geometrical current
J 0
αα̇.

The remaining Nf − 1 currents can be chosen as

J fg
αα̇ = T (Rg)J f

αα̇ − T (Rf)J g
αα̇ , (2.115)

where one can fix g and consider all f 6= g. For nonvanishing superpotential the
classical part in the divergence of currents (2.114) and (2.115) can be simply read off
from Eqs. (2.111) and (2.112). Generically, no conserved current survive. For specific
superpotentials it happens that one can find conserved combinations of currents. It
is certainly the case if the theory with the given superpotential has flat directions.
The surviving moduli can be classified according to the conserved R charges. The
examples will be given below.

2.9 Effective Lagrangian and the anomalous U(1)

Let us return for a while to SUSY gluodynamics, in this theory a single chiral
current (2.85) exists. As well-known, the anomaly in this current, see Eq. (2.90),
does not lead to the breaking of U(1) in perturbation theory. Indeed, one can
build a conserved (but gauge non-invariant) current R̃µ given in Eq. (2.97). The
corresponding charge is gauge invariant in perturbation theory.

At the nonperturbative level, the U(1) symmetry is lost [9]. The only remnant
of the continuous chiral symmetry that survives [2] is a discrete subgroup Z2TG

,

λ→ e−iπk/TG λ , k = 1, 2, ..., 2TG . (2.116)

The fact that SUSY gluodynamics is invariant under the discrete Z2TG
can be ver-

ified, for instance, by analyzing the instanton-induced ’t Hooft interaction – the
number of the gluino zero modes on the instanton is 2TG, as will be discussed in
more detail in Sec. 3.

One can visualize all anomalies, as well as the discrete invariance ZTG
via the

Veneziano-Yankielowicz effective Lagrangian [55],

LV Y =
TG
3

∫

d2θΦ ln
(

Φ

σ

)TG

+ H.c. + invariant terms , (2.117)
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where Φ is a composite color-singlet chiral superfield,

Φ =
3

32π2TG
TrW 2 ,

and σ is expressed via the scale parameter of the theory Λ as

σ = eΛ3 , e = 2.718 . . . . (2.118)

The superpotential term in LV Y is the only one non-invariant under the geometrical
transformations discussed in the previous section. The omitted terms, including the
kinetic one, must be invariant. To see how the superpotential term generates the
anomalies let us consider its variation under the chiral transformation (2.82)

Φ(xL, θ) → e−2iαΦ(xL, e
iαθ) . (2.119)

Then

δLV Y = −iδα 2T 2
G

3

∫

d2θΦ + H.c. , (2.120)

in full accord with Eq. (2.90). One can easily check that all other geometrical
anomalies are reproduced as well.

Note that the logarithmic term in the Lagrangian (2.117) is not fully defined
since the logarithm is a multivalued function. The differences between the branches
is not important for the generation of the anomalies – this difference resides in the
invariant terms of LV Y . This difference is important, however, for the “large” chiral
transformations (2.116) forming the Z2TG

subgroup.
The proper definition was suggested in Ref. [56]. For the n-th branch one must

define a corresponding Lagrangian,

Ln =
TG
3

∫

d2θΦ

[

ln
(

Φ

σ

)TG

+ 2iπn

]

+ H.c. , (2.121)

where a specific branch is ascribed to the logarithm. In terms of the original theory
the parameter n shifts the vacuum angle θ → θ + 2πn. The discrete transforma-
tions (2.116) act on Φ as in Eq. (2.119), with the substitution α → πk/TG. Thus,
these transformations convert Ln → Ln−k. This implies the ZTG

invariance of the
theory provided that the partition function sums over all n,

Z =
∞
∑

n=−∞

∫

DΦ e i
∫

d4xLn . (2.122)

The invariance group is ZTG
= ZTG

/Z2 because Φ is quadratic in λ, thus identifying
λ and −λ.

The construction of Ref. [56] determines the number of the vacuum states to
be TG. The zero energy states are obtained from the stationary of points of the
superpotential. They lie at

〈Φ〉k = Λ3e2πik/TG , k = 0, . . . , TG − 1 . (2.123)
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Summarizing, we see that the theory consists of TG sectors exhibiting the sponta-
neous breaking of Z2TG

→ Z2.
One should keep in mind that the Lagrangian (2.117) is not Wilsonean, it cannot

be used for obtaining the scattering amplitudes and other information of a similar
nature. Its only raison d’etre is the explicit realization of the anomalous and non-
anomalous symmetries of SUSY gluodynamics and the vacuum structure compatible
with these symmetries.

The point Φ = 0 requires a special considerations. If one takes the Lagrangians
(2.121) literally, there exists [56] a chirally symmetric vacuum at Φ = 0. It was over-
looked in the original analysis [55]. If this is indeed the case, the chirally symmetric
vacuum drastically affects various mechanisms of the dynamical SUSY breaking.
We will dwell on this issue in Sec. 7.

2.10 Witten’s index: where to look for the dynamical su-
persymmetry breaking?

The answer to this question experienced a dramatic evolution over the last decade. In
the 1980’s people believed that only the chiral gauge theories are suitable candidates
for the dynamical SUSY breaking. Correspondingly, the searches were limited to
this rather narrow class of models. At present it became clear that, under certain
conditions, some nonchiral gauge theories can do the job too.

First, we will introduce the notion of Witten’s index, one of the most impor-
tant theoretical tools in this range of questions, and explain why initially theorists’
attention was attracted exclusively to the chiral gauge theories. We also discuss a
deeper theoretical understanding achieved in the 1990’s. Novel elements, introduced
into circulation recently, allow one to construct mechanisms of the dynamical SUSY
breaking, based on the nonchiral gauge theories, although the chiral ones still remain
the most important supplier of such mechanisms.

Witten’s index is defined as

IW = nbE=0 − nfE=0 (2.124)

where nbE=0 and nfE=0 are the numbers of the bosonic and fermionic zero-energy
states, respectively.

As was emphasized in [2], IW is an invariant that does not change under any
continuous deformations of the theory – such as the particle masses, the volume in
which the theory is defined, the values of the coupling constants and so on. Under
such deformations the levels of the system breathe, they can come to and leave zero,
but as long as the Hamiltonian is supersymmetric, once, say, a bosonic state comes
to zero, it must be accompanied by its fermionic counterpartner, so that IW does
not change. If IW 6= 0 the theory does have at least IW zero-energy states. The
existence of the zero-energy vacuum state is the necessary and sufficient condition
for supersymmetry to be realized linearly, i.e. stay unbroken. Thus, only the IW = 0
theories could produce the dynamical SUSY breaking.
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Group SU(N) SO(N) Sp (2N) G2 F4 E6 E7 E8

TG N N − 2 N + 1 4 9 12 18 30

Table 1: The dual Coxeter number (one half of the Dynkin index) for various groups.

Witten’s index can be calculated for the gauge theories based on arbitrary Lie
group (for the time being let us forget about matter). Its value is given by TG. The
values of TG for the semi-simple Lie groups are collected in Table 1. In the theories
where the gauge group is a product of semi-simple groups, G = G1 × G2 × . . .,
Witten’s index IW = TG1 × TG2 × . . . .

Two alternative calculations of IW are known in the literature. The first was
Witten’s original calculation who deformed the theory by putting it in a finite three-
dimensional volume V = L3. The size L is such that the coupling α(L) is weak,
α(L) ≪ 1. The field-theoretical problem of counting the number of the zero-energy
states becomes, in the limit L→ 0, a quantum-mechanical problem of counting the
gluon and gluino zero modes. In practice, the problem is still quite tricky because
of subtleties associated with quantum mechanics on the group spaces.

The story has a dramatic development. The result obtained in the first paper
in [2] was IW = r+ 1 where r stands for the rank of the group. For the unitary and
simplectic groups r + 1 coincides with TG. However, for the orthogonal (starting
from SO(7)) and exceptional groups r + 1 is smaller than TG. The overlooked zero-
energy states in the SO(N) quantum mechanics of the zero modes were found by
the same author only 15 years later! (See the second paper in [2]). Further useful
comments can be found in [57] where additional states in the exceptional groups
were exhibited.

An alternative calculation of IW [58] resorts to another deformation which, in
a sense, is an opposite extreme. A set of auxiliary matter fields with small mass
terms is introduced in such a way that the theory becomes completely Higgsed and
weakly coupled. Moreover, for a certain ratio of the mass parameters the pattern of
the gauge symmetry breaking is step-wise, e.g.

SU(N) → SU(N − 1) → . . .→SU(2)→ nothing,

In the weakly coupled theory everything is calculable. In particular, one can find
the vacuum states and count them. This was done in [58]. It turns out that the
gluino condensate is a convenient marker of the vacua – it takes distinct values in
the various vacua 6. The gluino condensate 〈λλ〉 was exactly calculated in [58]; the

6Actually, using the gluino condensate as an order parameter was suggested by Witten [2], he
realized the mismatch for the orthogonal groups.
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result is multiple-valued,

〈λλ〉 ∝ e2πik/TG , k = 0, 1, ..., TG − 1 , (2.125)

cf. Eq. (2.123). All vacuum states are, of course, bosonic in this theory, implying
that IW = TG. In the limit when all mass parameters tend to infinity the auxiliary
matter fields decouple and we return to the strongly coupled SUSY gluodynam-
ics. Since IW is invariant under this deformation, the result IW = TG stays valid
irrespective of how large or small the mass parameters are.

The crucial element of the index analysis is the assumption that no vacuum
state runs away to infinity in the space of fields in the process of deformation. For
instance, in Witten’s analysis [2] it was tacitly assumed that at L → ∞ no fields
develop infinitely large expectation values. The analysis based on Higgsing of the
theory by virtue of the auxiliary matter [58] confirms this assumption. However,
as it was found recently, when physical (rather than the auxiliary) matter fields are
introduced, it is not always true that in the process of deformation no fields develop
infinitely large expectation values.

If all matter fields are massive, nothing changes in the calculation of Witten’s
index, it remains the same. Thus, what remains to study is the massless matter
sector. (Remember: technically, such models are divided in two classes: chiral and
nonchiral. The matter which allows one to introduce a mass term for every matter
field is called nonchiral, otherwise the model is called chiral.)

A natural deformation in the nonchiral models is the introduction of the mass
term [2]. Then the index is the same as in SUSY gluodynamics, IW = TG 6=
0. For this reason, for a long time it was believed that the nonchiral models do
not provide for the opportunity of the dynamical SUSY breaking. Recently it was
demonstrated [7], however, that in some particular models the limit m→ 0 leads to
the situation where some vacua run away to infinity in the space of fields (Sec. 2.6).
This means that the index determined by the m 6= 0 deformation is unphysical.
The physically relevant index must count only those zero energy states which lie in
a finite domain in the space of fields. The index defined in such a way could be
zero even in the nonchiral models [7]. Thus, with this remark in mind, there is no
conceptual distinction between the nonchiral and chiral models. In addition to the
formal Witten’s index one should check whether there are run-away vacua in the
limit of vanishing deformation. For instance, it is conceivable that in some chiral
theory with the formal index zero the physical index (i.e. nbE=0 − nfE=0 calculated
for the field configurations belonging to a finite domain in the space of fields) could
be nonzero, provided that some fermionic states run away.

Historically, the first examples of the dynamical SUSY breaking were found in
the chiral theories. The class of such models is strongly constrained. Building the
chiral matter sector, one has to proceed with caution, in order to avoid internal
chiral triangle anomalies (in the theories with the vector-like couplings, i.e. the
nonchiral theories, the anomalous triangles do not appear, automatically). Since
matter fermions have both the vector and axial-vector couplings, the set of the
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fermion fields must be arranged in such a way that all chiral triangles coupled to the
gauge bosons of the theory cancel in the total sum. Otherwise, the gauge invariance
is lost, and the theory becomes ill-defined, intractable. The best-known example is
the Standard Model. If one considers, say the ZZγ effective vertex, arising due to
fermionic loops, the u-quark contribution is anomalous. The anomaly is canceled
after summation over all fermions belonging to the first generation.

The easiest way to build a chiral theory that will be automatically anomaly-
free is to start from a larger anomaly-free theory, and to pretend that the gauge
symmetry of the original model is somehow spontaneously broken down to a smaller
group. The gauge bosons corresponding to the broken generators are frozen out.
The matter fields that are singlets with respect to the unbroken subgroup can be
discarded. The remaining matter sector may well be chiral, but there will be no
internal anomalies. For instance, to get the SU(5) theory, we may start from SO(10),
where all representations are (quasi)real, so this theory is automatically anomaly-
free. Assume, we introduce the matter in the representation 16 of SO(10). Now,
we break SO(10) down to SU(5). The representation 16 can be decomposed with
respect to SU(5) as a singlet, a quintet plus an (anti)decuplet. Drop the singlet.
We are left with the SU(5) model with one quintet and one (anti)decuplet. We can
further break SU(5) down to SU(3)×SU(2), a cascade which eventually leads us to
the 3-2 model of Affleck, Dine and Seiberg.

In some of the chiral models obtained in this way one finds a self-consistent
weak coupling regime – under a certain choice of parameters the original gauge
group is completely Higgsed (Sec. 5.4). Others are intrinsically strongly coupled
(Sec. 6.1). The latter case could be connected to the former one by introducing
auxiliary nonchiral matter. This program (similar to that of Ref. [58]) was carried
out in several models, see Secs. 5.6 and 6.1.

The discovery of the nonchiral models of the dynamical SUSY breaking is ex-
tremely important since it expands the class of the SUSY-breaking theories. The
initial findings [7] were further generalized in Ref. [16]. The development was wel-
come by builders of the SUSY-breaking mechanisms.

Let us comment on another recent development. In Ref. [56] arguments were
given in favor of the existence of the chirally symmetric phase in SUSY gluodynam-
ics. If such phase does exist, it is not ruled out that in some chiral gauge models
that are known to have no supersymmetric vacuum in the weak coupling regime,
a SUSY preserving vacuum may exist in the domain of strong coupling. For more
details see Secs. 6.1 and 7.

3 Fermion-Boson Degeneracy: Magic Backgrounds

If supersymmetry is unbroken, i.e.

Qα|0〉 = 0 , Q̄α̇|0〉 = 0 , (3.1)
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then, from the supersymmetry algebra (2.11), it follows that the vacuum energy
vanishes. Moreover, all states at nonzero energy are degenerate: each boson state
is accompanied by a fermion counterpartner. These statements are exact. It is
instructive, however, to trace how they manifest themselves in perturbation theory.

In the previous sections we have constructed the classical vacua in various models.
The corresponding field configurations have zero energy and, hence, are invariant
under the SUSY transformation. The vanishing of the vacuum energy persists when
(perturbative) quantum effects are switched on. This miracle of supersymmetry,
which was discovered by the founding fathers, is due to the cancellation between the
bosonic and fermionic degrees of freedom. Indeed, at one loop the vacuum energy is
the sum of the frequencies of the zero-point oscillations for each mode of the theory,

E vac =
1

2

∑

i

{

ωboson
i − ωferm

i

}

. (3.2)

This expression implies that the spectrum is discretized. For instance, the system
is put in a three-dimensional finite box with the periodic boundary conditions. The
boson and fermion terms enter with the opposite signs. Equation (3.2) is general,
this formula is not specific for supersymmetry.

The special feature of supersymmetry is the fermion-boson degeneracy of the
excitations over the vacuum: for all nonvanishing frequencies ωboson

i = ωferm
i . At

one-loop level the frequencies are those of free particles ωi = (m2 + ~k2
i )

1/2, where ~ki
is the discretized three-momentum. The cancellation of quantum corrections to the
vacuum energy continues to take place in two loops, three loops, and so on; in fact,
it persists to any finite order in perturbation theory.

A nonvanishing result for Evac can appear only nonperturbatively. From the
general arguments above it follows that this can happen only provided that the set
of the classical vacua contain both, the boson and fermion configurations. In four-
dimensional theories this means the presence of massless fermions at the classical
level (note that we discuss now perturbation theory). Only if there is an appro-
priate massless fermion “prefabricated” in the spectrum, can it assume the role of
Goldstino.

The calculation of the vacuum energy is equivalent to the calculation of loops in
the “empty space”. When we speak of the instanton calculations, they are carried
out in the background instanton field. The presence of a given background field,
generally speaking, breaks supersymmetry, the supercharges are not conserved any-
more, and the degeneracy between the eigenfrequencies ωboson

i and ωferm
i is gone.

Gone with it is the cancellation of the quantum corrections. In some special back-
ground fields, however, a part of supersymmetry is preserved. Some supercharges
are broken while some others remain conserved. This is sufficient for the cancella-
tion of loops, order by order. In the beginning of the section we referred to such
backgrounds as magic.

The simplest example of the background preserving a part of supersymmetry can
be found in the Wess-Zumino model. Let us consider the background superfields of
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the form

Qi(xL, θ) = ai + bαi θα + ciθ
2 ,

Q̄i(xR, θ̄) = 0 , (3.3)

where ai, b
α
i , ci are constants. It is clear that this configuration is invariant under the

action of the supercharges Q̄α̇ but is not invariant with respect to the Qα-generated
transformations. The residual invariance is sufficient to ensure the boson-fermion
degeneracy and, hence, the cancellation of the quantum corrections.

Substituting the background field (3.3) into the classical action one sees that
the kinetic term vanishes while the superpotential term survives and is expressed
via the constants ai, b

α
i , ci (of course, the resulting action is proportional to L3T ).

Correspondingly, nothing can be said about the kinetic term (and, as we know,
it is renormalized perturbatively). At the same time, the absence of perturbative
quantum corrections implies that the superpotential W is not renormalized. This is
an alternative way of proving the non-renormalization theorem [48].

Two comments are in order here. First, the configuration (3.3) implies that
the background is not invariant under the complex conjugation; we treat the back-
ground fields Qi and Q̄i as independent. Such a treatment presents no problem
in perturbation theory. Second, if some fields are massless one should be careful:
certain infrared singular D terms could arise in loops. They are not forbidden by
the general argument above. However, in the continuous limit, L → ∞, they are
indistinguishable from F terms [59].

In the gauge theories any self-dual (or anti-self-dual field) gluon field preserves
one half of SUSY. The instanton field is a particularly important example of such
configurations. Another example is given by spatially constant self-dual fields (to-
rons [60]). In the self-dual backgrounds the fermion-boson cancellation takes place.
This phenomenon generalizes the fermion-boson cancellation in the static back-
grounds. At one loop this property was first noted in [10]. The theorem extending
the cancellation to all loops was established in [11].

Thus, finding the instanton contribution to certain quantities becomes a purely
classical problem, much simpler than a general instanton analysis and calculations
in non-supersymmetric gauge theories. Below we will explain in more detail how
it works. It is instructive, however, to start from a non-gauge theory where a
similar phenomenon – conservation of one half of supersymmetry and the subsequent
cancellation of the loop corrections – takes place. This will allow us to have a
closer look at the basic ingredients of this phenomenon peeled off of conceptually
irrelevant technicalities, such as the analytic continuation to the Euclidean space,
gauge freedom and so on. We will deal with all these issues in due course, but for
now it seems reasonable to defer them.
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3.1 A prototype – supersymmetric domain walls

Let us return to the minimal Wess-Zumino model discussed in Sec. 2.2, see Eqs.
(2.13), (2.17). As was mentioned, the model has two degenerate vacua (2.18). Field
configurations interpolating between two degenerate vacua are called the domain
walls. They have the following properties: (i) the corresponding solutions are static
and depend only on one spatial coordinate; (ii) they are topologically stable and
indestructible – once a wall is created it cannot disappear. Assume for definiteness
that the wall lies in the xy plane. Then the wall solution φw will depend only on
z. Since the wall extends indefinitely in the xy plane, its energy Ew is infinite.
However, the wall tension Ew (the energy per unit area Ew = Ew/A) is finite, in
principle measurable, and has a clear-cut physical meaning.

The wall solution of the classical equations of motion is known from the ancient
times,

φw =
m

λ
tanh(|m|z) . (3.4)

Note that the parameters m and λ are not assumed to be real. A remarkable feature
of this solution is that it preserves one half of supersymmetry. Indeed, the SUSY
transformations (2.1) generate the following transformation of fields,

δφ =
√

2εψ , δψα =
√

2
[

εαF + i ∂µφ (σµ)αα̇ ε̄α̇
]

. (3.5)

The domain wall we consider is purely bosonic, ψ = 0. Moreover,

F = − ∂W̄
∂φ̄

∣

∣

∣

∣

∣

φ̄=φ∗w

= −e−iη ∂zφw(z) , (3.6)

where

η = arg
m3

λ2
. (3.7)

The relation (3.6) means that the domain wall actually satisfies the first order
differential equation, which is by far a stronger constraint than the classical equations
of motion. Due to this feature

δψα ∝ εα + i eiη (σz)αα̇ ε̄
α̇ (3.8)

vanishes provided that
εα = −i eiη (σz)αα̇ ε̄

α̇ . (3.9)

This condition singles out two supertransformations (out of four) which do not act
on the domain wall (alternatively it is often said that they act trivially).

Now, let us calculate the wall tension at the classical level. To this end we rewrite
the expression for the tension as

E =
∫ +∞

−∞
dz
[

∂zφ̄ ∂zφ+ F̄F
]

≡
∫ +∞

−∞
dz
{

[

e−iη ∂zW + H.c.
]

+
∣

∣

∣ ∂zφ+ eiη F
∣

∣

∣

2
}

,

(3.10)
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where F = −∂W̄/∂φ̄ and it is implied that φ depends only on z. This form makes
it clear why the domain wall satisfies the first order differential equation (3.6). As
a result the wall tension Ew coincides with the modulus of the topological charge Z

Ew = |Z| , (3.11)

where Z is defined as

Z = 2 {W(φ(z = ∞)) −W(φ(z = −∞))} =
8m3

3 λ2
. (3.12)

Note that the phase of Z coincides with η introduced in Eq. (3.7).
Such states are called BPS or BPS-saturated. BPS stands for Bogomolny, Prasad

and Sommerfield. The works of these authors [61] have nothing to do with su-
persymmetry; they considered the Abrikosov vortices and monopoles in the non-
supersymmetric models and observed that in certain limits these objects satisfy the
first order equations and their masses coincide with the topological charges. In
the context of supersymmetry we see that the BPS saturation is equivalent to the
residual supersymmetry.

How come that we got a nonvanishing energy for the state which is annihilated
by some supercharges? This is because the superalgebra (2.11) gets modified,

{Qα , Qβ} = −4 Σαβ Z̄ ,
{

Q̄α̇ , Q̄β̇

}

= −4 Σ̄α̇β̇ Z , (3.13)

where

Σαβ = −1

2

∫

dx[µdxν] (σ
µ)αα̇(σ̄

ν)α̇β (3.14)

is the wall area tensor. All other commutation relations remain intact. In the
context of the modified SUSY algebra, the topological charge Z bears the name of
the central charge 7.

The connection between the BPS saturation and the central extension of the
superalgebra was revealed long ago by Olive and Witten [63], shortly after the
advent of supersymmetry. In centrally extended superalgebras the fact that a state
is annihilated by a supercharge does not imply the vanishing of the energy of the
state – instead its mass is equal to the central charge of the state.

To derive this relation let us consider the representations of the centrally ex-
tended superalgebra. In the problem of the domain walls we are interested not in
a generic representation but, rather, in a special one where one half of the super-
charges annihilate all states. The existence of such supercharges was demonstrated
above at the classical level. The covariant expressions for the residual supercharges
Q̃α are

Q̃α = eiη/2 Qα −
2

A
e−iη/2 Σαβ n

β
α̇ Q̄

α̇ , (3.15)

7For a recent discussion of the general theory of the tensorial central charges in various super-
algebras see [62].
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where

nαα̇ =
Pαα̇
EwA

(3.16)

is the unit vector proportional to the wall four-momentum Pαα̇; it has only the time
component in the rest frame. The subalgebra of these residual supercharges in the
rest frame is

{

Q̃α , Q̃β

}

= 8 Σαβ {Ew − |Z|} . (3.17)

We will refer to this subalgebra as stationary.
The existence of the stationary subalgebra immediately proves that the wall

tension Ew is equal to the central charge Z. Indeed, Q̃|wall〉 = 0 implies that
Ew − |Z| = 0. This equality is valid both to any order in perturbation theory and
nonperturbatively.

An interesting question is the supermultiplet structure of the domain walls, i.e.
the representations of the centrally extended algebra. The minimal representation
in the sector where Q̃α is realized trivially is two-dimensional [64].

From the non-renormalization theorem for the superpotential [48] we additionally
infer that the central charge Z is not renormalized. Thus, the result

Ew =
8

3

∣

∣

∣

∣

∣

m3

λ2

∣

∣

∣

∣

∣

(3.18)

for the wall tension is exact [65].
The wall tension Ew is a physical parameter and, as such, should be expressible in

terms of the physical (renormalized) parameters mren and λren. One can easily verify
that this is compatible with the statement of nonrenormalization of Ew. Indeed,

m = Z mren λ = Z3/2λren ,

where Z is the Z factor coming from the kinetic term. Consequently,

m3

λ2
=
m3

ren

λ2
ren

.

Thus, the absence of the quantum corrections to Eq. (3.18), the renormalizability
of the theory, and the non-renormalization theorem for superpotentials – all these
three elements are intertwined with each other. In fact, every two elements taken
separately imply the third one.

What lessons have we drawn from the example of the domain walls? In the
centrally extended SUSY algebras the exact relation Evac = 0 is replaced by the
exact relation Ew − |Z| = 0. Although this statement is valid both perturbatively
and nonperturbatively, it is very instructive to visualize it as an explicit cancellation
between bosonic and fermionic modes in perturbation theory – we will do the exercise
in Sec. 3.3, where we consider 1+1 dimensional models with minimal supersymmetry.

The nonrenormalization of the central charge is not a general feature. In the
domain wall problem it is due to the extended supersymmetry in the effective 1+1
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dimensional theory to which the minimal four-dimensional Wess-Zumino model re-
duces, in a sense. In the two-dimensional models with minimal supersymmetry
(Sec. 3.3) the central charge gets quantum corrections.

3.2 Superpotential and anomaly

The domain walls make the superpotential observable. More exactly, the central
charge is related, on the one hand, to the wall tension, and on the other hand, to
the jump of the superpotential in passing from one spatial infinity to the other,
through the wall. In the Wess-Zumino model the central charge is proportional to
the tree-level superpotential, see Eq. (3.12). A natural question one should ask is
whether the central charge exists in N = 1 SUSY gauge theories, and if yes, what
replaces the tree-level superpotential in Eq. (3.12). We will see that the answer to
this question is important for understanding of the nonperturbative gauge dynamics.

A hint of the existence of the central extension can be obtained from the analysis
of SUSY gluodynamics (Sec. 2.9). In this theory there are TG distinct supersym-
metric vacua. Hence, there should exist field configurations interpolating between
them, the domain walls. We know already that the domain walls go hand in hand
with occurrence of the central charge in N = 1 SUSY.

The actual calculation of the central charge in the gauge theories requires a
careful treatment of the anomalies: besides the tree-level superpotential, Z contains
an anomalous term [66]. We will not dwell on details of the derivation here – they
will lead us far astray, and, after all, we need only the final result. It is not difficult
to show that the anomaly in the central charge is not a new one – it is related [35] to
the supermultiplet of anomalies (2.109). Equation (3.13) is still valid, being general;
for the central charge Z, instead of Z = 2∆(W), one gets

Z =
2

3
∆









3W −
∑

f

Qf
∂W
∂Qf





−




3TG −∑

f T (Rf)

16π2
TrW 2 +

1

8

∑

f

γfD̄
2(Q̄f e

VQf )











θ=0

. (3.19)

We hasten to make a few comments concerning this relation. The first term in the
second line is of purely quantum origin: it presents the gauge anomaly in the central
charge. The second term in the second line is a total superderivative. Therefore,
it vanishes after averaging over any supersymmetric vacuum state. Hence, it can
be safely omitted. The first line presents the classical result. At the classical level
Qf (∂W/∂Qf ) is a total superderivative too (cf. Eq. (2.110)). If we discard it for a
short while (forgetting about the quantum effects), we return to Z = 2∆(W), the
formula obtained in the Wess-Zumino model. At the quantum level Qf (∂W/∂Qf )
ceases to be a total superderivative because of the Konishi anomaly. It is still
convenient to eliminate Qf (∂W/∂Qf ) in favor of TrW 2 by virtue of the Konishi
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relation (2.110). In this way one arrives at

Z = 2∆

{

W − TG −∑

f T (Rf)

16π2
TrW 2

}

θ=0

. (3.20)

We see that the superpotential W is amended by the anomaly; in the operator form

W −→ W − TG −∑

f T (Rf)

16π2
TrW 2 . (3.21)

The anomaly may or may not materialize as a nonperturbative correction in the
low-energy effective superpotential. For instance, in the SU(2) SQCD with one
flavor the anomalous term Trλλ in Eq. (3.21) materializes at low energies as a Φ−2

term, see Sec. 4.3. On the other hand, in the two-flavor model (Sec. 4.4), where
TG−∑f T (Rf) = 0, the anomalous contribution vanishes. This explains why in the
two-flavor model the superpotential is not generated beyond the tree level even after
the mass terms of the matter fields are switched on.

In the next section we will see how the anomaly modifies the operator of the
central charge in a much simpler setting of a nongauge theory. We will consider a
two-dimensional analog of the Wess-Zumino model, with a minimal supersymmetry.
The model is instructive in two aspects: it very transparently demonstrates the
occurrence of the anomaly in the central charge and the boson-fermion cancellations
in perturbation theory.

3.3 Digression: solitons in two-dimensional theories with
the minimal SUSY

As was mentioned in Sec. 3.1, in some aspects the problem of the domain wall is obvi-
ously two-dimensional 8. The remnant of the original four-dimensional formulation is
the extended supersymmetry of the emerging two-dimensional model. Indeed, four
supercharges imply N = 2 supersymmetry in 1+1. Considering two-dimensional
models on their own right, we can descent to the minimal N = 1 supersymmetry,
with two supercharges, by deforming the N = 2 model obtained as a dimensional
reduction of the four-dimensional Wess-Zumino model.

To perform the reduction to two dimensions it is sufficient to assume that all
fields are independent of x and y, and depend on t and z only. In two dimensions
the Lagrangian (2.14) can be presented in the following form 9:

L =
1

2

{

∂µϕi ∂
µϕi + iψ̄iγ

µ∂µψi + fifi + 2fi
∂W

∂ϕi
− ∂2W

∂ϕi∂ϕj
ψ̄iψj

}

. (3.22)

We introduced real fields ϕi, ψi and fi, where i = 1, 2. Up to normalization, they
are just the real and imaginary parts of the original fields, e.g, ϕ = (ϕ1 + iϕ2)/

√
2.

8The presentation in this section is based on Ref. [67].
9To distinguish between the superpotentials in four and two dimensions the latter is denoted

by W as opposed to the calligraphic W in four dimensions.
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Summation over i is implied. The fermionic field ψi is a two-component Majorana
spinor, a convenient representation for the two-dimensional γ matrices is

γ0 = σ2 , γ
1 = iσ3 .

We will stick to it in this section. The superpotential W = 2 ReW is a function of
two variables ϕ1 and ϕ2,

W (ϕ1, ϕ2) =
√

2

[

m2

λ
ϕ1 −

λ

6
ϕ3

1 +
λ

2
ϕ1ϕ

2
2

]

, (3.23)

where m and λ are now assumed to be real.
The presence of extended supersymmetry is reflected in the harmonicity of this

superpotential,
∂2W

∂ϕi∂ϕi
= 0 for N = 2 . (3.24)

To break N = 2 down to N = 1 we consider a more general case of nonharmonic
functions W (ϕ1, ϕ2),

W (ϕ1, ϕ2) =
√

2

[

m2

λ
ϕ1 −

λ

6
ϕ3

1 +
λ

2
ϕ1ϕ

2
2 +

µ√
2
ϕ2

2

]

, (3.25)

where at µ 6= 0 the N = 2 SUSY is broken down to the minimal N = 1.
The two supercharges Qα of the model are

Qα =
∫

dz J 0
α , Jµ =

∑

i=1,2

[(∂νϕi)γ
νγµψi − ifiγ

µψi] . (3.26)

The original Wess-Zumino model contained two more supercharges transforming
ϕ1 → ψ2 and ϕ2 → ψ1. This invariance is broken at µ 6= 0.

The canonical commutation relations imply that
{

Jµα , Q̄β

}

= 2 (γν)αβ ϑ
µ
ν + 2i (γ5)αβ ζ

µ , (3.27)

where ϑµν is the energy-momentum tensor and ζµ is the conserved topological current,

ζµ = ǫµν∂νW . (3.28)

The notation γ5 = γ0γ1 = −σ1 is used. Integrating the µ = 0 component of
Eq. (3.27) over space gives the SUSY algebra:

{Qα, Q̄β} = 2 (γµ)αβ Pµ + 2i (γ5)αβ Z . (3.29)

Here Pµ =
∫

dz ϑ0
µ are operators of the total energy and momentum, and Z is the

central charge,

Z =
∫

dz ζ0 =
∫

dz ∂zW (φ) = W [φ(z = ∞)] −W [φ(z = −∞)] , (3.30)
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which coincides with the topological one.
The classical kink solution for ϕ1 is the same, up to normalization, as in Eq.

(3.4), while the second field ϕ2 vanishes,

ϕ1 = ϕkink =
m
√

2

λ
tanhmz , ϕ2 = 0 . (3.31)

The solution is annihilated by Q2, the corresponding supersymmetry is preserved
in the kink background. The action of Q1 produces the fermion zero mode – the
fermion kink. The classical mass of the kink is

M = Z =
8

3

m3

λ2
. (3.32)

Now let us move from the classical to the quantum level and study quantum
corrections to the kink mass. The issue of quantum corrections to the soliton mass in
two-dimensional models with N = 1 supersymmetry has a long and dramatic history.
As was noted in Ref. [63], in the models with central extensions topologically stable
solitons can be BPS saturated. The mass of the BPS saturated solitons must be equal
to the central charge. The simplest case of the model with one real scalar field and
one two-component real spinor (such models are often called the supersymmetric
Ginzburg-Landau models) was considered in [10]. It was argued [10] that, due
to a residual supersymmetry, the mass of the soliton calculated at the classical
level remains intact at the one-loop level. A few years later it was noted [68] that
the non-renormalization theorem [10] cannot possibly be correct, since the classical
soliton mass is proportional to m3/λ2, and the physical mass of the scalar field gets
a logarithmically infinite renormalization (there is no ultraviolet logarithm in the
correction to λ). Since the soliton mass is an observable physical parameter, it must
stay finite in the limit of the infinite ultraviolet cut off. This implies, in turn, that
the quantum corrections cannot vanish – they “dress” m in the classical expression
(3.32), converting the bare mass parameter into the renormalized one. The one-loop
renormalization of the soliton mass was first calculated in [68].

Since then a number of one-loop calculations were carried out [69–77]. The re-
sults reported and the conclusion of saturation/non-saturation oscillated with time.
Although all authors clearly agree that the logarithmically divergent term corre-
sponds to the renormalization of m, the finite term comes out differently, varying
from work to work. The resolution of the paradox came recently [67]: the mass stays
equal to the central charge to all orders, but the latter gets modified by a quantum
anomaly. We will illustrate this assertion below.

The exact equality of the mass and the central charge follows from the SUSY
algebra (3.29). Moreover, a similar relation is true for the densities (i.e. local rather
than integrated quantities),

〈sol |H(x) − ζ 0(x)| sol〉 = 0 , (3.33)

where H(x) = ϑ0
0(x) is the Hamiltonian density. It follows from Eq. (3.27) with

µ = 0, α = 2, β = 1 and the residual supersymmetry Q2|sol〉 = 0.
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Let us show how the fermion-boson cancellation in H− ζ 0 manifests itself in the
language of modes. In the one-loop approximation we need a quadratic expansion
of the Hamiltonian around the soliton,

[

H− ζ 0
]

quad
=

1

2

{

χ̇2
1 + [P1 χ1]

2 − i η1 P
†
1 ξ1 + i ξ1 P1 η1

+ χ̇2
2 + [P †2 χ2]

2 + i η2 P2 ξ2 − i ξ2 P
†
2 η2

}

, (3.34)

where the following notation is used:

χ1 = ϕ1 − ϕkink , χ2 = ϕ2 ,

(

ξi
ηi

)

= ψi , (3.35)

and the differential operators P1,2 are defined as

P1 = ∂z +
∂f1

∂ϕ1

, P2 = ∂z −
∂f2

∂ϕ2

. (3.36)

Here the derivatives of fi = −∂W/∂ϕi are evaluated at the kink solution,

∂f1

∂ϕ1
=

√
2λϕkink ,

∂f2

∂ϕ2
= −

√
2λϕkink − 2µ . (3.37)

From the expression (3.34) it is easy to see that a convenient basis for the mode
expansion of χ1 and η1 is provided by the eigenfunctions vn(z) of the Hermitian
differential operator P †1P1,

P †1P1 vn(z) = ω2
n vn(z) . (3.38)

As for ξ1 it is the operator P1P
†
1 that defines the mode composition,

P1P
†
1 ṽn(z) = ω2

n ṽn(z) . (3.39)

Similarly, the mode decomposition for ξ2 runs in the eigenmodes wn of the operator
P †2P2 while the mode decomposition for χ2, η2 runs in the eigenmodes w̃n of the
operator P2P

†
2 ,

P †2P2wn(z) = ν2
n wn(z) , P2P

†
2 w̃n(z) = ν2

n w̃n(z) . (3.40)

To discretize the spectrum of the modes let us put the system in a large box, i.e.
impose the boundary conditions at z = ±L/2 (at the end L→ ∞). It is convenient
to choose the boundary conditions in a form which is compatible with the residual
supersymmetry implemented by the action of Q2. The suitable boundary conditions
are

(∂zϕ1 + f1)|z=±L/2 = 0 , ϕ2|z=±L/2 = 0 ,

(∂z + ∂f1/∂ϕ1) η1|z=±L/2 = 0 , η2|z=±L/2 = 0 ,

ξ1|z=±L/2 = 0 , (∂z − ∂f2/∂ϕ2) ξ2|z=±L/2 = 0 .

(3.41)
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It is easy to verify the invariance of these conditions under the transformations
generated by Q2. They are also consistent with the classical solutions, both for
the flat vacuum and for the kink. In particular, the soliton solution ϕkink satisfies
∂zϕkink + f1 = 0 everywhere, and the boundary conditions (3.41) do not deform it –
we can indeed place the kink in the box.

The boundary conditions for the modes in the box follow from the linear expan-
sion of Eq. (3.41),

P1 vn|z=±L/2 = 0 , P2wn|z=±L/2 = 0 ,

ṽn|z=±L/2 = 0 , w̃n|z=±L/2 = 0 .
(3.42)

With these boundary conditions all eigenvalues of the operators P †i Pi and PiP
†
i

are the same, with the exception of the zero modes. The operators PiP
†
i have no

zero modes, while P †i Pi do have. Moreover, for nonzero modes the eigenfunctions
vn and ṽn (and wn and w̃n) are algebraically related

ṽn =
1

ωn
P1 vn , vn =

1

ωn
P †1 ṽn ,

w̃n =
1

νn
P2wn , wn =

1

νn
P †2 w̃n . (3.43)

The expansion in the eigenmodes has the form,

χ1(x) =
∑

n 6=0

χ1n(t) vn(z) , η1(x) =
∑

n 6=0

η1n(t) vn(z) , ξ1(x) =
∑

n 6=0

ξ1n(t) ṽn(z) ,

χ2(x) =
∑

n 6=0

χ2n(t) w̃n(z) , η2(x) =
∑

n 6=0

η2n(t) w̃n(z) , ξ2(x) =
∑

n 6=0

ξ2n(t)wn(z) .

(3.44)

Note that the summation above does not include the zero modes v0 and w0.
The mode v0 ∝ ∂zϕkink is due to the translational invariance of the problem at
hand, it reflects the possibility of shifting the kink center. We fix the center to be
nailed at the origin. That is why this mode should not be included in the mode
decomposition. The same mode v0 in η1 corresponds to the fermion partner of the
bosonic kink, it is generated by the action of Q1. The zero mode w0 in ξ2 coincides
with v0 at µ = 0. Setting µ = 0 we ensure extended supersymmetry, so that the
bosonic kink has two fermionic zero modes. At µ 6= 0 the extended SUSY is gone
but the zero mode in ξ2 survives, due to the Jackiw-Rebbi index theorem [78]. It is
curious to note that at µ < m this mode sits on the kink while at µ > m it runs
away to the boundary of the box.

The coefficients χin, ηin and ξin are time-dependent operators. Their equal time
commutation relations are determined by the canonical commutators,

[χim, χ̇kn] = iδikδmn , {ηim, ηkn} = δikδmn , {ξim, ξkn} = δikδmn . (3.45)
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The anticommutators of η and ξ vanish. Thus, the mode decomposition reduces
dynamics of the system under consideration to quantum mechanics of an infinite set
of supersymmetric harmonic oscillators. The ground state of the quantum soliton
corresponds to setting each oscillator from the set to the ground state.

Constructing the creation and annihilation operators in the standard way we
find the following nonvanishing expectations values of the bilinears built from the
operators χin, ηin and ξin in the ground state:

〈χ̇2
1n〉sol =

ωn
2
, 〈χ2

1n〉sol =
1

2ωn
, 〈η1n ξ1n〉sol =

i

2
;

〈χ̇2
2n〉sol =

νn
2
, 〈χ2

2n〉sol =
1

2νn
, 〈η2n ξ2n〉sol =

i

2
. (3.46)

The expectation values of other bilinears obviously vanish. Combining Eqs. (3.34),
(3.44) and (3.46) we get

〈sol |
[

H(x) − ζ 0
]

quad
| sol〉

=
∑

n 6=0

ωn
4

{

v2
n + ṽ2

n − v2
n − ṽ2

n

}

+
∑

n 6=0

νn
4

{

w̃2
n + w2

n − w̃2
n − w2

n

}

≡ 0 . (3.47)

The eight terms in Eq. (3.47) are in one-to-one correspondence with the eight terms
in Eq. (3.34), the terms with the plus sign come from bosons while those with the
minus sign from fermions. In proving the vanishing of the right-hand side we did
not perform integrations by parts – this is essential to guarantee that no surface
terms arise from such integrations. The vanishing of the right-hand side of (3.34)
demonstrates explicitly the residual supersymmetry (i.e. the conservation of Q2) at
work. Note that the sums over the modes are quadratically divergent in the ultra-
violet if considered separately for bosons and fermions, therefore a regularization is
required. Any regularization preserving the residual supersymmetry will maintain
the above cancellation.

Equation (3.33) must be considered as a local version of BPS saturation (i.e.
conservation of a residual supersymmetry). The nonrenormalization of the expec-
tation value of H − ζ 0 over the soliton state is the main lesson we draw; a similar
result will be exploited later in the instanton calculations.

The equality between the kink mass and the central charge renders the calcula-
tion of the quantum corrections to the mass a simple task reducing it to calculating
〈W 〉 in the flat vacuum, see Eq. (3.30). In one loop

〈W 〉0 = W0 +
1

2

∂2W0

∂ϕ2
1

〈

χ2
1

〉

0
+

1

2

∂2W0

∂ϕ2
2

〈

χ2
2

〉

0
, (3.48)

where the subscript 0 marks the flat vacua

ϕ1vac = ±m
√

2

λ
, ϕ2vac = 0 , (3.49)
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at z = ±∞. The average quadratic fluctuation is given by a simple tadpole graph,

〈

χ2
i

〉

0
=
∫

d2p

(2π)2

i

p2 − (∂2W0/∂ϕ
2
i )

2
=

1

4π
ln

M2
uv

(∂2W0/∂ϕ
2
i )

2
, (3.50)

where Muv is the ultraviolet cut-off, it drops out in Z. The result has the form

M=Z=

[

W +
∂2W/∂ϕ2

1

4π
ln

∣

∣

∣

∣

∣

∂2W/∂ϕ2
2

∂2W/∂ϕ2
1

∣

∣

∣

∣

∣

]

{ϕ}={ϕvac(z=+∞)}

−[(z = +∞) → (z = −∞)] .

(3.51)
In this form the result is valid for any superpotential W with the property

∑

i=1,2

∂2W

∂ϕ2
i

∣

∣

∣

∣

∣

∣

{ϕ}={ϕvac(z=+∞)}

=
∑

i=1,2

∂2W

∂ϕ2
i

∣

∣

∣

∣

∣

∣

{ϕ}={ϕvac(z=−∞)}

. (3.52)

In the particular case of Eq. (3.25) the explicit expression is

M =
8

3

m3

λ2
− m

2π
ln

∣

∣

∣

∣

∣

µ2 −m2

m2

∣

∣

∣

∣

∣

− µ

2π
ln

∣

∣

∣

∣

∣

µ+m

µ−m

∣

∣

∣

∣

∣

. (3.53)

At µ = 0 we are back to extended supersymmetry. The one-loop correction
vanishes as was expected. This also explains the finiteness of the correction to the
soliton mass at µ 6= 0. Indeed, at virtual momenta much larger than µ the extended
SUSY is recovered. In the opposite limiting case µ≫ m the fields ϕ2 and ψ2 become
very heavy and can viewed as the ultraviolet regulators for the light fields. In this
limit

M =
8

3

m3

λ2
− m

2π

[

ln
µ2

m2
+ 2

]

. (3.54)

This formula has a clear interpretation in the theory with one supermultiplet {ϕ1, ψ1}
of light fields 10. Namely, the definition (3.30) of the central charge Z should be
modified by the substitution

W (ϕ1) →W (ϕ1) +
W ′′(ϕ1)

4π
, (3.55)

where

W (ϕ1) =
√

2

[

m2

λ
ϕ1 −

λ

6
ϕ3

1

]

. (3.56)

The logarithmic term in Eq. (3.54) is the quantum correction to the expectation
value ofW (ϕ1) over the flat vacuum. The nonlogarithmic term in the square brackets
presents the quantum anomaly W ′′/4π in the central charge. This anomaly is a

10Although we say that the interpretation is transparent, quite remarkably, it was not discovered
until recently.
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superpartner to the anomalies in the trace of the energy-momentum tensor ϑµµ and in
γµJµ, see Ref. [67] for details. It is instructive to compare Eq. (3.55) with Eq. (3.21).

Summarizing, although the two-dimensional model we have considered is no
more than a methodical example, it allows one to draw two important parallels with
the gauge theories. First, the presence of the residual supersymmetry guarantees
the fermion-boson cancellations in certain quantities, both in perturbation theory
and nonperturbatively. Second, some nonrenormalization theorems are modified by
anomalies. Here the effect showed up in the superpotential at one loop. In the
gauge theories similar phenomena manifest themselves in the effective low-energy
superpotentials nonperturbatively.

3.4 Instanton tunneling transitions in gauge theories – con-
tinuation to the Euclidean space

The soliton examples above teach us that there exist certain coordinate depen-
dent background fields in which one half of supersymmetry is preserved. In such
magic backgrounds the quantum corrections vanish, order by order. Instantons in
four-dimensional gauge theories belong to this class too. Physical interpretation
of solitons and instantons is very different, however. Solitons are extended objects
that have a particle-like interpretation in the Minkowski formulation of the theory.
Instantons, on the other hand, are related to the tunneling amplitudes connecting
the vacuum state to itself. In the gauge theories this is the main source of nonper-
turbative physics shaping the vacuum structure.

In the semiclassical treatment of the tunneling transitions instantons present the
extremal trajectories (classical solutions) in the imaginary time. Thus, the analytical
continuation to the imaginary time becomes necessary. The theory in the imaginary
time often can be formulated as a field theory in the Euclidean space. This is
the standard starting point of the instanton practitioners. However, the Euclidean
formulation does not exist in the N = 1 SUSY theories because they contain the
Weyl (or Majorana) fermions. The easy way to see that this is the case is as follows.
One observes that it is impossible to find four real four-by-four matrices with the
algebra {γµγν} = δµν necessary for constructing the Euclidean version of the theory
with the Majorana spinors. Only the theories with the extended superalgebras,
N = 2 or 4, where all spinor fields can be written in the Dirac form, admit the
Euclidean formulation [79].

The main statement of the present section is that by no means the Euclidean
formulation of the theory is necessary for the imaginary time analysis. We start
with the original (Minkowski) formulation of the theory and show how it defines the
imaginary time continuation. To this end let us turn to the basics of the functional-

integral representation [80]. It starts from a quantum Hamiltonian Ĥ(p̂i, φ̂i, ψ̂k,
ˆ̄ψk)

which is an operator function of the bosonic coordinates φ̂i and their conjugate

momenta p̂i, and the fermionic variables ψ̂k and ˆ̄ψk. The hat marks the operators.
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Then one can represent the evolution operator exp(−iĤT ) as the functional integral

〈φout, ψ| exp(−iĤT )|φin, ψ̄〉 =
∫

∏

i,t

dφi(t)dpi(t)
∏

k,t

dψk(t)dψ̄k(t)

× exp

{

i
∫ T

0
dt
[

∑

(

pjφ̇j + iψ̄kψ̇k
)

−H(p(t), φ(t), ψ(t), ψ̄(t))
]

}

, (3.57)

where H is the symbol of the operator Ĥ corresponding to a certain operator order-
ing, and the integration runs over all trajectories with the given boundary conditions.
The variables φ, p are the c-numbers while ψ, ψ̄ are the anticommuting Grassmann
numbers.

Now, the Euclidean continuation reduces to the rotation of the time parameter,
T → −iτ . Instead of exp(−iĤT ) we consider exp(−Ĥτ),

〈φout, ψ| exp(−Ĥτ)|φin, ψ̄〉 =
∫

∏

j,t

dφj(t)dpj(t)
∏

k,t

dψk(t)dψ̄k(t)

× exp
{

−
∫ τ

0
dt
[

−i
∑

(

pjφ̇j + iψ̄kψ̇k
)

+H(p(t), φ(t), ψ(t)ψ̄(t))
]

}

. (3.58)

No redefinition of fields is made, the integration runs over the same variables as in
Eq. (3.57). The Hamiltonian symbol is also the same. For the bosonic variables
one can perform the integration over pj (assuming the quadratic dependence of the
Hamiltonian on p). One then arrives at the standard functional integral over φ with
the exponent

−
∫ τ

0
dt
[

∑

φ̇2
j +Hbos(iφ̇(t), φ(t))

]

= −
∫

d4xLEucl . (3.59)

Here LEucl is an invariant Euclidean Lagrangian, it is obtained from the original
Minkowski Lagrangian by the substitution

t = −ix4 . (3.60)

As for the fermion part we leave it as is: there is no way to cast it in the
explicitly invariant Euclidean form. The problem is due to the fact that the fermionic
integration runs over the holomorphic variables, and the operation of involution (i.e.
complex conjugation) which relates ψ and ψ̄ has no Euclidean analog. In spite of
this the representation (3.58) is fully suitable for the semiclassical analysis of the
tunneling transitions. With this representation in hands, we can find the extremal
trajectories (both, bosonic and fermionic), solving the classical equations of motion.
To illustrate the procedure we will consider below the BPST instanton and the
gluino zero modes in SUSY gluodynamics.
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3.4.1 Instanton solution in the spinor notation

Here we develop the spinorial formalism in application to the instantons. All con-
ventional vectorial indices are replaced by spinorial. It is particularly convenient in
SUSY theories where bosons and fermions are related. An additional bonus is that
there is no need to introduce the ’t Hooft symbols.

The spinor notation introduced in Sec. 2.1 is based on SU(2)L×SU(2)R algebra
of the Lorentz group (the undotted and dotted indices, correspondingly). In the
Minkowski space the SU(2) subalgebras are related by the complex conjugation
(involution). In particular, this allows one to define the notion of a real vector,
(Aαβ̇)

∗ = Aβα̇. As it was mentioned above, the property of involution is lost after
the continuation to imaginary time. For the same reason the notion of the Majorana
spinors is also lost.

Consider the simplest non-Abelian gauge theory – supersymmetric SU(2) glu-
odynamics. The Lagrangian is given in Eq. (2.37). As was explained above, the
classical equations are the same as in the Minkowski space with the substitution
t = −ix4 (no substitution is made for the fields). In particular, the duality equation
has the form

Ḡα̇β̇ ≡ −1

2
Gµν(σ̄

µ)α̇γ(σ
ν)γ
β̇
≡ (Ea + i Ba)(σ̄a)α̇β̇ = 0 . (3.61)

Here we introduce two triplets of matrices

(σa)βα = (τa)αβ , (σ̄a)α̇
β̇

= (τa)α̇β̇ , a = 1, 2, 3 , (3.62)

which represent the generators of SU(2)L and SU(2)R subalgebras of the Lorentz
group. This expression shows that Ḡα̇β̇ is the (0, 1) representation of this group,
while Gαβ defined similarly is the (1, 0) representation.

The four-potential which is the solution of Eq. (3.61) is

A
{αγ}

ββ̇
= −2i

1

x2 + ρ2

(

δαβx
γ

β̇
+ δγβx

α
β̇

)

. (3.63)

Where is the familiar color index a = 1, 2, 3? It is traded in for two spinorial indices
{αγ},

A{αγ} ≡ Aa (iτ2τ
a)αγ . (3.64)

The symmetric in α, γ tensor A{αγ} is the adjoint representation of the color SU(2).
The instanton presents a hedgehog configuration which is invariant under the simul-
taneous rotations in the SU(2)color and SU(2)L spaces, this invariance is explicit in
Eq. (3.63). We will do the trade-in (3.64) frequently. The braces will remind us that
this symmetric pair of spinorial indices is connected with the color index a.

All the definitions above are obviously taken from the Minkowski space. The
Euclidean aspect of the problem reveals itself only in the fact that x0 is purely
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imaginary. As a concession to the Euclidean nature of the instantons we will con-
sistently imply that

x2 ≡ −xµxµ = ~x2 − x2
0 = ~x2 + x2

4 . (3.65)

The minus sign in Eq. (3.65) is by no means necessary; it is obviously a compromise,
which turns out to be rather convenient, though.

We can check that the field configuration (3.63) reduces to the standard anti-
instanton of Belavin et al. [8]. Indeed,

Aaµ =
1

4
Aαγ
ββ̇

(−iτaτ2)γα(σ̄µ)β̇β =







2i xa(x2 + ρ2)−1 at µ = 0 ,

2 (ǫamjxj − δamx4) (x2 + ρ2)−1 at µ = m.

(3.66)
This can be seen to be the standard anti-instanton solution (in the non-singular
gauge), provided one takes into account the fact that

Aa0 = iAa4 .

Let us stress that it is Aµ with the lower vectorial index which is related to the
standard Euclidean solution, for further details see Ref. [81]. The time component
of Aaµ in Eq. (3.66) is purely imaginary. This is alright – in fact, A0 is not the
integration variable in the canonical representation (3.58). The spatial components
Aam are real.

From Eq. (3.63) it is not difficult to get the anti-instanton gluon field strength
tensor

G
{γδ}
αβ ≡ −1

2
G{γδ}µν (σµ)αγ̇(σ̄

ν)γ̇β ≡ (Ej − i Bj){γδ}(σj)αβ

= 8i
(

δγαδ
δ
β + δδαδ

γ
β

) ρ2

(x2 + ρ2)2
. (3.67)

This expression implies that

Ea
n = 4i δan

ρ2

(x2 + ρ2)2
, Ba

n = −4 δan
ρ2

(x2 + ρ2)2
. (3.68)

This completes the construction of the anti-instanton. As for the instanton it
presents the solution of the constraint Gαβ = 0, it can be obtained by the replace-
ment of all dotted indices by undotted and vice versa.

The advantages of the approach presented here become fully apparent when the
fermion fields are included. Below we briefly discuss the impact of the fermion fields
in SU(2) supersymmetric gluodynamics.

The supersymmetry transformations in SUSY gluodynamics take the form

δλaα = Ga
αβ ε

β , δλ̄aα̇ = Ḡa
α̇β̇
ε̄β̇ . (3.69)
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Since in the anti-instanton background Ḡα̇β̇ = 0, the supertransformations with the

dotted parameter ε̄β̇ do not act on the background field. Thus, one half of SUSY
is preserved, much in the same way it occurs in the problem of the domain walls,
although in the instanton problem it is a different combination of the supercharges
that does not act on the classical solution.

On the other hand, the supertransformations with the undotted parameter εβ

do act nontrivially. When applied to the gluon background field, they create two
fermion zero modes,

λ
{γδ}
α(β) ∝ G

{γδ}
αβ ∝

(

δγαδ
δ
β + δδαδ

γ
β

) ρ2

(x2 + ρ2)2
, (3.70)

the subscript (β) = 1, 2 performs numeration of the zero modes.
These two zero modes are built basing on supersymmetry, hence they are called

supersymmetric. Somewhat less obvious is the existence of two extra zero modes.
They are related to the superconformal transformations (see Sec. 3.5 for more expla-
nations) and are called superconformal. The superconformal transformations have
the same form as in Eq. (3.69), with the parameter ε substituted by a linear function
of the coordinates xµ

εα → xαγ̇ β̄
γ̇ . (3.71)

In this way we get

λ
{γδ}
α(γ̇) ∝ G

{γδ}
αβ xβγ̇ ∝

(

δγαx
δ
γ̇ + δδαx

γ
γ̇

) ρ2

(x2 + ρ2)2
, (3.72)

where the subscript (γ̇) = 1, 2 enumerates two modes.
Thus, we constructed four zero modes, in full accord with the index theorem

following from the chiral anomaly (2.90). It is instructive to verify that they satisfy
the Dirac equation Dαα̇λ

α = 0. For the supersymmetric zero modes (3.70) this
equation reduces to the equation DµGµν = 0 for the instanton field. As for the

superconformal modes (3.72) the additional term containing ∂αα̇x
β
γ̇ ∝ ǫαβǫα̇γ̇ vanishes

upon contraction with Gαβ.
All four zero modes are chiral (left-handed). There are no right-handed zero

modes on the anti-instanton, i.e. the equation Dαα̇λ̄
α̇ = 0 has no solution. This

is another manifestation of the loss of involution, the operator Dαα̇ ceases to be
Hermitian.

We use the anti-instanton field as a reference point throughout the review. In
the instanton field the roles of λ and λ̄ interchange, together with the dotted and
undotted indices.

This concludes our explanatory remarks regarding the analytic continuation nec-
essary in developing instanton calculus in N = 1 SUSY gauge theories. We hope
that the basics of the formalism are now clear. Some further aspects related to the
proper introduction of the collective coordinates and the cancellation of non-zero
modes are elucidated in the following sections.
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3.5 Instanton calculus in supersymmetry

In this section we discuss the basic elements of instanton calculus in supersym-
metric gauge theories – “ABC of superinstantons”. These elements are: collective
coordinates (instanton moduli) both for the gauge and matter fields, the instanton
measure in the moduli space, the cancellation of the quantum corrections. In the
recent years instanton calculus evolved in a rather contrived formalism, especially
in the multi-instanton problems [28]. Our task is limited to basics. We will focus on
the one-instanton calculations in various models. The presentation in this section
essentially follows Refs. [13, 26].

3.5.1 Collective coordinates

The instanton solution (3.63) has only one collective coordinate, the instanton size
ρ. In fact, the classical BPST instanton depends on eight collective coordinates: the
instanton size ρ, its center (x0)µ, and three angles that describe the orientation of
the instanton in one of the SU(2) subgroups of the Lorentz group (or, equivalently, in
the SU(2) color space). If the gauge group is larger than SU(2), there are additional
coordinates describing the embedding of the instantonic SU(2) “corner” in the full
gauge group G, we will treat them separately.

The procedure allowing one to introduce all these eight coordinates is very well
known (see [81]); here our focus is mainly on the Grassmann collective coordinates
and on the way supersymmetry acts in the space of the collective coordinates.

The general strategy is as follows. One starts from finding all symmetries of
classical field equations. These symmetries form some group G. The next step is to
consider a particular classical solution (instanton). This solution defines a stationary
group H of transformations – i.e. those that act trivially, do not change the original
solution at all. It is evident that H is a subgroup of G. The space of the collective
coordinates is determined by the quotient G/H. Construction of this quotient is a
convenient way of introducing the collective coordinates.

An example of the transformation belonging to the stationary subgroup H for the
anti-instanton (3.63) is the SU(2)R subgroup of the Lorentz group. An example of
the transformations acting nontrivially is given by the four-dimensional translations
which are a part of the group G.

An important comment is in order here. In SUSY gluodynamics the construction
sketched above generates the full one-instanton moduli space. However, in the multi-
instanton problem, or in the presence of matter, some extra moduli appear which
are not tractable via the classical symmetries. An example of this type is the ’t
Hooft zero mode for the matter fermions. Even in such situations supersymmetry
acts on these extra moduli in a certain way, and we will study the issue below.

Following the program outlined above let us start from identifying the symmetry
group G of the classical equations in SUSY gluodynamics. The obvious symmetry
is the Poincaré invariance extended to SUSY by inclusion of the supercharges Qα,
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Q̄α̇. The Poincaré group includes translations Pαα̇, and the Lorentz rotations Mαβ ,
M̄α̇β̇. Additionally the fermions bring in the chiral rotation Π.

In fact, the classical Lagrangian (2.37) has a wider symmetry – the supercon-
formal group (a pedagogical discussion of the superconformal group can be found
in [82]). The additional generators are dilatation D, special conformal transforma-
tions Kαα̇, and superconformal transformations Sα and S̄α̇.

Thus, the superconformal algebra includes sixteen bosonic generators and eight
fermionic. They all are of the geometric nature – they can be realized as transfor-
mations of the coordinates in the superspace. Correspondingly, the generators are
presented as the differential operators acting in the superspace, in particular,

Pαα̇ = i∂αα̇ , M̄α̇β̇ = −1

2
xγ{α̇∂γβ̇} − θ̄{α̇

∂

∂θ̄β̇}
,

D =
i

2

[

xαα̇∂αα̇ + θα
∂

∂θα
+ θ̄α̇

∂

∂θ̄α̇

]

, Π = θα
∂

∂θα
− θ̄α̇

∂

∂θ̄α̇
,

Qα = −i ∂
∂θα

+ θ̄α̇∂αα̇ , Q̄α̇ = i
∂

∂θ̄α̇
− θα∂αα̇ ,

Sα = −(xR)αα̇Q̄
α̇ − 2θ2Dα , S̄α̇ = −(xL)αα̇Q

α + 2θ̄2D̄α̇ . (3.73)

Here the symmetrization in α̇, β̇ is marked by the braces. The generators as written
above act on the superspace coordinates. In application to the fields the generators
should be supplemented by some extra terms (e.g. the spin term in M̄ , the conformal
weight in D).

The differential realization (3.73) allows one to establish the full set of the (anti)-
commutation relations in the superconformal group. The set can be found 11 in [82].
What we will need for the supersymmetry transformations of the collective coordi-
nates is the commutators of the supercharges with all generators,

{Qα , Q̄β̇} = 2Pαβ̇ , {Qα , S̄β̇} = 0 , {Q̄β̇ , S̄α̇} = −4iM̄α̇β̇ + 2D ǫα̇β̇ + 3iΠ ǫα̇β̇ ,

[Qα , D] =
i

2
Qα , [Q̄α̇ , D] =

i

2
Q̄α̇ , , [Qα ,Π] = Qα , [Q̄α̇ ,Π] = −Q̄α̇

[Qα ,Mβγ ] = −1

2
(Qβ ǫαγ +Qγ ǫαβ) , [Q̄α̇ ,Mβγ ] = 0 ,

[Qα , Kββ̇] = 2i ǫαβ S̄β̇ . (3.74)

Now, what is the stationary group H for the anti-instanton solution (3.63)? This
bosonic solution is obviously invariant under the chiral transformation Π which acts
only on fermions. Besides, the transformations Kαα̇ + (ρ2/2)Pαα̇ does not act on
this solution. The subtlety to be taken into account is that this and other similar
statements are valid modulo the gauge transformations. A simple way to verify

11Warning: our normalization of some generators differs from that in Ref. [82].
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Group bosonic fermionic

G Pαα̇ , Mαβ , M̄α̇β̇ , D , Π , Kαα̇ Qα , Q̄α̇ , Sα , S̄α̇

H Π , Kαα̇ + (ρ2/2)Pαα̇ , Mαβ Q̄α̇ , Sα

Table 2: The generators of the classical symmetry group G and the stationary
subgroup H.

that Kαα̇ + (ρ2/2)Pαα̇ does not act is to apply it to the gauge invariant objects like
TrGαβGγδ. Another possibility is to observe that the conformal transformation is a
combination of translation and inversion. Under the inversion the instanton in the
regular gauge becomes the very same instanton in the singular gauge.

Unraveling the gauge transformations is particularly important for the instan-
ton orientations. At first glance, it seems that neither SU(2)R nor SU(2)L Lorentz
rotations act on the instanton solution. The expression (3.67) for the gluon field
strength tensor contains no dotted indices, which explains the first part of the state-
ment, while the SU(2)L rotations of Gαβ can be compensated by those in the gauge
group. This conclusion is misleading, however. In Sec. 3.5.5 we will show that
the instanton orientations are coupled to the SU(2)R Lorentz rotations, i.e. to M̄α̇β̇

generators, while the SU(2)L rotations are indeed compensated by the gauge trans-
formations.

Thus, we count eight bosonic generators of the stationary group H. It contains
also four fermionic generators Q̄α̇ and Sα. It is easy to check that these twelve gen-
erators indeed form a graded algebra. To help the reader we collected the generators
of G and H in Table 2.

Now we are ready to introduce the set of the collective coordinates (the instanton
moduli) parametrizing the quotient G/H. To this end let us start from the purely
bosonic anti-instanton solution (3.63) of the size ρ = 1 and centered at the origin,
and apply to it [12] a generalized shift operator V(x0, ρ, ω̄, θ0, β̄).

Φ(x, θ, θ̄; x0, ρ, ω̄, θ0, β̄) = V(x0, ρ, ω̄, θ0, β̄) Φ0(x, θ, θ̄) ,

V(x0, ρ, ω̄, θ0, β̄) = eiPx0e−iQθ0e−iS̄β̄eiM̄ω̄eiD lnρ , (3.75)

where Φ0(x, θ, θ̄) is a superfield constructed from the original bosonic solution (3.63).
Moreover, Pαα̇, Qα, S̄α̇, M̄αβ , D are the generators in the differential form (3.73) (plus
nonderivative terms related to the conformal weights and spins of the fields) . The
differential representation appears since we deal with the classical fields, in the
operator language the action of the operators at hand would correspond to the
standard commutators, e.g. [Pαα̇,Φ] = i∂αα̇Φ.

To illustrate how the generalized shift operator V acts we apply it to the super-
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field TrW 2,

Tr (W αWα)0 = θ2 96

(x2 + 1)4
= θ2 96

(x2
L + 1)4

. (3.76)

Applying V to this expression one gets

Tr (W αWα) = V(x0, ρ, ω̄, θ0, β̄)
96 θ2

(x2
L + 1)4

=
96 θ̃2 ρ4

[(xL − x0)2 + ρ2]4
, (3.77)

where
θ̃α = (θ − θ0)α + (xL − x0)αα̇β̄

α̇ . (3.78)

In deriving this expression we used the representation (3.73) for the generators. Note
that the generators M̄ act trivially on the Lorentz scalarW 2. As for the dilatationD,
the nonderivative term should be added to account for the nonvanishing dimension
of W 2, equal to 3. The value of TrW 2 depends on the variables xL and θ and on the
moduli x0, ρ, θ0 and β̄. It does not depend on ω̄ because we consider the Lorentz
and color singlet.

Of course, the most detailed information is contained in the matrix superfield V
which is the supergeneralization of the gauge four-potential. Applying the general-
ized shift operator V to V0,

V
{αγ}
0 = 4i

1

x2 + 1

(

θαxγ
β̇
θ̄β̇ + θγxα

β̇
θ̄β̇
)

, (3.79)

we obtain a generic instanton configuration which depends on all collective coor-
dinates. One should keep in mind that, in distinction with TrW 2, the superfield
V {αγ} is not a gauge-invariant object. Therefore, the application of V should be
supplemented by a subsequent gauge transformation

eV → eiΛ̄ eV e−iΛ , (3.80)

where the chiral superfield Λ must be chosen in such a way that the original gauge
is maintained.

3.5.2 The symmetry transformations of the moduli

Once all relevant collective coordinates are introduced, it is natural to pose a ques-
tion of how the classical symmetry group acts on them. Although the complete
set of the superconformal transformations of the instanton moduli could be readily
found, we focus on the exact symmetries – the Poincaré group plus supersymmetry.
Only the exact symmetries are preserved by the instanton measure, and we will use
them for its reconstruction.

The following consideration shows how to find the transformation laws for the
collective coordinates. Assume we are interested in translations, x → x + a. The
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operator generating the translation is exp(iPa). Let us apply it to the configuration
Φ(x, θ, θ̄; x0, ρ, ω̄, θ0, β̄), see Eq. (3.75),

eiPaΦ(x, θ, θ̄; x0, ρ, ω̄, θ0, β̄) = eiPaeiPx0e−iQθ0e−iS̄β̄eiM̄ ω̄eiD lnρ Φ0(x, θ, θ̄)

= Φ(x, θ, θ̄; x0 + a, ρ, ω̄, θ0, β̄) . (3.81)

Thus, we obviously get the original configuration with x0 replaced by x0 +a with no
change in other collective coordinates. Alternatively, one can say that the interval
x− x0 is an invariant of the translations; the instanton field configuration must not
depend on x and x0 separately, but only on the invariant combinations.

Passing to supersymmetry, the transformation generated by exp(−iQε) is the
simplest to deal with,

θ0 → θ0 + ε . (3.82)

Other moduli stay intact.
For the supertranslations with the parameter ε̄, we do the same: act by exp(−iQ̄ε̄)

on the configuration Φ,

e−iQ̄ε̄Φ(x, θ, θ̄; x0, ρ, ω̄, θ0, β̄) = e−iQ̄ε̄eiPx0e−iQθ0e−iS̄β̄eiM̄ω̄eiD ln ρ Φ0(x, θ, θ̄) . (3.83)

Our goal is to put exp(−iQ̄ε̄) to the rightmost position – when exp(−iQ̄ε̄) acts on
the original anti-instanton solution Φ0(x, θ, θ̄) it reduces to unity. In the process
we get various commutators listed in Eq. (3.74). For instance, the first nontrivial
commutator we encounter is [Q̄ε̄, Qθ0]. This commutator produces P which effec-
tively shifts x0 by −4iθ0ε̄. Proceeding further in this way we arrive at the following
results [12] for the SUSY transformations of the moduli:

δ(x0)αα̇ = −4i(θ0)αε̄α̇ , δρ2 = −4i(ε̄β̄)ρ2 ,

δ(θ0)α = εα , δβ̄α̇ = −4iβ̄α̇ (ε̄β̄) ,

δΩα̇
β̇

= 4i
[

ε̄α̇ β̄γ̇ +
1

2
δα̇γ̇ (ε̄β̄)

]

Ωγ̇

β̇
, (3.84)

where we have introduced the rotation matrix Ω defined as

Ωα̇
β̇

= exp
[

−iω̄α̇
β̇

]

. (3.85)

This definition of the rotation matrix Ω corresponds to the rotation of spin-1/2
objects.

Once the transformation laws for the instanton moduli are established one can
construct invariant combinations of these moduli. It is easy to verify that such
invariants are

β̄

ρ2
, β̄2 F (ρ) , (3.86)

where F (ρ) is an arbitrary function of ρ.
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A priori, one could have expected that the above invariants could appear in
the quantum corrections to the instanton measure. In fact, the transformation
properties of the collective coordinates under the chiral U(1) preclude this from
happening. The chiral charges of all fields are given in Sec. 2.8. In terms of the
collective coordinates it implies that the chiral charge of θ0 and β̄ is unity while that
of x0 and ρ is zero. This means that the invariants (3.86) are chiral nonsinglets and
cannot appear in the corrections to the measure.

The chiral U(1) symmetry is anomalous in SUSY gluodynamics. It has a non-
anomalous discrete subgroup Z4, however (see Sec. 2.9). This subgroup is sufficient
to forbid the presence of the invariants (3.86) nonperturbatively.

A different type of invariants are those built from the superspace coordinates
and the instanton moduli. An example from the non-SUSY instanton is the interval
x− x0 which is the invariant of translations. We elevate the notion to superspace.

The first invariant of this type evidently is

(θ − θ0)α (3.87)

Furthermore, xL − x0 does not change under translations and under a part of su-
pertransformations generated by Qα. It does change, however, under the Q̄α̇ trans-
formations. Using Eqs. (2.1) and (3.84) one can built a combination of θ − θ0 and
xL − x0 that is invariant,

θ̃α
ρ2

=
1

ρ2

[

(θ − θ0)α + (xL − x0)αα̇β̄
α̇
]

. (3.88)

The superfield TrW 2 given in Eq. (3.77) can be used as a check. It can be presented
as

TrW 2 =
θ̃2

ρ4
F

(

(xL − x0)
2

ρ2

)

. (3.89)

Although the first factor is invariant, the ratio (xL − x0)
2/ρ2 is not. Its variation,

however, is proportional to θ̃; therefore the product (3.89) is invariant (the factor
θ̃2 acts as δ(θ̃)).

3.5.3 The measure in the moduli space

Now, that the proper collective coordinates are introduced, we come to the impor-
tant ingredient of superinstanton calculus – the instanton measure, or the formula
of integration in the space of the collective coordinates. The general procedure of
obtaining the measure is well known, it is based on the path integral representation
in the canonical form (3.57). In terms of the mode expansion this representation
reduces to the integration over the coefficients of the mode expansion. The inte-
gration measure splits in two factors: integration over the zero and nonzero mode
coefficients. It is just the zero modes’ coefficients that are related to moduli.
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We follow the route pioneered by ’t Hooft [9]. In one-loop approximation the
functional integral, say, over the scalar field can be written as

[

det (L2 +M2
PV)

detL2

]1/2

(3.90)

where L2 is the differential operator appearing in the expansion of the Lagrangian
near the given background in the quadratic approximation, L2 = −D2. The numer-
ator is due to the ultraviolet regularization. Following [9] we use the Pauli-Villars
regularization – there is no alternative in the instanton calculations. The mass term
of the regulator fields is MPV. Each given eigenmode of L2 with the eigenvalue ǫ2

contributes MPV/ǫ. For the scalar field there are no zero eigenvalues. However, for
the vector and spinor fields the zero modes do exist, the set of the zero modes cor-
responds to that of moduli, generically to be denoted in this section as ηi. For the
bosonic zero modes the factor 1/ǫ (which, of course, explodes at ǫ → 0) is replaced
by the integration over the corresponding collective coordinate dηb, up to a normal-
ization factor. Similarly, for the fermion zero mode

√
ǫ → dηf , see the discussion

below.
The zero modes can be obtained by differentiating the field Φ(x, θ, θ̄; η) over the

collective coordinates ηi at the generic point in the space of the instanton moduli.
In the instanton problem {ηi} = {x0, ρ, ω̄, θ0, β̄}. The derivatives ∂Φ/∂ηi differ from
the corresponding zero modes by the normalization. It is just these normalization
factors that determine the measure:

dµ = e−8π2/g2
∏

i

dηbi
MPV√

2π

∥

∥

∥

∥

∥

∂Φ(η)

∂ηbi

∥

∥

∥

∥

∥

∏

k

dηfk
1√
MPV

∥

∥

∥

∥

∥

∂Φ(η)

∂ηfi

∥

∥

∥

∥

∥

−1

, (3.91)

where the norm ‖Φ‖ is defined as the square root of the integral over |Φ|2. The
superscripts b and f mark the bosonic and fermionic collective coordinates, respec-
tively. Note that we have also included exp(−S) in the measure (the instanton
action S = 8π2/g2). In the expression above it is implied that the zero modes are
orthogonal. If this is not the case, which often happens in practice, the measure is
given by a more general formula

dµ = e−8π2/g2 (MPV)nb−
1
2
nf (2π)−nb/2

∏

i

dηi

{

Ber

〈

∂Φ(η)

∂ηj

∣

∣

∣

∣

∂Φ(η)

∂ηk

〉}1
2

, (3.92)

where Ber stands for the Berezinian (superdeterminant). The normalization of the
fields is fixed by the requirement that their kinetic terms are canonic.

We pose here to make a remark regarding the fermion part of the measure. The
fermion part of the Lagrangian is iλαDαα̇λ̄

α̇. For the mode expansion of the field
λα it is convenient to use the Hermitian operator

(L2)
α
β = −Dαα̇Dβα̇ , L2 λ = ǫ2λ . (3.93)
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The operator determining the λ̄ modes is

(L̃2)
α̇
β̇

= −Dαα̇Dαβ̇ , L̃2 λ̄ = ǫ2λ̄ . (3.94)

The operators (L2)
α
β and (L̃2)

α̇
β̇

are not identical – we have already encountered with

a similar situation in the analysis of the solitons, Sec. 3.3.
In the anti-instanton background the operator L2 has four zero modes, discussed

above, while L̃2 has none. As for the nonzero modes, they are degenerate and related
as follows:

λ̄α̇ =
i

ǫ
Dα̇
α λ

α . (3.95)

The parallel with the discussion of the fermion modes in the two-dimensional soliton
problem in Sec. 3.3 is quite transparent.

Taking into account the relations above, we find that the modes with the given
ǫ contribute the term ǫ

∫

d4xλ2 into the fermion part of the action. For the given
mode λ2 = ǫαβλβλα vanishes, literally speaking. However, there are two modes, λ(1)

and λ(2), for each given ǫ and it is, actually, the product λ(1)λ(2) that enters. This
consideration provides us with the definition of the norm matrix for the fermion zero
modes,

∫

d4xλ(i)λ(j) , (3.96)

which should be used in calculating the Berezinian.
The norm factors depend on ηi, generally speaking; Eq. (3.92) gives the measure

at any point of the instanton moduli space. Thus, the relation (3.92) conceptually
solves the problem of the construction of the measure.

In practice, the measure comes out simple in certain points on the moduli space.
For instance, instanton calculus always starts from the purely bosonic instanton.
Then, to reconstruct the measure everywhere on the instanton moduli space one can
apply the exact symmetries of the theory. By exact we mean those symmetries which
are preserved at the quantum level – the Poincaré symmetries plus supersymmetry,
in the case at hand, rather than the full superconformal group. As we will see,
this is sufficient to get the full measure in supersymmetric gluodynamics but not in
theories with matter.

In non-SUSY gluodynamics the measure was found in [9]. Let us briefly re-
mind ’t Hooft’s construction, then we will add the fermion part specific to SUSY
gluodynamics.

Translations

The translational zero modes are obtained by differentiating the instanton field
Aν/g over (x0)µ where µ performs the numeration of the modes: there are four of
them. The factor 1/g reflects the transition to the canonically normalized field, a
requirement mentioned after Eq. (3.92). Up to the sign, differentiation over (x0)µ is
the same as differentiation over xµ. The field a(µ)

ν = g−1∂µAν obtained in this way
does not satisfy the gauge condition Dνaν = 0. Therefore, it must be supplemented
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by a gauge transformation, δaν = g−1Dνϕ. In the case at hand the gauge function
ϕ(µ) = −Aµ. As a result, the translational zero modes take the form

a(µ)
ν = g−1 (∂µAν −DνAµ) = g−1Gµν . (3.97)

Note that now the gauge condition is satisfied. The norm of each translational mode

is obviously
√

8π2/g2.

Dilatation

The dilatational zero mode is

aν =
1

g

∂Aµ
∂ρ

=
1

gρ
Gνµ x

µ , ‖aν‖ =
4π

g
. (3.98)

The gauge condition is not broken by the differentiation over ρ.

Orientations

The orientation zero modes look as a particular gauge transformation of Aν [9],

(aν)
α
β = g−1 (Dν Λ)αβ , (3.99)

where the spinor notation for color is used and the gauge function Λ has the form

Λα
β =

(

U ω̄ UT
)α

β
= Uα

α̇ U
β̇
β ω̄

α̇
β̇
, (3.100)

where

Uα
α̇ =

xαα̇√
x2 + ρ2

, (3.101)

and ω̄α̇
β̇

are three orientation parameters. It is easy to check that Eqs. (3.99), (3.100)

do indeed produce the normalized zero modes, satisfying the condition Dνaν = 0.
The gauge function (3.100) presents special gauge transformations which are absent
in the topologically trivial sector.

The procedure that led to the occurrence of ω̄α̇
β̇

as the orientation collective

coordinates is described above, probably, too sketchy. We will return to the issue of
the geometrical meaning of these coordinates in Sec. 3.5.5, after we introduce the
matter fields in the fundamental representation.

Note that the matrix U satisfies the equation

D2Uα̇ = 0 , (3.102)

where the undotted index of U is understood as the color index. Correspondingly,
D in Eq. (3.102) acts as the covariant derivative in the fundamental representation.
Equation (3.102) will be exploited below, in considering the matter fields in the
fundamental representation. Note also that

D2Λ = 0 . (3.103)
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This construction – making a string built from several matrices U – can be
extended to the arbitrary representation of SU(2). The representation with spin j
is obtained by multiplying 2j matrices U in a manner analogous to that exhibited
in Eq. (3.100).

Calculating DνΛ explicitly, we get the following expression for the orientation
modes and their norm:

a
{αγ}

ββ̇
=

1

4g
G
{αγ}
βσ xσσ̇ ω̄σ̇β̇ ,

∥

∥

∥

∥

∥

∂aaν
∂ω̄b

∥

∥

∥

∥

∥

=
2πρ

g
. (3.104)

Supersymmetric modes

We started discussing these modes in Sec. 3.4.1,

λ
{γδ}
α(β) = g−1G

{γδ}
αβ ,

〈

λ(1)

∣

∣

∣

∣

λ(2)

〉

=
32π2

g2
. (3.105)

Up to a numerical matrix, the supersymmetric modes coincide with the translational
ones. There are four translational modes and two supersymmetric. The factor two,
the ratio of the numbers of the bosonic to fermionic modes, reflects the difference
in the number of the spin components. This is, of course, a natural consequence of
supersymmetry.

Superconformal modes

These modes were also briefly discussed in Sec. 3.4.1,

λ
{γδ}

α(β̇)
= g−1xβ

β̇
G
{γδ}
αβ ,

〈

λ(1̇)

∣

∣

∣

∣

λ(2̇)

〉

=
64π2ρ2

g2
. (3.106)

The superconformal modes have the same xG form as the orientational and dilata-
tional modes. Again we have four bosonic and two fermionic modes.

The relevant normalization factors, as well as the accompanying factors from
the regulator fields for all modes, are collected in Table 3. Assembling all factors
together we get the measure for a specific point in the moduli space: near the original
bosonic anti-instanton solution (3.63),

dµ0 =
1

256π2
e−8π2/g2 (MPV)6

(

8π2

g2

)2
d3ω̄

8π2
d4x0 d2θ0 dρ2 d2β̄ . (3.107)

How this measure transforms under the exact symmetries? First, let us check
the SUSY transformations (3.84). They imply that d4x0 and d2θ0 are invariant. As
for the last two differentials,

dρ2 → dρ2 [1 − 4i(ε̄β̄)] , d2β̄ → d2β̄ [1 + 4i(ε̄β̄)] , (3.108)

so that the product is invariant too.
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Boson modes Fermion modes

4 T → S2(2π)−2M4
PV d4x0 2 SS → S−1(4MPV )−1d2θ0

1 D → S1/2(π)−1/2MPV dρ 2 SC → S−1(8MPV )−1ρ−2 d2β̄

3 GCR → S3/2(π)1/2M3
PV ρ

3 2 MF → (MPV )−1(8π2|v|2ρ2)−1d2θ̄0

Table 3: The contribution of the zero modes to the instanton measure. The notation
is as follows: 4 T stands for the four translational modes, 1 D one dilatational mode,
3 GCR three modes associated with the orientations (the group volume is included),
2 SS two supersymmetric gluino modes, 2 SC two superconformal gluino modes,
2 MF two matter fermion zero modes, S ≡ 8π2/g2.

The only noninvariance of the measure (3.107) is that of d3ω̄ under the SU(2)R
Lorentz rotation generated by M̄α̇β̇. It is clear that for the generic instanton orienta-

tion ω̄ the differential d3ω̄ is replaced by the SU(2) group measure d3ΩSU(2) = d3ω̄
√
G

where G is the determinant of the Killing metric on the group SU(2) and the matrix
Ω defined in Eq. (3.85) is a general element of the group. In fact, this determinant
is a part of the Berezinian in the general expression (3.92). The SU(2) group is
compact: the integral over all orientations yields the volume of the group 12 which
is equal to 8π2. Performing this integration we arrive at the final result for the
instanton measure in SU(2) SUSY gluodynamics:

dµ SU(2) =
1

256π2
e−8π2/g2 (MPV)6

(

8π2

g2

)2

d4x0 d2θ0 dρ2 d2β̄ . (3.109)

Note that the regulator mass MPV can be viewed as a complex parameter. It
appeared from the regularization of the operator (3.93) which has a certain chirality.

3.5.4 Including matter: SQCD with one flavor

Now we extend the analysis of the previous sections to include matter. A particular
model to be considered is SU(2) SQCD with one flavor, see Sec. 2.3.2.

In the Higgs phase the instanton configuration is an approximate solution. A
manifestation of this fact is the ρ dependence of the classical action [9]. The solution
becomes exact in the limit ρ → 0. For future applications only this limit is of

12 Actually, the group of the instanton orientations is O(3)=SU(2)/Z2 rather than SU(2). This
distinction is unimportant for the algebra, it is important, however, for the group volume.
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importance, as we will see later. A new feature of the theories with matter is the
occurrence of extra fermionic zero modes in the matter sector, which gives rise to
additional collective coordinates. Supersymmetry provides a geometrical meaning
to these collective coordinates.

As above, we start from a bosonic field configuration and apply supersymmetry
to build the full instanton orbit. In this way we find a realization of SUSY in the
instanton moduli space.

We have already learned that SQCD with one flavor classically has a one-dimen-
sional D-flat direction,

(φαf )vac = v δαf , (φ̄αf )vac = v̄ δαf (3.110)

where v is an arbitrary complex parameter, the vacuum expectation value of the
squark fields. Here α is the color index while f is the subflavor index, α, f = 1, 2.
The color and flavor indices get entangled, even in the topologically trivial sector,
although in a rather trivial manner.

What changes occur in the instanton background? The equation for the scalar
field φαf becomes

D2
µφf = 0 , Dµ = ∂µ − iAaµτ

a/2 . (3.111)

Its solution in the anti-instanton background (3.63) has the form

φα
ḟ

= v Uα
ḟ

= v
xα
ḟ√

x2 + ρ2
. (3.112)

Asymptotically, at x→ ∞,

φα
ḟ
→ Ũα

ḟ
v , Aµ → iŨ∂µŨ

† , Ũα
ḟ

=
xα
ḟ√
x2
, (3.113)

i.e. the configuration is gauge equivalent to the flat vacuum (3.110). Note that
the equation for the field φ̄ is the same. With the boundary conditions (3.110) the
solution is

φ̄α
ḟ

= v̄ Uα
ḟ

= v̄
xα
ḟ√

x2 + ρ2
. (3.114)

To generate the full instanton orbit, with all collective coordinates switched on,
we again apply all generators of the superconformal group to the field configuration
Φ0 which presents now a set of the superfields V0, Q0 and Q̄0. The bosonic compo-
nents are given in Eqs. (3.63), (3.112) and (3.114), the fermionic ones vanish. The
superconformal group is still the symmetry group of the classical equations. Unlike
SUSY gluodynamics now, at v 6= 0, all generators act nontrivially. At first glance
one might suspect that one needs to introduce 16+8 collective coordinates.

In fact, a part of the generators act nontrivially already in the flat vacuum with
v 6= 0. For instance, the action of exp(iΠα) changes the phase of v. Since we want
to consider the theory with the given vacuum state such transformation should be
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excluded from the set generating the instanton collective coordinates. This situation
is rather general, for a more detailed discussion see Sec. 3.5.5 and Ref. [83].

As a result, the only new collective coordinates to be added are conjugated to
Q̄α̇. The differential operators Q̄α̇, defined 13 in Eq. (2.10), annihilate V0 (modulo
a supergauge transformation) and Q̄0. It acts non-trivially on Q0 producing the
’t Hooft zero modes of the matter fermions,

Q̄α̇ (Q0)
α
ḟ

= −2θβ
(

∂

∂xL
− iA

)α̇

β

[

v Uα
ḟ
(xL)

]

= 4 δα̇
ḟ
θαv

ρ2

(x2
L + ρ2)3/2

. (3.115)

We remind that the superscript of Q0 is the color index, the subscript is subflavor,
and they got entangled with the Lorentz spinor index of the supercharge. Note that
only the left-handed matter fermion fields have zero modes, similarly to gluino. We
see how the ’t Hooft zero modes get a geometrical interpretation through super-
symmetry. It is natural to call the corresponding fermionic coordinates (θ̄0)α̇. The
supersymmetry transformations shift it by ε̄.

In order to determine the action of SUSY in the expanded moduli space let us
write down the generalized shift operator,

V(x0, θ0, β̄, ζ̄, ω̄, ρ) = eiPx0e−iQθ0e−iS̄β̄e−iQ̄ζ̄eiM̄ω̄eiD ln ρ . (3.116)

Here new Grassmann coordinates ζ̄ α̇ conjugated to Q̄α̇ are introduced. Repeating
the procedure of Sec. 3.5.2 in the presence of ζ̄ we obtain the SUSY transformations
of the moduli. They are the same as in Eq. (3.84) plus the transformations of ζ̄,

δζ̄α̇ = ε̄α̇ − 4iβ̄α̇ (ζ̄ ε̄) . (3.117)

In the linear order in the fermionic coordinates the SUSY transformation of ζ̄ is the
same as that of θ̄ but the former contains nonlinear terms. The combination which
transforms linearly, exactly as θ̄, is

(θ̄0)
α̇ = ζ̄ α̇[1 − 4i(β̄ζ̄)] , δ(θ̄0)

α̇ = ε̄α̇ . (3.118)

The variable θ̄0 joins the set {x0, θ0} describing the superinstanton center 14.
A more straightforward way to introduce the collective coordinate θ̄0 is to use a

different ordering in the shift operator V,

V(x0, θ0, θ̄0, β̄inv, ω̄inv, ρinv) = eiPx0e−iQθ0e−iQ̄θ̄0e−iS̄β̄inveiM̄ω̄inveiD lnρinv . (3.119)

13The supercharges and the matter superfields are denoted by one and the same letter Q. We
hope that this unfortunate coincidence will cause no confusion. The indices help to figure out what
is meant in the given context. For the supercharges we usually indicate the spinorial indices (the
Greek letters from the beginning of the alphabet). The matter superfields carry the flavor indices
(the Latin letters). Moreover, Q0 and Q̄0 (with the subscript 0) is the starting purely bosonic
configuration of the matter superfields.

14In the original work [13] the notation θ̄0 was used for what is called here ζ̄. The combina-
tion (3.118) was not introduced, it first appeared in Ref. [26].
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Coordinates θ0 β̄ η θ̄0 x0 ρ

R charges 1 1 1 −1 0 0

Table 4: The R charges of the instanton collective coordinates.

Needless to say that this reshuffling changes the definition of the other collective
coordinates. With the ordering (3.119) it is clear that x0, θ0, and θ̄0 transform as
xL, θ and θ̄, respectively, while the other moduli are the invariants of the SUSY
transformations. For this reason we marked them by the subscript inv. Certainly
we can find the relation between the two sets of the collective coordinates,

β̄inv = β̄ [1 + 4i (β̄ζ̄)] =
β̄

1 − 4i (β̄θ̄0)
,

ρ2
inv = ρ2 [1 + 4i (β̄ζ̄)] =

ρ2

1 − 4i (β̄θ̄0)
,

[Ωinv]
α̇
β̇ ≡

[

e−iω̄inv

]α̇

β̇
= exp

{

−4i
[

ζ̄ α̇ β̄γ̇ +
1

2
δα̇γ̇ (ζ̄ β̄)

]}

Ωγ̇

β̇
, (3.120)

It is worth emphasizing that all these SUSY invariants, built from the instanton
moduli, are due to introduction of the coordinate ζ̄ conjugated to Q̄.

Let us recall that in the theory with matter there is the non-anomalous R sym-
metry, see Sec. 2.8. We did not introduce the corresponding collective coordinate
because it is not new compared to the moduli of the flat vacua. Nevertheless, it
is instructive to consider the R charges of the collective coordinates. We collected
these charges in Table 4.

From this Table it is seen that the only invariant with the vanishing R charge
is ρ2

inv. This fact has a drastic impact. In SUSY gluodynamics no combination of
moduli was invariant under SUSY and U(1) simultaneously. This fact was used, in
particular, in constructing the instanton measure; the expression for the measure
comes out unambiguous. In the theory with matter, corrections to the instanton
measure proportional to powers of |v|2ρ2

inv can emerge, generally speaking. Actually,
they do emerge, although all terms beyond the leading |v|2ρ2

inv term are accompanied
by powers of the coupling constant g2.

Let us now pass to the invariants constructed from the coordinates in the su-
perspace and the moduli. Since the set {x0, θ0, θ̄0} transforms the same way as the
superspace coordinate {xL, θ, θ̄} such invariants are the same as those built from
two points in the superspace, namely

zαα̇ = (xL − x0)αα̇ + 4i (θ − θ0)α (θ̄0)α̇ , θ − θ0 , θ̄ − θ̄0 . (3.121)
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All other invariants can be obtained by combining the sets of Eqs. (3.121) and
(3.120). For instance, the invariant combination x̃2/ρ2 where

x̃αα̇ = (xL − x0)αα̇ + 4i θ̃αζ̄α̇ , (3.122)

which frequently appears in applications can be rewritten in such a form,

x̃2

ρ2
=

z2

ρ2
inv

. (3.123)

One can exploit these invariants to immediately generate various superfields
with the collective coordinate switched on, starting from the original bosonic anti-
instanton configuration. For example [13],

Tr (W αWα) −→ 96 θ̃2 ρ4

(x̃2 + ρ2)4
,

QαḟQαḟ −→ 2
v2x̃2

x̃2 + ρ2
,

Q̄α̇f Q̄α̇f −→ 2
v̄2z2

z2 + ρ2
inv

. (3.124)

The difference between x̃ and xL−x0 is unimportant in TrW 2 because of the factor
θ̃2. Thus, the superfield TrW 2 remains intact: the matter fields do not alter the
result for TrW 2 obtained in SUSY gluodynamics. The difference between x̃ and
xL−x0 is very important, however, in the superfield Q2. Indeed, putting θ0 = β̄ = 0
and expanding Eq. (3.124) in θ̄0 we recover, in the linear approximation, the same
’t Hooft zero modes as in Eq. (3.115)

ψαḟγ = 2
√

2iv(θ̄0)
ḟδαγ

ρ2

((x− x0)2 + ρ2)3/2
. (3.125)

Note that the superfield Q̄α̇fQ̄α̇f contains a fermion component if θ0 6= 0. What
is the meaning of this fermion field? (We keep in mind that the Dirac equation for ψ̄
has no zero modes.) The origin of this fermion field is the Yukawa interaction (ψλ)φ̄
generating a source term in the classical equation for ψ̄, namely, Dαα̇ψ̄

α̇ ∝ λαφ̄.

3.5.5 Orientation collective coordinates as the Lorentz SU(2)R rotations

In this section we focus on the orientation collective coordinates ω̄α̇
β̇
, in an attempt

to explain their origin in the most transparent manner. The presentation below is
adapted from Ref. [83]. The main technical problem with the introduction of the
orientations is the necessity of untangling them from the nonphysical gauge degrees
of freedom. Introduction of matter is the most straightforward way to make this
untangling transparent.
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To begin with, let us define a gauge invariant vector field Wµ

(Wµ)
ḟ ġ =

i

|v|2
[

φ̄ḟDµφ
ġ − (Dµφ̄

ḟ)φġ
]

, (3.126)

where ḟ , ġ are the SU(2) (sub)flavor indices, φġ is the lowest component of the
superfield Qġ, the color indices are suppressed. In the flat vacuum (2.44) the field
Wµ coincides with the gauge field Aµ (in the unitary gauge).

What are the symmetries of the flat vacuum? They obviously include the Lorentz
SU(2)L×SU(2)R. Besides, the vacuum is invariant under the flavor SU(2) rotations.
Indeed, although φα

ḟ
∝ δα

ḟ
is not invariant under the multiplication by the unitary

matrix S ḟġ , this noninvariance is compensated by the rotation in the gauge SU(2).

Another way to see this is to observe that the only modulus field φα
ḟ
φḟα in the model

at hand is flavor singlet.
For the instanton configuration, see Eq. (3.63) for Aµ and Eq. (3.112) for φ, the

field Wαα̇ reduces to

(W inst
αα̇ )ḟ ġ = 2i

ρ2

(x2 + ρ2)2

(

xġαδ
ḟ
α̇ + xḟαδ

ġ
α̇

)

. (3.127)

The next task is to examine the impact of SU(2)L×SU(2)R×SU(2)flavor rotations
on the W inst

µ . It is immediately seen that Eq. (3.127) remains intact under the
action of SU(2)L. It is also invariant under the simultaneous rotations in SU(2)R
and SU(2)flavor. Thus, only one SU(2) acts on W inst

µ nontrivially. We can choose it
to be the SU(2)R subgroup of the Lorentz group. This explains why we introduced
the orientation coordinates through M̄ω̄.

Note that the scalar fields play an auxiliary role in the construction presented,
they allow one to introduce a relative orientation. At the end one can consider the
limit v → 0 (the unbroken phase).

Another comment refers to higher groups. Extra orientation coordinates describe
the orientation of the instanton SU(2) within the given gauge group. Considering
the theory in the Higgs regime allows one to make analysis again in the gauge
invariant manner. The crucial difference, however, is that the extra orientations,
unlike three SU(2) ones, are not related to the exact symmetries of the theory in
the Higgs phase. Generally speaking, the classical action becomes dependent on the
extra orientations, see examples in Sec. 3.5.9.

3.5.6 The instanton measure in the one-flavor model

The approximate nature of the instanton configuration at ρv 6= 0 implies that the
classical action is ρ-dependent. From ’t Hooft’s calculation [9] it is well known that
in the limit ρv → 0 the action becomes

8π2

g2
−→ 8π2

g2
+ 4π2|v|2ρ2 . (3.128)
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The coefficient of |v|2ρ2 is twice larger than in ’t Hooft’s case because there are two
scalar (squark) fields in the model at hand, as compared to one scalar doublet in
’t Hooft’s calculation. Let us remind that the |v|2ρ2 term (which is often referred
to in the literature as the ’t Hooft term) is entirely due to a surface contribution in
the action,

∫

Dµφ̄Dµφ d4x = −
∫

φ̄D2φd4x+
∫

dΩµ∂
µ
(

φ̄Dµφ
)

d4x =
∫

dΩµ ∂
µ
(

φ̄Dµφ
)

d4x .

(3.129)
Since the ’t Hooft term is saturated on the large sphere a question immediately

comes to one’s mind as to a possible ambiguity in its calculation. Indeed, what
would happen if from the very beginning one started from the bosonic Lagrangian
with the kinetic term −φ̄D2φ rather than Dµφ̄Dµφ? Or, alternatively, one could
start from an arbitrary linear combination of these two kinetic terms. In fact, such
a linear combination naturally appears in supersymmetric theories from

∫

d4θQ̄eVQ.
These questions are fully legitimate. In Sec. 3.5.7 we demonstrate that the result
quoted in Eq. (3.128) is unambiguous and correct, it can be substantiated by a
dedicated analysis.

The term 4π2|v|2ρ2 is obtained for the purely bosonic field configuration. For
non-vanishing fermion fields an additional contribution to the action comes from
the Yukawa term (ψλ)φ̄. We could have calculated this term by substituting the
classical field φ and the zero modes for ψ and λ. However, it is much easier to do the
job by using the SUSY invariance of the action. Since ρ2

inv (see Eq. (3.120)) is the
only appropriate invariant which could be constructed from the moduli, the action
at θ̄0 6= 0 and β̄ 6= 0 becomes

8π2

g2
+ 4π2|v|2ρ2

inv . (3.130)

To obtain the full instanton measure we proceed the same way as in Sec. 3.5.3.
Besides the classical action, the only change is due to the additional integration over
d2θ̄0. From the general formula (3.92) we infer that it brings in an extra power of
M−1

PV and a normalization factor which could be read off from the expression (3.125).
Overall, the extra integration takes the form (see Table 3),

1

MPV

1

8π2v2ρ2
d2ζ̄ =

1

MPV

1

8π2v2ρ2
inv

d2θ̄0 . (3.131)

Note, that the SUSY transformations (3.84) and (3.117) leave this combination in-
variant. Note also, that the ’t Hooft zero modes are chiral, it is 1/v2 that appears,
rather than 1/|v|2. The instanton measure “remembers” of the phase of the vac-
uum expectation value of the scalar field. As we will see shortly, this is extremely
important for recovering the proper chiral properties of the instanton-induced su-
perpotentials.
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Combining the d2θ̄0 integration with the previous result one gets

dµone−fl =
1

211π4v2
M5

PV

(

8π2

g2

)2

exp

(

−8π2

g2
− 4π2|v|2ρ2

inv

)

dρ2

ρ2
d4x0 d2θ0 d2β̄inv d2θ̄0 .

(3.132)
This measure is explicitly invariant under the SUSY transformations. Indeed, dρ2/ρ2

reduces to dρ2
inv/ρ

2
inv (up to a subtlety at the singular point ρ2 = 0 to be discussed

later).
Let us remind that the expression (3.132) is obtained under the assumption that

the parameter ρ2|v|2 ≪ 1 and accounts for the zero and first order terms in the
expansion of the action in this parameter. Summing up the higher orders leads to
some function of ρ2

inv|v|2 in the exponent.

3.5.7 Verification of the ’t Hooft term

In the previous section we mentioned the ambiguity in the ’t Hooft term due to its
surface nature. The surface terms call for the careful consideration of the boundary
conditions. Instead, we suggest an alternative route via the scattering amplitude
technique [84]. Calculation of the scattering amplitude takes care of the correct
boundary conditions automatically.

As a simple example let us consider the non-supersymmetric SU(2) model with
one Higgs doublet φα. Our task is to demonstrate that the instanton-induced effec-
tive interaction of the φ field is

∆L =
∫

dµ exp
{

−2π2ρ2
[

φ̄(x)φ(x) − |v|2
]}

, (3.133)

where dµ is the instanton measure of the model, it includes, in particular, the factor
exp(−2π2ρ2|v|2).

We want to compare two alternative calculations of one and the same amplitude
– one based on the instanton calculus, and another following from the effective
Lagrangian (3.133). Let us start from the emission of one physical Higgs by a given
instanton with the fixed collective coordinates. The interpolating field σ for the
physical Higgs can be defined as

σ(x) =
1√
2 |v|

[

φ̄(x)φ(x) − |v|2
]

. (3.134)

The Lagrangian (3.133) implies that the emission amplitude A is equal to

A = −2
√

2π2ρ2|v| . (3.135)

On the hand let us calculate the expectation value of σ(x) in the instanton
background. In the leading (classical) approximation,

〈σ(x)〉inst =
1√
2 |v|

[

φ̄inst(x)φinst(x) − |v|2
]

= − |v|√
2

ρ2

x2 + ρ2
. (3.136)
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Considering x≫ ρ we arrive at

〈σ(x)〉inst → −2
√

2π2ρ2|v| · 1

4π2x2
. (3.137)

The first factor is the emission amplitude A, while the second factor is the free
particle propagator.

Thus, the effective Lagrangian (3.133) is verified in the linear in σ order. To verify
the exponentiation it is sufficient to show the factorization of the amplitude for the
emission of arbitrary number of the σ particles. In the classical approximation this
factorization is obvious.

3.5.8 The instanton measure: general gauge group

By the general case we mean generalization of the SU(2) model with one flavor to
arbitrary gauge groups G and arbitrary matter sector. Passing to higher groups we
still consider the same SU(2) instanton of Belavin, Polyakov, Schwarz and Tyupkin.
What we need to do is to specify its orientation in the group G. Correspondingly,
new collective bosonic coordinates emerge. To introduce them we start from iden-
tifying a stationary subgroup H of the group G which does not act on the given
instanton solution. The generators of H do not give rise to new moduli. Therefore,
the number of additional orientations is dG − dH − 3 where we subtracted 3 to take
into account three SU(2) orientation already considered (the corresponding moduli

are ω̄α̇β̇). Here dG and dH stand for the number of the generators of the groups G
and H , respectively, i.e. dimensions of the groups. Note, that for any group G the
following relation takes place:

dG − dH − 3 = 4TG − 8 , (3.138)

where the dual Coxeter number TG is defined after Eq. (2.90).
The color generators can be classified with respect to the instanton SU(2) as

follows: dH singlets of SU(2), one triplet, and (dG − dH − 3)/2 doublets. The sin-
glets produce no collective coordinates, the triplet was already accounted for, what
should be added is the collective coordinates due to the doublets. The additional
orientational modes can be found along the same line of reasoning as in Sec. 3.5.3
(see in Ref. [85] where the issue is discussed in detail),

aαν = g−1
[

Dν Uβ̇ ω̄
β̇
]α
,

∥

∥

∥

∥

∥

∂aαν
∂ω̄β̇

∥

∥

∥

∥

∥

=

√
2 πρ

g
. (3.139)

Here the matrix Uα
α̇ satisfying the equation D2U = 0 is given in Eq. (3.101). We

remind that in the case at hand both aαν and ω̄β̇ are SU(2) doublets. As a result,
the dG−dH −3 extra orientations bring in the following extra factor in the measure

[√
π

g
ρMPV

]4TG−8
ΩG

8π2 ΩH
, (3.140)
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where ΩG and ΩH are volumes of the groups G and H , respectively. The factor 8π2

in the denominator is due to fact that Ω(SU(2)/Z2) = 8π2 is already included in the
measure.

The gauge group SU(N) is of most practical importance. In this case the groups
G and H are

G =
SU(N)

ZN
, H =

SU(N − 2)

ZN−2
× U(1)

ZN
, (3.141)

with dimensions dG = N2 − 1 and dH = (N − 2)2. The ratio of the volumes is [85]

ΩG

ΩH
=

24N−5π2N−2

(N − 1)! (N − 2)!
. (3.142)

We accounted for the fact that the center of the group does not act in the adjoint
representation. This is important in the calculation of the volume of the group.

In full analogy with the SU(2) model, the bosonic orientation modes have gluino
counterpartners of the same form,

λαβ = g−1
[

Dβ̇
β Uβ̇

]α

=
4

g

δαβ ρ
2

(x2 + ρ2)3/2
,

∥

∥

∥λαβ
∥

∥

∥ =
4 πρ

g
. (3.143)

It is not difficult to verify directly that it is a zero mode, indeed. There are 2N − 4
such zero modes, the corresponding collective coordinates will be denoted 15 by ξ̄i.
By normalizing this mode in the way similar to the orientation modes, in essence, we
gave a geometrical interpretation to the coordinates ξ̄i. Note that the U(1) charge
of ξ̄i is the same as that of θ0 and β̄, i.e. equal to one.

Assembling all pieces, we arrive at the final expression for the instanton measure
in SU(N) SUSY gluodynamics,

dµ SU(N) =
π2N−6 e−8π2/g2

28 (N − 1)! (N − 2)!
(MPV)3N

(

8π2

g2

)N

dρ2 d4x0 d2θ0 d2β̄
2N−4
∏

i=1

ρ dξ̄i .

(3.144)
It is useful to present also the measure for the arbitrary gauge group G,

dµG =
e−8π2/g2

2 4TG+3 π4

ΩG

ΩH

(MPV) 3TG

(

8π2

g2

)TG

dρ2 d4x0 d2θ0 d2β̄
2TG−4
∏

i=1

ρ dξ̄i . (3.145)

3.5.9 The instanton measure: general matter content

In SU(2) SQCD we have discussed the matter in the fundamental representation. We
found that for each doublet superfield there appeared one fermionic zero mode, i.e.
one fermionic collective coordinate. We related this mode to the scalar component
of the same superfield in the Higgs phase (the solution of the equation D2φ = 0

15These fermionic coordinates are marked by bar to emphasize that they are partners to the
color orientations carrying the dotted indices. Note that the origin of β̄ is similar.
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with a nontrivial asymptotic behavior). This procedure can be easily generalized to
arbitrary representation R(j) of SU(2) where j is the color spin. In this case the
solution for the scalar field in the anti-instanton background can be written as

φα1,...,α2j = v Uα1
α̇1

· · · Uα2j

α̇2j
cα̇1···α̇2j , φ̄α1,...,α2j = v̄ Uα1

α̇1
· · · Uα2j

α̇2j
c̄α̇1···α̇2j , (3.146)

where cα̇1···α̇2j is a symmetric tensor, c̄ = c∗, normalized to unity

cα̇1···α̇2j c̄α̇1···α̇2j
= 1 . (3.147)

The particular form of c is determined by the choice of the vacuum configuration
from the vacuum manifold.

The total number of the matter fermion zero modes is equal to

2T (j) =
2

3
j (j + 1)(2j + 1) , (3.148)

where T (j) is the dual Coxeter number for the representation R(j). Correspondingly,
2T (j) fermionic coordinates η̄i must be introduced. The extra factor

∏

dη̄i appears
in the measure. Besides, if v 6= 0, i.e. we are in the Higgs phase, the classical action
gets modified. Our task is to establish the form of the |v|2ρ2 term in the action.

The modification of the bosonic part is pretty obvious,

∆S = 4π2 j |v|2 ρ2 . (3.149)

This is a generalization of the ’t Hooft term. It worth stressing that this term in the
action is proportional to j. This is a topological feature, due to the fact that ∆S is
expressible as a surface integral, see Eq. (3.129). Since φ ∝ U2j the surface integral
is proportional to j.

As previously, the impact of the fermion zero modes reduces to the replacement
of ρ2 in Eq. (3.149) by ρ2

inv. What remains to be clarified is the definition of θ̄0 in
terms of η̄i. Out of all 2T (j) fermion zero modes only 2j zero modes of the form

ψα1,...,α2j
γ =

i

4πρ
√

2j
Dα̇1
γ

[

Uα1

{α̇1
· · · Uα2j

α̇2j}

]

η̄α̇2···α̇2j (3.150)

are involved in the problem at hand. Here η̄α̇2···α̇2j present 2j fermionic collective
coordinates. The explicit form of the fermion zero modes displayed in Eq. (3.150)
shows that these particular modes can be understood as the SUSY transformation
of the 2j + 1 bosonic solutions of the equation D2φ = 0. The latter have the
form (3.146), with the fixed coefficients c replaced by an arbitrary symmetric tensor.

The parameter θ̄0 is introduced through the SUSY transformation of the bosonic
configuration (3.146) with the parameter ε̄ = θ̄0. Performing this transformation
and comparing the result with Eq. (3.150) we find

(θ̄0)α̇1 =
1

4πρv
√
j
c̄α̇1···α̇2j

η̄α̇2···α̇2j (3.151)
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If the matter sector contains several irreducible representations, then ∆S is the
sum over all representations, each one enters with its own v and c. In the simplest
case of two doublets considered in Sec. 3.5.6 the D-flatness implies that v’s are the
same, and the color orientations given by c’s are opposite. Then the summation
over two doublets returns us to Eq. (3.130), with ρ2

inv defined in Eq. (3.120).
The resulting measure is

dµ = dµ SU(2)

∏

R(j)







(MPV)−T (j) e−4π2 j |vj |2 ρ2inv

2T (j)
∏

i=1

d η̄i







, (3.152)

where dµ SU(2) is given in Eq. (3.109).
What changes in passing to higher groups? Not much. One should decompose the

matter representation in the group G with respect to the instanton SU(2) “corner”.
The SU(2) singlet fields can be dropped out, other fields contribute according to
Eq. (3.152) where v should be replaced by its SU(2) projection v SU(2). Therefore,
the ρ2 terms in the action certainly depend on the orientation of the instanton
SU(2) subgroup within the group G. The measure differential with respect to this
orientation is

dµ = dµG
dΩG/H

ΩG/H

(MPV)−T (R)
∏

R(j)







e−4π2 j |v SU(2)|
2 ρ2inv

2T (j)
∏

i=1

d η̄i







. (3.153)

Here an obvious relation T (R) =
∑

T (j) is used.

3.6 Cancellation of quantum corrections to the measure

So far, our analysis of the instanton measure was in essence classical. Strictly speak-
ing, it would be better to call it semiclassical. Indeed, let us not forget that the
calculation of the pre-exponent is related to the one-loop corrections. In our case
the pre-exponent is given by the integral over the collective coordinates. In non-
supersymmetric theories the pre-exponent is not exhausted by this integration –
non-zero modes contribute as well. Here we will show that the non-zero modes
cancel out in SUSY theories. Moreover, in the unbroken phase the cancellation of
the non-zero modes persists to any order in perturbation theory and even beyond,
i.e. nonperturbatively. Thus, we obtain the extension of the non-renormalization
theorem [48] to the instanton background. The specific feature of this background,
responsible for the extension, is preservation of one half of SUSY. Note that in the
Higgs phase the statement of cancellation is also valid in the zeroth and first order
in the parameter ρ2|v|2.

In the first loop the cancellation is pretty obvious. Indeed, in SUSY gluodynamics
the differential operator L2 defining the mode expansion has one and the same form,
see Eq. (3.93), for both the gluon and gluino fields,

−Dαα̇Dβα̇ a
βγ̇
n = ω2

n a
αγ̇
n ,

−Dαα̇Dβα̇ λ
β
n = ω2

n λ
α
n . (3.154)
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The residual supersymmetry (generated by Q̄α̇) is reflected in L2 in the absence
of free dotted indices. Therefore, if the boundary conditions respect the residual
supersymmetry – which we assume they do – the eigenvalues and eigenfunctions are
the same for aα 1̇, aα 2̇, and λα. For the field λ̄α̇ the relevant operator is −Dαα̇Dαβ̇ =

−δα̇
β̇
Dαγ̇Dαγ̇/2,

−Dαγ̇Dαγ̇ λ̄
α̇
n = ω2

n λ̄
α̇
n . (3.155)

This equation shows 16 that the modes of λ̄ coincide with those of the scalar field φ
in the same representation of the gauge group,

−Dαγ̇Dαγ̇ φn = ω2
n φn . (3.156)

Moreover, all nonzero modes are expressible in terms of φn (This nice feature was
noted in Ref. [86]). This is quite evident for λ̄1̇ and λ̄2̇. As for the non-zero modes
of a and λ they are

aα1̇(β̇)
n = aα2̇(β̇)

n =
1

ωn
Dαβ̇ φn , λα(β̇)

n =
1

ωn
Dαβ̇ φn . (3.157)

Thus, the integration over a produces 1/ω4
n for each given eigenvalue. The integra-

tion over λ and λ̄ produces ω2
n. The balance is restored by the contribution of the

scalar ghosts which provides the remaining ω2
n.

The same cancellation is extended to the matter sector. In every supermultiplet
each mode of the scalar field φ is accompanied by two modes in ψα and ψ̄α̇, see
Eq. (3.157). Correspondingly, one gets ω2

n/ω
2
n for each eigenvalue.

From the one-loop consideration it is clear that the cancellation is due to the
boson-fermion pairing enforced by the residual supersymmetry of the instanton back-
ground. The very same supersymmetry guarantees the cancellation in higher loops.
First of all, on general symmetry grounds, corrections, if present, could not be func-
tions of the collective coordinates: it was shown previously that no appropriate
invariants exist. Therefore, the only possibility left is a purely numerical series in
powers of g2.

In fact, even such series does not appear. Indeed, let us consider the two-loop
supergraph in the instanton background (Fig. 1). This graph has two vertices. Its
contribution is the integral over the supercoordinates of both vertices, {x, θ, θ̄} and
{x′, θ′, θ̄′}, respectively. Let us integrate over the supercoordinates of the second
vertex and over the coordinates x and θ (but not θ̄!) of the first vertex. Then
the graph can be presented as the integral

∫

d2θ̄ F (θ̄). The function F is invariant
under the simultaneous SUSY transformations of θ̄ and the instanton collective
coordinates. As it was shown in Sec. 3.5.2, in SUSY gluodynamics there are no
invariants containing θ̄. Therefore, the function F (θ̄) can be only a constant, and
then the integration over θ̄ yields zero [11].

16The equality Dαα̇Dαβ̇ = (1/2) δα̇

β̇
Dαγ̇Dαγ̇ exploits the fact that Ḡα̇β̇ = 0 for the anti-instanton.
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θ , θx, θ,θ x ,

Figure 1: A typical two-loop supergraph. The solid lines denote the propagators
of the quantum superfields in the (anti)instanton background. We rely only on
the most general features of the supersymmetric background field technique. For
a pedagogical introduction to supergraphs and supersymmetric background field
technique the reader is referred to Ref. [87].

The proof above is a version of the arguments based on the residual supersymme-
try. Indeed, no invariant can be built of θ̄ because there is no collective coordinate
θ̄0. The absence of θ̄0 is, in turn, the consequence of the residual supersymmetry.
Introduction of matter in the Higgs phase changes the situation. At v 6= 0 no resid-
ual supersymmetry survives. In terms of the collective coordinates this is reflected
in the emergence of θ̄0. Correspondingly, the function F (θ̄) becomes a function of
the invariant θ̄ − θ̄0 (see Eq. (3.121)), and the integral does not vanish.

Therefore, in the theories with matter, in the Higgs phase, the instanton does
get corrections. However, these corrections vanish [88] in the limit |v|2ρ2 → 0.
Technically, the invariant above containing θ̄ disappears at small v because θ̄0 is
proportional to 1/v.

Summarizing, the instanton measure gets no quantum corrections in SUSY glu-
odynamics and in the unbroken phase in the presence of matter. In the Higgs phase
the corrections start from the terms g2|v|2ρ2.

One important comment is in order here regarding the consideration above. Our
proof assumes that there exists a supersymmetric ultraviolet regularization of the
theory. At one-loop level the Pauli-Villars regulators do the job. In higher loops
the regularization is achieved by a combination of the Pauli-Villars regulators with
higher derivatives terms. We do not use this regularization explicitly; rather, we
rely on the theorem of its existence. That is all we need. As for the infrared
regularization, it is provided by the instanton field itself. Indeed, at fixed collective
coordinates all eigenvalues are nonvanishing. The zero modes should not be counted
when the collective coordinates are fixed.

4 Sample Applications

The stage is set, and we are ready to apply the formalism outlined above in concrete
problems that arise in SUSY gauge theories. In this section we start discussing
applications of instanton calculus which are of practical interest. First, we will
derive the NSVZ β function. Then in SU(2) SQCD with one flavor we will obtain
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an instanton-generated superpotential [5]. In the theory with two flavors we will
calculate the quantum deformation of the moduli space. Both effects are due to the
one-instanton contribution. The two-flavor SU(2) model is a major component of
the ITIY mechanism [7] on which we will dwell in Sec. 6.3.

4.1 Novikov-Shifman-Vainshtein-Zakharov β function

The exact results for the instanton measure obtained above, in conjunction with the
renormalizability, can be converted into exact relations for the β functions.

4.1.1 Exact β function in supersymmetric gluodynamics

Consider first supersymmetric gluodynamics. The gauge group G can be arbitrary.
The expression for the instanton measure is given in Eq. (3.145). What are the
input theoretical parameters in this expression? There are two such parameters:
the bare coupling constant g and the regulator mass MPV. Although the instanton
measure is a theoretical construction it will be directly related, as we will see, to the
physically observable quantities. The renormalizability of the theory implies that
the latter, as well as the former, depends only on a special combination of g and
MPV: the ultraviolet cutoff MPV must conspire with the bare coupling g to make the
instanton measure expressible in terms of the renormalized coupling gren(ρ). This
means that g should be understood as a function g(MPV) such that the combination
entering the instanton measure does not depend on MPV,

(MPV)3TG

(

1

g2(MPV)

)TG

exp

(

− 8π2

g2(MPV)

)

= const . (4.1)

The dimensionful constant on the right-had side is related to the physical scale
parameter Λ defined in the standard perturbative schemes, see Sec. 4.1.4 for a more
detailed discussion.

The independence of the left-hand side on MPV gives the exact answer for the
running coupling (in the Pauli-Villars scheme)

α(µ) =
g2(µ)

4π
.

The result can be formulated, of course, in the form of the exact β function. Taking
the logarithm and differentiating with respect to lnMPV, we arrive at

β(α) ≡ dα(MPV)

d lnMPV

= −3TG α
2

2π

(

1 − TG α

2π

)−1

. (4.2)

We pause here to make a remark regarding the complexified structure of the
objects considered. In the derivation above it was assumed that both the gauge
coupling g and the Pauli-Villars regulator mass MPV are real. As we know, see
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Eq. (2.38), the gauge coupling is complexified, 8π2/g2 → 8π2/g2 − iϑ. In the in-
stanton measure the regulator mass MPV and the fermion collective coordinates are
complex too. Therefore, it is instructive to study the phase dependence related
to the (anomalous) U(1) transformation of the fields. Under these transformations
every fermion collective coordinate is multiplied by exp(−iα). Correspondingly, the
instanton measure (3.145) is multiplied by exp(2iαTG). This is an explicit manifes-
tation of the chiral anomaly. The phase factor can be absorbed into the phase of the
regulator mass MPV, it is the regulators mass terms which break the U(1). Thus,
the chiral properties of the measure are consistent with the anomaly.

Alternatively, instead of rotating MPV, one can shift the vacuum angle ϑ →
ϑ + 2αTG in the complexified exponent, exp(−8π2/g2 + iϑ), in the measure. The
subtlety is that the factors 8π2/g2 in the pre-exponent are not shifted. In fact, it
is Re(8π2/g2) that enters in the pre-exponent. This is is the so-called holomorphic
anomaly [89]. Have we used (8π2/g2− iϑ)2TG in the pre-exponent we would obtain a
ϑ dependence of the β function starting from the fourth loop. This obviously cannot
happen in perturbation theory.

The holomorphic anomaly is related to supersymmetric regularization of the
higher loops. As we mentioned it is done through higher derivative D terms. The
corresponding ultraviolet regulator is not chiral, unlike the Pauli-Villars regulators
used in the first loop. In our derivation of the β function we tacitly assumed that
the absolute values of all regulator masses are the same.

4.1.2 Theories with matter: β function via anomalous dimensions

Now, let us introduce the matter fields in arbitrary representation R. This repre-
sentation can be reducible, R =

∑

Ri. Besides the gauge interaction, the matter
fields can have arbitrary (self)interactions, i.e. an arbitrary renormalizable super-
potential is allowed. The possible superpotential does not explicitly show up in our
final formula, Eq. (4.8). It is hidden in the anomalous dimensions which certainly
do depend on the presence/absence of the superpotential.

The instanton measure is given in Eq. (3.153). It assumes that the kinetic terms
of the matter are normalized canonically, i.e. the matter part of the Lagrangian is

Lmatter =
1

4

∑

i

∫

d2θd2θ̄ Q̄ie
VQi +

1

2

{∫

d2θW(Qi) + H.c.
}

. (4.3)

As we know the superpotential is not renormalized but the kinetic terms are. There-
fore, it is more convenient to allow for arbitrary Z factors in the bare Lagrangian,

Lmatter =
1

4

∑

i

Zi

∫

d2θd2 θ̄Q̄ie
VQi +

1

2

{∫

d2θW(Qi) + H.c.
}

. (4.4)

These Z factors are bare ones, normalized at the ultraviolet cut off, Zi(MPV). They
can be fixed by the condition that the Z factors become unity in the infrared. As a
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result the measure (3.153) acquires the extra factor

∏

i

(Zi)
−T (Ri) (4.5)

This makes the formulas symmetric with respect to the Z factors of the gauge
fields Zg = 1/g2. The integration in the measure over each collective coordinate is
accompanied by Z∓1/2 (plus for bosonic, minus for fermionic moduli).

Note, that in the instanton calculations the infrared cut off is provided by the
instanton size ρ. Thus, we can choose Z(ρ) = 1 at the infrared scale, adjusting
Zi(MPV). This is similar to the gauge coupling: we treat g(ρ) as a physical fixed
coupling allowing the bare coupling g to “float”.

Then the generalization of Eq. (4.1) is

(MPV)3TG−
∑

T (Ri)

(

1

g2

)TG

exp

(

−8π2

g2

)

∏

i

(Zi)
−T (Ri) = const . (4.6)

The right-hand side is independent of MPV; the factor (MPV)3TG−
∑

T (Ri) on the
left hand side must be compensated by an implicit MPV-dependence of g and Zi.
Differentiating over lnMPV one gets the β function.

In distinction with the pure gauge case Eq. (4.6) does not fix the running of the
gauge coupling per se; rather, it expresses the running of the gauge coupling via the
anomalous dimensions of the matter fields,

γi ≡ − d lnZi
d lnMPV

. (4.7)

Taking the logarithm and differentiating over lnMPV we arrive at

β(α) ≡ dα (MPV)

d lnMPV

= −α
2

2π

[

3 TG −
∑

i

T (Ri)(1 − γi)

]

(

1 − TG α

2π

)−1

. (4.8)

This is the NSVZ β function.
It is worth noting that one can readily derive it in perturbation theory too, from a

one-loop calculation, using some general properties of supersymmetry. A pedagogical
discussion of the one-loop perturbative calculation leading to Eq. (4.8) and related
ideas are presented in Ref. [90]. The relation between the NSVZ β function and
those obtained in other schemes (for instance, the standard dimensional reduction,
and so on) was the subject of a special investigation [91].

It is interesting to examine how the general formula (4.8) works in some particular
cases. Let us start from the theories with the extended SUSY, N = 2. They
can be presented as N = 1 theories containing one matter field in the adjoint
representation which enters the same extended supermultiplet as the gluon field.
Therefore, its Z factor Z = 1/g2 and γ = β/α. In addition, we allow for some
number of the matter hypermultiplets in the arbitrary color representations (let us
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remind that every hypermultiplet consists of two N = 1 chiral superfields). The
N = 2 SUSY leads to Z = 1 for all hypermultiplets. Indeed, for N = 2 the Kähler
potential is in-one-to-one correspondence with the superpotential. The latter is not
renormalized perturbatively owing to N = 1 SUSY. Hence, the Kähler potential for
the hypermultiplets is not renormalized too, implying that Z = 1.

Taking into account these facts we derive from Eq. (4.8) the following gauge
coupling β function:

βN=2(α) = −α
2

2π

[

2 TG −
∑

i

T (Ri)

]

. (4.9)

Here the summation runs over the N = 2 matter hypermultiplets. This result proves
that the β function is one-loop in N = 2 theories.

We can now make one step further passing to N = 4. In terms of N = 2
this theory corresponds to one matter hypermultiplet in the adjoint representation.
Substituting

∑

T (Ri) = 2TG in Eq. (4.9) produces the vanishing β function. Thus,
the N = 4 theory is finite.

In fact, Eq. (4.9) shows that the class of finite theories is much wider. Any N = 2
theory with the matter hypermultiplets satisfying the condition 2TG−

∑

i T (Ri) = 0
is finite. An example is provided by TG hypermultiplets in the fundamental repre-
sentation.

The NSVZ β function allows one to find finite theories even in the class of
N = 1. The simplest example was suggested in Ref. [92], further developments
are presented in [93]. The general idea is to have the matter sector such that the
conditions 3TG−

∑

i T (Ri) = 0 and γi = 0 are met simultaneously. For instance [92],
consider the SU(3) gauge model with nine triplets Qi and nine antitriplets Q̃i and
the superpotential

W = h
(

Q1Q2Q3 +Q4Q5Q6 +Q7Q8Q9 + Q̃1Q̃2Q̃3 + Q̃4Q̃5Q̃6 + Q̃7Q̃8Q̃9

)

, (4.10)

where an implicit contraction of the color indices by virtue of ǫijk is implied. The
flavor symmetry of the model ensures that there is only one Z factor for all matter
fields. Since the condition 3TG −∑

i T (Ri) = 0 is satisfied, the finiteness is guar-
anteed provided that the anomalous dimension γ vanishes. At small g and h the
anomalous dimension γ(g, h) is determined by a simple one-loop calculation,

γ(g, h) = − g2

3π2
+

|h|2
4π2

. (4.11)

This shows that the condition γ(g, h) = 0 has a solution, at least in the vicinity of
small couplings.

4.1.3 NSVZ β function and Wilsonean action

In the instanton derivation of the β function presented above the zero modes play
a crucial role. If they were absent the β function would vanish. The impact of
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zero modes is two-fold: first, they determine the power of MPV, i.e. the one-loop
coefficient b of the β function,

b = nb −
1

2
nf , (4.12)

where nb and nf are the numbers of bosonic and fermionic zero modes, respectively.
Second, the higher loop coefficients in the β function are completely determined by
the renormalization of the zero modes.

In terms of the perturbation theory the latter implies that the first loop is fac-
tored out from higher loops. It is instructive to trace this phenomenon in perturba-
tion theory per se. Let us examine the two-loop graph of Fig. 1. The graph refers
to the covariant background field technique [87]. The difference with the instanton
calculation is that the gauge background field is assumed to be weak, the gauge
coupling renormalization is determined by the quadratic in the external field term
W αWα. Performing the integration over the primed supercoordinate {x′, θ′, θ̄′} we
find that the effective action generated by this graph takes the form

∆S =
∫

d4xd2θd2θ̄F [W ] , (4.13)

where the gauge invariant functional F depends on Wα and W̄α̇. If there were no
infrared singularities F would be expandable in powers of W , and the quadratic
terms W 2, W̄ 2 would obviously drop out. This would mean the vanishing of the
second loop in the β function, which certainly cannot be true. The loophole is in
the infrared singularities, F is nonlocal. The nonlocality is of the type

F ∝W
D2

∂2
W , (4.14)

which leads to the local expression W 2 after the integration over d2θ̄. Note, that
the proof of the nonrenormalization theorem in the instanton background in Sec. 3.6
does not suffer from this problem – the instanton field itself provides the infrared
regularization.

Thus, we see that all higher loops penetrate in the β function through the in-
frared, the first loop is factored out. In the Wilsonean action, where the infrared
effects are excluded by construction, the gauge coupling is renormalized at one loop
only [53]. Higher loops are absorbed into matrix elements and produce the relation
between the Wilsonean and the standard gauge coupling 17.

4.1.4 Making contact with the perturbative definition of Λ

The expressions (4.1) and (4.6) establish combinations of the bare Lagrangian pa-
rameters and MPV which are cut-off independent. Then it is natural to relate these

17The Wilsonean coupling is often referred to as the holomorphic coupling in the current litera-
ture.
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combinations to the physical scale parameter Λ of the type used in perturbative
QCD.

The standard convention used by the QCD practitioners [94] is

Λb
pt = µb

(

16π2

b g2(µ)

)b1/b

exp

(

− 8π2

g2(µ)

)

, (4.15)

where b and b1 are the first and and the second coefficients in the β function and
the third and higher loops are neglected.

Let us start from SUSY gluodynamics. Then,

b = 3TG , b1 = 3T 2
G , (4.16)

and the expression for Λ takes the form

ΛG = MPV

(

16π2

3TG g2

)1/3

exp

(

− 8π2

3TG g2

)

, (4.17)

where we substituted µ by MPV and g2(µ) by the bare coupling g2. In distinction
with the general QCD case the expression (4.17) is exact rather than two-loop. This
can be seen from comparison with the exact relation (4.1). Let us stress that, due to
factorization, the coupling constant and the group factors enter in the combination
TG g

2 for any gauge group. This scaling is well-known in the large N limit of SU(N).
In the supersymmetric theory factorization makes the scaling exact. Later on we
will calculate the gluino condensate and express it in terms of this ΛG.

In the theories with matter the situation becomes more complex. In this case
the gauge coupling constant is not the only parameter defining the renormalization
procedure. The parameters of the superpotential (masses and the Yukawa couplings)
are also involved in the renormalization procedure. They are renormalized through
the Z factors of the matter fields. Thus, besides the running gauge couplings one
has to take into account the running masses and the Yukawa couplings.

Unlike SUSY gluodynamics where the general formula (4.15) was in fact exact, in
the theories with matter it looses its exact nature. For this reason, it is inconvenient
to use Eq. (4.15) as a starting definition. The exact renormalization group invariant
combination is displayed in Eq. (4.6). We will invoke it to introduce the scale
parameter,

Λb = (MPV)b
(

16π2

bg2

)TG

exp

(

−8π2

g2

)

∏

i

Z
−T (Ri)
i , (4.18)

where
b = 3TG −

∑

T (Ri) . (4.19)

This definition assumes that Zi = 1 in the infrared. Certainly, this Λ can be
related to Λpt, Eq. (4.15), at the two-loop level. For example, one may consider
the theory with purely gauge interactions, i.e. the superpotential reduces to the
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mass terms. For the two-loop comparison, it is sufficient to know Zi in the one-loop
approximation,

Zi =

[

g2

g2(v)

]−2C2(Ri)/b

, (4.20)

where C2 is the quadratic Casimir

C2(Ri) = T (Ri)
dim(G)

dim(Ri)
, (4.21)

and dim stands for dimension of the representation. It is implied that the theory is
fully Higgsed and v is the scale of all moduli. Comparing with the definition (4.15)
we find

Λ = Λpt

[

16π2

bg2(v)

]2
∑

C2(Ri)T (Ri)/b
2

. (4.22)

4.1.5 Perturbative versus nonperturbative β functions

The NSVZ β function derived above was shown to be exact in perturbation theory. A
natural question arises about nonperturbative effects in the β function. In some cases
it is known for a long time that such effects are present. The most famous example
is N = 2 gluodynamics where Seiberg found [29] the one-instanton exponential term
in the gauge coupling. Later on the full answer containing all exponential terms was
obtained by Seiberg and Witten [95].

Although our consideration does not include the nonperturbative corrections to
the β function we present here symmetry arguments which prompt us in which
theories the NSVZ β function is nonperturbatively exact and in which cases non-
perturbative corrections are possible. The symmetry we keep in mind is the R
symmetry.

One can formulate a general theorem. Consider a generic point on the moduli
space of vacua. Assume that this point corresponds either to the Higgs phase or to
the Abelian Coulomb phase, in the weak coupling regime. Then, if no combination
of moduli (respecting the flavor symmetry of theory) has the vanishing R charge,
then the NSVZ β function is nonperturbatively exact.

The proof is quite straightforward. Under the assumption above, we deal essen-
tially with one (flavor symmetric) modulus M of a nonzero R charge. If two or more
such moduli existed one could always organize an R neutral combination. Then, for
each given chiral quantity the R symmetry uniquely fixes its dependence on the
modulus. This dependence is of the form Λk/Mn where Λ is the scale parameter of
the theory. Since Λ ∝ exp[−8π2/(3TG−∑T (Ri))g

2] no iteration of the exponential
terms occur. We will further elaborate this topic in a slightly different, although
related context, in Sec. 4.6.

An example is provided by SQCD with the gauge group SU(N) and the number of
flavors Nf = N−1. The appropriate chiral quantity to consider is the superpotential
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W which depends on
M = det

{

QfQ̃g

}

. (4.23)

The R charge of M is equal to −2 which fixes W to be W = Λ2N+1/M .
On other hand, in the N = 2 gluodynamics with the gauge group SU(2) the only

modulus TrΦ2 has the vanishing R charge – thus, the series in Λ4/(Tr Φ2)2 is not
ruled out, and, sure enough, it actually emerges [95].

Note, however, that these nonperturbative effects in the gauge coupling physi-
cally are due to monopoles which are heavy in weak coupling. For this reason the
nonperturbative effects do not contribute to the running of the coupling – the run-
ning is governed by the one-loop β function. The situation is similar to the effect of
the heavy quark in the QCD gauge coupling, The heavy quark does not contribute
to the running below the heavy quark threshold.

4.2 Gluino condensate in SUSY gluodynamics

As a first example of the nonperturbative phenomenon let us consider the calculation
of the gluino condensate in SU(2) gluodynamics [3]. To this end we consider the
two-point function

〈0|T
{

TrW 2(xL, θ),TrW 2(x′L, θ
′)
}

|0〉 . (4.24)

Supersymmetry fixes the superspace coordinate dependence of this correlator to be

const + (θ − θ′)2F (xL − x′L) . (4.25)

We see that the correlator of the lowest components Trλ2 can only be constant,
which, due clusterization, implies

Π = 〈0|T
{

Trλ2(xL, θ),Trλ2(x′L, θ
′)
}

|0〉 = 〈0|Trλ2|0〉2 . (4.26)

It is obvious that Π vanishes in perturbation theory. The one-instanton contri-
bution to Π does not vanish, however. This is readily seen from the balance of the
zero modes. The calculation is quite straightforward,

Π =
∫

dµSU(2) TrW 2
inst(xL, θ = 0) TrW 2

inst(x
′
L, θ

′ = 0) , (4.27)

where the instanton measure dµSU(2) is displayed in Eq. (3.109) and TrW 2
inst is given

in Eq. (3.77). Integrating over the fermionic coordinates θ0 and β̄ we arrive at

(x− x′)2
∫

dρ2d4x0
ρ8

[(x− x0)2 + ρ2]4 [(x′ − x0)2 + ρ2]4
. (4.28)

The integral over x0 and ρ is well-defined. On dimensional grounds it is proportional
1/(x − x′)2, the integral over ρ2 is totally saturated at ρ2 ∼ (x − x′)2. Thus, the
expression (4.28) is just a number, π2/45.
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Collecting all numericals, we get

〈0|Trλ2|0〉2 =
210π4

5
e−8π2/g2 M

6
PV

g4
=

144

5
Λ6
G , (4.29)

where the scale parameter ΛG is defined in Eq. (4.17). The gluino condensate,
which is obviously a nonperturbative effect, is expressed here in terms of the scale
parameter ΛG introduced through a standard perturbation theory formula. Note a
relatively large (∼30) numerical coefficient in Eq. (4.29). Note also that the gluino
condensate comes out double-valued. This is in agreement with the existence of
two bosonic vacua in the theory. Two vacua correspond to IW = 2 and to the
spontaneous breaking Z4 → Z2, see Sec. 2.9.

What is the theoretical status of this derivation performed in the strong coupling
regime? Formally, one can start from the correlator at (x − x′)2 ≪ Λ−2

G where
the coupling is small and the semiclassical analysis should by reliable. Inside the
instanton calculation of the correlator Π we see no corrections, either perturbative,
or nonperturbative.

On the other hand, there are still unresolved issues. One may ask, for instance,
how the result (4.29) is compatible with the fact that the one-instanton calculation
of 〈0|Trλ2|0〉 yields zero. It looks as an apparent contradiction with the cluster
decomposition. The answer to this question is not yet clear. A possible explanation
was suggested in Ref. [43]: it was argued that the instanton calculation refers to an
average over the two bosonic vacua of the theory. This averaging makes 〈0|Trλ2|0〉
to vanish while the square is the same for both vacua.

Unfortunately, it is not the end of the story. One can calculate the same gluino
condensate starting from the one-flavor model (Sec. 4.3) in the weak coupling regime.
Proceeding from the small to large quark mass and using the holomorphic depen-
dence of 〈0|Trλ2|0〉 on m we return back to strong coupling. The gluino condensate

found in such a way, see Eq. (4.39), contains an extra factor
√

5/4 compared to the

condensate following from Eq. (4.29). Within the hypothesis [43] about averaging
over vacua the discrepancy can be interpreted as a signal of the existence of an extra
chirally symmetric vacuum (see Sec. 7).

There is, however, one more relevant test: the N = 2 theory softly broken to
N = 1 by a small mass of the matter fields. The Seiberg-Witten solution [95] then
gives the value of gluino condensate which is larger than what follows from the

correlator calculation, again by the same factor
√

5/4 (for details see [96]). There is
no extra vacuum in this problem, which shows that the vacuum averaging hypothesis
does not work in the case at hand. The problem of instanton calculations in strong
coupling remains unsolved.

The correlator (4.24) is the simplest in its class. One can extend the approach to
include more chiral operators: n-point functions of W 2 and/or chiral operators con-
structed from the matter fields [4]. All correlators of this type are of the topological
nature – this feature was revealed in the most transparent way in the topological
field theories constructed later by Witten [97].
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4.3 One-flavor model

The classical structure of SQCD with the gauge group SU(2) and one flavor was
discussed in Sec. 2.3.2. The model has one modulus

Φ =
√

Qf
αQα

f /2 . (4.30)

In the absence of the superpotential all vacua with different Φ are degenerate. The
degeneracy is not lifted to any finite order of perturbation theory. As shown below
it is lifted nonperturbatively [5] by an instanton generated superpotential W(Φ).

Far away from the origin of the valley, when |Φ| ≫ Λ, the gauge SU(2) is
spontaneously broken, the theory is in the Higgs regime, and the gauge bosons are
heavy. In addition, the gauge coupling is small, so that the quasiclassical treatment
is reliable. At weak coupling the leading nonperturbative contribution is due to
instantons. Thus, our task is to find the instanton-induced effects.

The exact R invariance of the model is sufficient to establish the functional form
of the effective superpotential W(Φ),

W(Φ) ∝ Λ5
one−fl

Φ2
, (4.31)

where the power of Φ is determined by its R charge (RΦ = −1) and the power of Λ
is fixed on dimensional grounds. Here we introduced the notation

Λ5
one−fl =

e−8π2/g2

Zg4
(MPV)5 , (4.32)

which coincides with the general definition (4.18) up to a numerical factor.
To see that one instanton does induce this superpotential, we consider the instan-

ton transition in the background field Φ(xL, θ) weakly depending on the superspace
coordinates. To this end one generalizes the result (3.132), which assumes Φ = v at
distances much larger than ρ, to a variable superfield Φ,

dµ =
1

25

Λ5
one−fl

Φ2(x0, θ0)
exp

(

−4π2 Φ̄Φ ρ2
inv

) dρ2

ρ2
d4x0 d2θ0 d2β̄ d2θ̄0 . (4.33)

There exist many alternative ways to verify that this generalization is indeed
correct. For instance, one could calculate the propagator of the quantum part of
Φ = v+ Φqu using the constant background Φ = v in the measure, see Sec. 3.5.7 for
more details.

The effective superpotential is obtained by integrating over ρ, β̄ and θ̄0. Since
these variables enter the measure only through ρ2

inv, at first glance the integral
seems to be vanishing. Indeed, changing the variable ρ2 to ρ2

inv makes the integrand
independent of β̄ and θ̄0. This is not the case, however. The loophole is due to
the singularity at ρ2

inv = 0. To resolve the singularity let us integrate first over the
fermionic variables. For an arbitrary function F (ρ2

inv) the integration takes the form
∫

dρ2

ρ2
d2β̄ d2θ̄0 F (ρ2[1 + 4iβ̄θ̄0]) =

∫

dρ2

ρ2
16ρ4F ′′(ρ2) = 16F (ρ2 = 0) . (4.34)
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The integration over ρ2 was performed by integrating by parts twice. It was assumed
that F (ρ2 → ∞) = 0. It is seen that the result depends only on the zero-size
instanton. In other words,

dρ2

ρ2
d2β̄ d2θ̄0 F (ρ2

inv) = 16 dρ2
inv δ(ρ

2
inv)F (ρ2

inv) . (4.35)

The instanton generated superpotential is 18

Winst(Φ) =
Λ5

one−fl

Φ2
. (4.36)

The result presented in Eq. (4.36) bears a topological nature: it does not depend
on the particular form of the integrand F (ρ2

inv) since the integral is determined by
ρ2 = 0. The integrand is given by the exponent only at small ρ2. No matter how it
behaves as a function of ρ2, the formula for the superpotential is the same, provided
that the integration over ρ2 is convergent at large ρ2. We advertised this assertion
– the saturation at ρ2 = 0 – more than once previously. Technically, the saturation
at ρ2 = 0 makes the calculation self-consistent (remember, at ρ2 = 0 the instanton
solution becomes exact in the Higgs phase) and explains why the result (4.36) gets
no perturbative corrections in higher orders.

We see that in the model at hand the instanton does generate a superpotential
which lifts the vacuum degeneracy. The result is exact both perturbatively and
nonperturbatively.

In the absence of the tree-level superpotential the induced superpotential leads
to a run-away vacuum – the lowest energy state is achieved at the infinite value
of Φ. One can stabilize the theory by adding the mass term mΦ2 in the classical
superpotential. The total superpotential then takes the form

W(Φ) = mΦ2 + Winst(Φ) . (4.37)

One can trace the origin of the second term to the anomaly in Eq. (3.21) in the
original full theory (i.e. the theory before integrating out the gauge fields).

Minimizing energy we get two supersymmetric vacua at

〈Φ2〉 = ±
[

Λ5
one−fl

m

]1/2

. (4.38)

To obtain the gluino condensate one can use the Konishi relation (2.110) which in
the case at hand implies

〈Trλ2〉 = 16π2m〈Φ2〉 = ±16π2
[

mΛ5
one−fl

]1/2
= ±16π2

[

me−8π2/g2

Zg4
(MPV)5

]1/2

.

(4.39)
18A dedicated analysis of various one-instanton effects has been carried out recently [98], with the

aim of collecting numerical factors that had been usually ignored in the previous works. Equation
(3.1) in [98] coincides with Eq. (4.36), provided we restore the factor g−4Z−1 omitted (deliberately)
in Ref. [98].
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With our convention (4.4) the bare quark mass mbare is m/Z, therefore the gluino
condensate dependence on mbare is holomorphic. In fact, the square root dependence
on mbare is an exact statement [58]. This allows one to pass to large mbare where the
matter could be viewed as one of the regulators. Setting mbare = MPV we return
to supersymmetric gluodynamics. Comparing the square of 〈Trλ2〉 from Eq. (4.39)
with Eq. (4.29) we find [13] a mismatch factor 4/5 (Eq. (4.39) yields a larger result).

In addition to the holomorphic dependence on mbare, the gluino condensate de-
pends holomorphically on the regulator mass M. As for the gauge coupling, 1/g2 in
the exponent can be complexified according to Eq. (2.38), but in the pre-exponential
factor it is Reg−2 that enters. This is the holomorphic anomaly [89] – the dependence
on the Wilsonean coupling constant gW of SUSY gluodynamics

1

g2
W

=
1

g2
− 1

4π2
ln

[

Re
1

g2

]

(4.40)

is holomorphic.
Let us stress the statement of the holomorphic dependence refers to the bare

parameters. For instance, if one expresses the very same gluino condensate in terms
perturbative scale Λpt and the physical mass of the modulus field mΦ = 2m one
would get at the two-loop level

〈Trλ2〉2 ∝ mΦ Λ5
pt

[

ln
Λpt

mΦ

]3/10

. (4.41)

Not only the holomorphy in m is lost – this ugly expression is only approximate,
higher loops result in further logarithmic corrections.

4.4 Two-flavor model

The two-flavor model presents a new phenomenon: although the superpotential is
not generated, some points of the classical moduli space become inaccessible. In
other words, the geometry of the moduli space is changed [30].

Compared to the previous section we add one extra flavor, i.e. now we deal with
four chiral superfields Qf where f = 1, 2, 3, 4 is the subflavor index. The D-flat
direction is parametrized by six chiral invariants,

Mfg = −Mgf = Qα
fQ

β
g ǫαβ . (4.42)

The matrix Mfg is antisymmetric in f, g and is subject to one classical constraint,

Pf(M) ≡ 1

2
ǫfgpqMfgMpq = 0 . (4.43)

The combination on the right-hand side is called Pfaffian. The flavor rotations
allow one to render the matrix Mfg in the form where M12 and M34 are the only
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nonvanishing elements. Then the constraint (4.43) means that the classical moduli
space M consists of two manifolds M1 and M2,

M1 = {M34 = 0 , M12 arbitrary} , M2 = {M12 = 0 , M34 arbitrary} . (4.44)

Our task is to find a superpotential on each branch. In the absence of tree-
level superpotential Wtree the effective superpotential is not generated, unlike the
one-flavor model. Let us introduce a classical mass term which can be chosen as

Wtree = m12M12 +m34M34 , (4.45)

without loss of generality. The theory is defined as a limit when the parameters mfg

go to zero. The instanton-generated effects should be calculated separately on two
manifolds M1 and M2.

For the manifold M1 the matter field configuration appropriate for the instanton
calculation is

Qα
1,2(xL, θ; θ̄0) = v







(xL)
α
1,2

√

x2
L + ρ2

+ 4(θ̄0)1,2θ
α ρ2

(x2
L + ρ2)3/2







,

Q̄α
1,2(xR, θ) = v̄

(xR)α1,2
√

x2
R + ρ2

,

Qα
3,4(xL, θ; η̄3,4) =

√
2

π
η̄3,4 θ

α ρ

(x2
L + ρ2)3/2

, Q̄α
3,4 = 0 . (4.46)

The fields Qα
1,2 contain the boson component, corresponding to M12 = v2 and the

fermion zero modes. The fields Qα
3,4 contain only the zero fermion modes. Substitut-

ing this configuration into the classical action we arrive at the following expression
for the instanton measure:

dµ = dµone−fl exp
(

−m34 η̄3η̄4

) dη̄3dη̄4

MPVZ
, (4.47)

where dµone−fl is given in Eq. (3.132). This can be compared with general for-
mula (3.152). In the general formula we put vj = v3,4 = 0 but accounted for the
effect of the mass termm34M34. The mass termm12M12 is neglected – we are looking
for the effects which do not vanish in the limit m12 → 0.

The difference with the one-flavor case is factorized in Eq. (4.47). The integration
over η̄ can be carried out. It yields

dµ = dµone−fl
m34

MPVZ
. (4.48)

Combining this with Eq. (4.36) we get for the total effective potential on the manifold
M1 the following expression:

W = m12M12 +
m34 Λ4

two−fl

M12

. (4.49)
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Here

Λ4
two−fl =

Λ5
one−fl

MPVZ
=
e−8π2/g2

Z2g4
(MPV)4 . (4.50)

In fact, Eq. (4.49) is exact, both perturbatively and nonperturbatively. This can be
proven by analyzing the R charges.

The superpotential (4.49) fixes the vacuum value of the modulus M12,

〈M12〉vac = ±
√

m34

m12
Λ2

two−fl . (4.51)

The modulus M34 classically was zero. Nonperturbative effects shift its vacuum
value from zero. It can found by virtue of the nonanomalous Konishi relation (see
Eq. (2.110))

D̄2(Q̄1eVQ1 − Q̄3eVQ3) = 4
(

m12M12 −m34M34

)

. (4.52)

The vacuum average of the left-hand side vanishes implying

〈M34〉vac =
m12

m34
〈M12〉vac = ±

√

m12

m34
Λ2

two−fl . (4.53)

The remarkable phenomenon we encounter here is the change of the geometry
of the moduli space. Classically, the product M12 M34 vanishes while at the nonper-
turbative level M12 M34 = Λ4

two−fl. Invariantly, this can be written as

Pf(Mfg) = Λ4
two−fl . (4.54)

The analysis we performed referred to the manifold M1 under the assumption
that m12 ≪ m34. This assumption was crucial to ensure the weak coupling regime.
Note that we could not perform the weak coupling analysis on M2 if m12 ≪ m34.
However, once established in the weak coupling, the constraint (4.54) remains valid
everywhere on the moduli space including the domain of the strong coupling. Note
that the origin of the moduli space which was the singular point of intersection
of M1 and M2 disappears from the quantum moduli space (4.54) whose metric is
smooth everywhere.

Note also that the vacuum average of the superpotential (4.49) can be rewritten
as

〈W 〉vac =
〈

m12M12 +m34M34

〉

vac
, (4.55)

which is exactly equal to the vacuum average of the original superpotential (4.45).
This is in distinction with the one-flavor model and can be understood given the
expression for the central charge discussed in Sec. 3.2. In the two-flavor model the
anomaly vanishes, see Eq. (3.21), which forces the superpotential in the low-energy
theory of the moduli to coincide with the tree-level superpotential of the original
full theory.
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4.5 How effective is the effective Lagrangian?

The notion of the effective Lagrangian was used above to determine the vacuum
structure in the moduli space. It was assumed that the theory is in the Higgs phase
and the only light fields are the moduli. All heavy fields, massive gauge bosons and
gauginos, were integrated out. As a result we get an effective Lagrangian for the
light degrees of freedom in the form of expansion in their momenta. In particular,
the instanton-generated superpotential, see e.g. Eq. (4.36), gives rise to terms of
the zeroth order in momentum.

Such terms obviously describe the amplitudes at momenta below mW . The
question is what happens above mW . The point is that the scale mW is not a
relevant parameter in the instanton calculations. Indeed, the integral over instanton
size is saturated at ρ ∼ v−1 which is parametrically smaller than m−1

W (remember, we
are in the weak coupling regime, g2 is a small parameter). Moreover, the instanton-
generated scattering amplitudes do not depend [99, 100] on the particle momenta
at all (on mass shell). This means that the scale v ∼ mW/g is also irrelevant.
Technically, this is reflected in the possibility of rewriting the integral over ρ in such
a form that only the ρ = 0 contribution survive.

As a result the cross sections of the instanton-generated processes, e.g. the
baryon number violation in the Standard Model, grow with the energy and reach the
unitary limit [101] at energies ∼ v/g. This scale is the only one relevant physically for
the nonperturbative effects. At this scale new physics comes into play – production
of sphalerons [102] or monopoles. Here we enter the strong coupling regime even
at small g2: multi-instanton effects become as important as one-instanton, their
summation is needed [103].

In the interval of energies gv <∼ E ≪ v/g one can limit oneself to one instanton;
the heavy fields should be kept, they should not be integrated out, however. Our
task is constructing an effective Lagrangian (or action) which includes both, the
chiral superfields and those of gluons/gluinos. Thus, the problem we face is a super-
generalization of the baryon number violation at high energies (but not superhigh,
though, we stay much below the sphaleron energy).

In non-supersymmetric models the one-instanton effective action is known for a
long time. In the SU(2) model with one scalar and one Dirac field in the fundamental
representation it has the form,

Seff =
∫

dµ exp

{

−2π2ρ2 (φ̄φ− |v|2) − 2πρ η̄α̇ψ̄
α̇ + 4iπ2 ρ

2

g2
Ωγ̇
α̇ Ωδ̇

β̇
Ḡ
{α̇β̇}

γ̇δ̇

}

, (4.56)

where the instanton measure dµ should be modified to include the nonzero modes
and Ω is the instanton orientation matrix defined in Eq. (3.85). The fields in the
exponent present the interpolating fields for the particles which are scattered in
the instanton background. In order to get the scattering amplitude with the given
number of external particles one expands the exponent to the appropriate power of
the appropriate field.
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Let us generalize Seff to SQCD with one flavor. This can be readily done by
applying the collective coordinate technique we have presented,

Sone−fl =
∫

dµ
2v2

Qf
αQα

f

exp
{

−2π2ρ2
inv (Q̄feVQf − 2|v|2)

+ 4π2 ρ
2
inv

g2
Ωγ̇
α̇ Ωδ̇

β̇

[

i∇̄γ̇W̄
{α̇β̇}

δ̇
+ 8(β̄inv)γ̇W̄

{α̇β̇}

δ̇

]

}

, (4.57)

where ρ2
inv and β̄inv are defined in Eq. (3.120), and the background-field-covariant

spinor derivative ∇̄γ̇ is defined as

∇̄γ̇W̄ = eV
[

D̄γ̇

(

e−V W̄ eV
)]

e−V . (4.58)

This result can be extracted from Ref. [26], where the N = 2 case was considered,
by dropping off irrelevant for N = 1 terms.

A few comments are in order about the origin of various terms in Eq. (4.57). The
first term in the exponent is a straightforward generalization of the first two terms in

Eq. (4.56), SUSY combines interactions of squarks and quarks. The term ∇̄γ̇W̄
{α̇β̇}

δ̇
generalizes the last term in Eq. (4.56), it includes also a part of the gluino interaction
(related to the supersymmetric zero modes). Finally, the last term presents the
remaining part of the gluino interactions (due to the superconformal zero modes).
Indeed, if in the non-supersymmetric case we considered the matter in the adjoint
representation we would have four zero modes instead of two. The supersymmetric

modes would generate the fermion part in ∇̄γ̇W̄
{α̇β̇}

δ̇
, while the superconformal ones

the fermion part in (β̄inv)γ̇W̄
{α̇β̇}

δ̇
.

The measure dµ contains integrations over x0, θ0 and θ̄0, as well as over ρ2
inv

and β̄inv (note the absence of the nonzero modes in distinction with the non-
supersymmetric case). The external fields Q, Q̄, and W̄ are taken at the point
x0, θ0, θ̄0 in the superspace. The integrations over ρ2

inv and β̄inv can be done explic-
itly. Let us start with the integration over β̄inv. If it were not for the last term in
the exponent, explicitly proportional to β̄inv, the result of the β̄inv integration would
be naively zero. In fact, as was discussed previously, the integral does not vanish
due to the singularity at ρ2

inv = 0. The contribution from ρ2
inv = 0 coincides with

Eq. (4.36), because the exponent vanishes at ρ2
inv = 0. This contribution is an F

term. The only part which comes from the domain ρ2
inv 6= 0 is due to the last term

in Eq. (4.58). At ρ2
inv 6= 0 we need to expand in (β̄inv)γ̇W̄

{α̇β̇}

δ̇
and keep the term

of the second order. Performing then integrations over β̄inv and ρ2
inv we get the D

term. Overall,
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Sone−fl = Λ5
one−fl







∫

d4x d2θ
1

Qf
αQα

f

+8
∫

d4x d2θ d2θ̄
d3Ω

8π2

1

Qf
αQα

f

g−4 Ωδ̇
β̇
W̄
{β̇α̇}

δ̇
W̄{α̇γ̇}ρ̇ Ωγ̇ρ̇

[

Q̄feVQ− 2ig−2Ωγ̇
α̇ Ωδ̇

β̇
∇̄γ̇W̄

{α̇β̇}

δ̇

]2



















. (4.59)

This instanton-generated action contains the superpotential term (the first line),
which describes the scattering of the matter fields, and the D term (the second
line) which involves both the matter and the gauge fields. It contains two extra
derivatives (or two extra fermions). The expression we obtained sums up all tree-
level instanton-generated interactions. At the quantum level the superpotential term
stays intact, while the D term gets corrected.

4.6 When one instanton is not enough?

The vast majority of calculations in supersymmetric gauge theories that are clas-
sified as “reliable” are based on the strategy ascending to the 1980’s: the matter
sector is arranged in such a way that the non-Abelian gauge group is spontaneously
broken, and the running of the gauge coupling in the infrared is aborted at the scale
correlated with the expectation values of the moduli fields. Perturbative physics
plays no dynamical role; nonperturbatively induced superpotentials (if they are ac-
tually induced) are saturated by a single instanton. This is a typical situation in all
the cases when the R charges of the moduli involved are nonvanishing (e.g. Sec. 4.3).
However, there is an important class of models where the multi-instanton contribu-
tions are instrumental in shaping dynamics of the flat directions. These models are
peripheral in the range of questions related to supersymmetry breaking – they are
important in other aspects of nonperturbative SUSY gauge dynamics. Therefore,
there are no reasons why we should dwell on them in this review. Nevertheless, such
models deserve a brief discussion from the point of view of the instanton formal-
ism. We will outline some general features and explain why one-, two-, three-, ... ,
n-instanton contributions are equally important.

The pattern of the gauge symmetry breaking in the models at hand is different
– the non-Abelian gauge group is spontaneously broken down to an Abelian U(1)
(sometimes, one deals with several U(1)’s; for simplicity we will limit ourselves
to a single U(1)). The theory is said to be in the Coulomb phase (more exactly,
Abelian Coulomb phase). This pattern is sufficient for preventing the gauge coupling
constant from growing in the infrared. The moduli fields are assumed to be large.
One more requirement is the vanishing of the R charges of at least some moduli
fields.

The most famous example of this type is the SU(2) model with the extended
supersymmetry, N = 2, solved by Seiberg and Witten [95]. In terms of N = 1
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superfields one can view this theory as SUSY gluodynamics plus one chiral mat-
ter superfield Φa in the adjoint representation of SU(2). The vacuum valley is
parametrized by one complex invariant, Φ2 ≡ ΦaΦa; the gauge SU(2) is obviously
broken down to U(1). Thus, a photon field and all its N = 2 superpartners remain
massless, while all other states acquire masses (there are some exceptional points on
the valley where some extra states become massless, though).

The conserved anomaly-free R current in this model has the form

λaαλ̄
a
α̇ − ψaαψ̄

a
α̇ (4.60)

where ψ is the matter fermion. In fact, this current is vector rather than axial. Thus,
the R charge of ψ’s is −1 while that of the superfield Φa is zero. The R charge of
ΦaΦa vanishes too, which implies that no superpotential can be generated 19. Does
this mean that there are no nonperturbative effects in the low-energy limit, when all
massive states are integrated out? The answer is negative. Nonperturbative effects
show up in the kinetic term of the photon field which takes the form

Lγ =
1

8

∫

d2θ f(Φ2)W 2 + H.c. (4.61)

where f is an analytic function of Φ2. The N = 2 SUSY relates this term with D
terms of the moduli field Φ. In perturbation theory

f =
1

g2
− 1

4π2
ln
M2

PV

2Φ2
= − 1

4π2
ln

Λ2

2Φ2
, (4.62)

only one loop contributes. Nonperturbatively, an infinite series of the type

∑

n

Cn

(

Λ4

Φ4

)n

(4.63)

is generated on the right-hand side, so that

f = − 1

4π2
ln

Λ2

2Φ2
+
∑

n

Cn

(

Λ4

Φ4

)n

. (4.64)

Since Φ2 has zero R charge, all n are allowed. The factor Λ4 comes from the instanton
measure (the first – and the only – coefficient in the β function is four), so the index
n actually counts the number of instantons. The one-instanton term in this series
was found a decade ago [29]. Instead of summing up the infinite series the exact
answer was found [95] by applying holomorphy and duality. Later on it was subject
to scrutiny of direct multi-instanton calculations (e.g. [27,28]). The Seiberg-Witten
result passed all tests.

19If one adds a mass term to the matter field a superpotential is generated. It is proportional
to the mass parameter.
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In view of the importance of the issue of one instanton vs. many, we would like
to exhibit pictorially the difference between the instantons in distinct models. As
a representative of the first class of models (the one-instanton saturation) we will
consider SU(2) SQCD with one flavor, see Sec. 4.3. The counterpart from the second
class (the multi-instanton saturation) is the SU(2) N = 2 theory.

The instanton contribution in SQCD is depicted symbolically in Fig. 2. The solid
lines attached to the anti-instanton (Ī) indicate the fermion zero modes. The dashed
lines marked by the crosses stand for the squark condensate in the vacuum, 〈φ̄〉 = v̄.
The anti-instanton has four gluino and two quark (left-handed) zero modes. Two
gluino zero modes and two quark modes are paired by virtue of 〈φ̄〉. There is no
way to neutralize the remaining two, although it is possible to transform the modes
of λ into those of ψ. We see that one instanton inevitably produces two fermion
zero modes. That is why it generates the interaction vertex of the type 20

Λ5v̄4ρ8
char ψψ (4.65)

where ρchar is a characteristic value of the instanton size, ρ2
char ∼ 1/(vv̄). This

interaction is exactly what one needs for the generation of the superpotential W ∝
Λ5/Φ2 (remember,

∫

d2θΦ−2 ∝ ψψ v−4). On the other hand, the two-instanton
configuration will have four fermion zero modes non-neutralized, three instantons
six zero modes and so on. It is obvious that neither of them contribute to the
superpotential.

I
-

λ

ψ

ψ

ψ

ψ
λ

λλ

Figure 2: One-instanton contribution in the SU(2) model with one flavor.

In the N = 2 theory with no matter hypermultiplets the instanton has four
gluino and four quark zero modes attached to it (Fig. 3). One can neutralize them
all by virtue of the insertion of 〈Φ̄〉. That is why in the model at hand two, three, etc.
instantons manifest themselves essentially in the same way as one. None contributes
to the superpotential. Rather, they generate (4.61) – the integral

∫

d2θW 2f(Φ2)
does not vanish on purely bosonic fields.

20All powers in Eq. (4.65) “miraculously” fit each other. The fourth power of v̄ is fixed by the
number of the zero modes, while the eighth power of ρchar follows from dimensional arguments.
After all, Eq. (4.65) contains only v, while v̄ cancels. The cancellation of v̄ ensures the proper
analytic structure of the (anti)instanton-induced interaction.
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I
λ

ψ

ψ ψ

ψ

λ

λ

λ

Figure 3: One-instanton contribution in the N = 2 theory (with no matter hyper-
multiplets).

The issue of one instanton vs. many was briefly touched in Sec. 4.1.5, in connec-
tion with the NSVZ β function. In the models where the one-instanton results are
exact, this β function is exact not only perturbatively, but at the nonperturbative
level too. On the other hand, in those models where the summation of the multi-
instantons is needed, the NSVZ β function ceases to be exact at the nonperturbative
level. The function f in Eq. (4.64) can be considered as a generalized (inverse) cou-
pling constant. Just this function f(Φ2) was the central object of the Seiberg-Witten
analysis based on holomorphy and duality. This novel approach provides a wealth
of breakthrough insights regarding the nonperturbative SUSY gauge dynamics [95].
This interesting topic is outside the scope of this review.

The only question to be raised in connection with instanton calculus is whether
one can construct N = 1 rather than N = 2 theories with the similar properties –
the Coulomb phase, the vanishing R charge of the relevant moduli, and an infinite
series for the generalized coupling constant saturated by multi-instantons.

A systematic search for N = 1 theories with the simple gauge group and the
Coulomb phase everywhere on the moduli space was carried out in Ref. [104]. The
necessary condition on the matter sector was shown to be

∑

i

T (Ri) = TG , (4.66)

where the sum runs over all matter fields. Note that the basic N = 2 model
considered by Seiberg and Witten does obey this condition, automatically, since the
matter field is in the adjoint representation. The number of models satisfying Eq.
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(4.66) is limited. One has to examine all of them in order to determine whether
the pattern of the gauge symmetry breaking is indeed such that one is left with the
unbroken U(1) irrespective of the values of the moduli. A general solution turns
out to be unique – the SO(N) models with N − 2 vector matter fields (exceptional
solutions exist also for SU(6) and Sp(6)). The conserved R current in this model
has the form

λaαλ̄
a
α̇ −

N−2
∑

i=1

ψiαψ̄
i
α̇ ,

so the R charge of ψ′s is −1, and the R charge of the matter superfields vanishes.
The generalized inverse coupling constant has the form similar to (4.64). The series
can be summed up to produce a hyperelliptic curve, much in the same way as in the
Seiberg-Witten solution of the N = 2 model.

5 Spontaneous Supersymmetry Breaking in Weak

Coupling

In this and subsequent sections we will review what is known today regarding the dy-
namical supersymmetry breaking. The material covered in the previous part can be
viewed an extended introduction to this critically important topic, which, in a sense,
is the raison d’etre of multiple SUSY-based theoretical constructions. The sponta-
neous SUSY breaking can be realized by virtue of tree-level mechanisms discovered
in the early 1970’s and described in text-books, and by virtue of nonperturbative
mechanisms which are divided, in turn, in two classes – weak coupling and strong
coupling mechanisms. There is no clear-cut boundary between the classes since
some of the mechanisms under discussion in the current literature combine elements
inherent to both classes. Some of the nonperturbative mechanisms were discov-
ered in the 1980’s, others present a relatively recent development, dating back to
Seiberg’s results of 1993/94. Finally, certain ideas are still controversial, and not all
implications for the dynamical SUSY breaking are clear at the moment. The most
notable example of this type is the chirally symmetric vacuum in SUSY gluodynam-
ics [56]. If this vacuum indeed exists (we hasten to add that the final confirmation is
still pending) then this would have a drastic impact on many conclusions regarding
the dynamical SUSY breaking. Theories with no supersymmetric vacuum of the
“old” type could develop one, of the Kovner-Shifman type, in the domain of strong
coupling. This is especially transparent, for instance, in the one-generation SU(5)
model (Sec. 6.1). Since the situation with the chirally symmetric vacuum is not
yet settled, we will discuss the known mechanisms of the dynamical SUSY breaking
forgetting for a while about its possible existence. Comments on the possible role of
the Kovner-Shifman vacuum are collected at the very end (Sec. 7); a few marginal
remarks are scattered in Secs. 5.5 and 6.1.

Many models exhibiting the dynamical SUSY breaking reduce in the low-energy
limit to an effective theory of light degrees of freedom in which one of the known
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tree-level mechanisms acts. Therefore, to begin with, we briefly review them.

5.1 Traditional tree mechanisms (brief look at the old guide

book)

Before submerging into nonperturbative dynamics it seems instructive to outline the
conventional tree-level mechanisms leading to the spontaneous SUSY breaking. Our
task here is to refresh memory and to emphasize common features and distinctions
with the dynamical mechanisms.

Two such mechanisms are familiar for a long time. The first one, usually referred
to as the O’Raifeartaigh, or F term mechanism [105], works due to a “conflict of
interests” between F terms of various matter fields belonging to the matter sector.
The necessary and sufficient condition for the existence of the SUSY vacuum is the
vanishing of all F terms. In the O’Raifeartaigh approach, the superpotential is ar-
ranged in such a way that it is impossible to make all F terms vanish simultaneously.
One needs minimally three matter fields in order to realize the phenomenon in the
renormalized models with the polynomial superpotentials. With one or two mat-
ter fields and the polynomial superpotential the supersymmetric vacuum solution is
always possible. With three superfields and the generic superpotential, supersym-
metric solution exists too; it ceases to exist for some degenerate superpotentials.

Consider the superpotential

W(Φ1,Φ2,Φ3) = λ1Φ1(Φ
2
3 −M2) + µΦ2Φ3 . (5.1)

Then

F̄i = −∂W
∂Φi

=















λ1(φ
2
3 −M2) , i = 1 ,

µφ3 , i = 2 ,

2λ1φ1φ3 + µφ2 , i = 3 .

(5.2)

The vanishing of the second line implies that φ3 = 0, then the first line cannot vanish.
There is no solution with F1 = F2 = F3 = 0 – supersymmetry is spontaneously
broken.

What is the actual minimal energy configuration? It depends on the ratio
λ1M/µ. For instance, at M2 < µ2/(2λ2

1), the minimum of the scalar potential
occurs at φ2 = φ3 = 0. The value of φ1 can be arbitrary: an indefinite equilibrium
takes place at the tree level. (The loop corrections to the Kähler potential lift this
degeneracy and lock the vacuum at φ1 = 0.) Then F2 = F3 = 0, and the vacuum
energy density is, obviously, E = |F1|2 = λ2

1M
4.

Since F1 6= 0 the corresponding fermion is Goldstino, mψ1 = 0. It is not difficult
to calculate the masses of other particles. Assume that the vacuum expectation value
(VEV) of the field φ1 vanishes. Then the fluctuations of φ1 remain massless (and
degenerate with ψ1). The Weyl field ψ2 and the quanta of φ2 are also degenerate;
their common mass is µ. At the same time, the fields from Φ3 split: the Weyl spinor
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ψ3 has the mass µ, while

m2
a = µ2 − 2λ2

1M
2 , m2

b = µ2 + 2λ2
1M

2 , (5.3)

where

φ3 ≡
1√
2
(a+ ib) .

Note that in spite of the splitting

m2
a +m2

b − 2m2
ψ3

= 0 , (5.4)

as if there is no SUSY breaking. Equation (5.4) is a particular example of the general
supertrace relation [106]

StrM2 ≡
∑

J

(−1)2J(2J + 1)m2
J = 0 , (5.5)

where Str stands for supertrace, M2 is the mass squared matrix of the real fields in
the supermultiplet; the subscript J marks the spin of the particle. Equation (5.5)
is valid only at the tree level – quantum corrections arising due to SUSY breaking
do modify it. It also gets modified in the theories where (a part of) SUSY breaking
occurs due to the Fayet-Iliopoulos mechanism, speaking of which we must turn to a
rather narrow subclass of theories that possess a U(1) gauge symmetry.

The Fayet-Iliopoulos mechanism [107], which is also called the D term SUSY
breaking, applies in the models where the gauge sector includes an U(1) subgroup.
The simplest and most transparent example is SQED (Sec. 2.3.1).

In order to launch the spontaneous SUSY breaking a (Lorentz scalar) field trans-
forming nontrivially under supersymmetry must acquire a VEV. In the O’Raifear-
taigh mechanism this role was played by an F component of a chiral superfield.
The D component of the vector superfields is also non-invariant under SUSY trans-
formations. If it develops a non-vanishing VEV, supersymmetry is spontaneously
broken too. In order to make D develop a VEV, a ξ term, which is called the
Fayet-Iliopoulos term, must be added in the action, see Eq. (2.28).

Although the Fayet-Iliopoulos term literally does not exist in the non-Abelian
gauge theories an analog of the phenomenon does exist: the kinetic part of the action
Q̄eVQ determines the form of the D term in the Higgs phase. The conflict between
the requirements of vanishing of the D and F terms may lead the spontaneous SUSY
breaking.

Returning to SQED, Eq. (2.31) shows that with the massive matter (m 6= 0) the
zero vacuum energy is not attainable. Indeed, the mass term requires S and T to
vanish in the vacuum, while the D term in the potential requires |T |2 = |S|2 + ξ. If
ξ 6= 0 both conditions cannot be met simultaneously.

If ξ > m2/e2 the minimal energy is achieved at

S+S = 0 , T+T = ξ − m2

e2
.
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The minimal energy

E = m2

(

ξ − m2

2e2

)

is positive, so that SUSY is spontaneously broken. In addition, the gauge U(1) is
broken too. The phase of T is eaten up in the Higgs mechanism, the photon becomes

massive, mγ = e
√

ξ − (m2/e2). A linear combination of the photino and ψt is the
Goldstino; it remains massless. Another linear combination, as well as the scalar
and spinor fields from S are massive.

If 0 < ξ < m2/e2 the scalar fields develop no VEVs, the vacuum configuration
corresponds to

S+S = T+T = 0 ,

while the vacuum energy is E = e2ξ2/2. The gauge U(1) remains unbroken: the
photon is massless, while the photino assumes the role the Goldstino. The fermion
part of the matter sector does not feel the broken supersymmetry (at the tree level),

mψs = mψt = m,

while the boson part does

m2
s = m2 + e2ξ , m2

t = m2 − e2ξ .

5.2 Dynamical mechanisms: preliminaries

In the majority of examples discussed so far the gauge symmetry is typically spon-
taneously broken [5, 22, 23] (it would be more exact to say that it is realized in the
Higgs regime). Instantons are instrumental in this phenomenon, which provides a
number of evident advantages; the weak coupling regime and calculability of the
nonperturbative effects are the most important ones. The phenomenon is quite uni-
versal. In almost any model with matter there are classically flat directions, vacuum
valleys, and together with them there arises a potential possibility for destabiliza-
tion of the unbroken vacuum at the origin (vanishing values of the moduli). Roughly
speaking, the theory is pushed away from the origin by instantons.

Our main subject here is the dynamical SUSY breaking. Among a vast variety of
models with the spontaneously broken gauge symmetry we will choose those where
SUSY is broken too. This will provide us with calculable scenarios of dynamical
SUSY breaking. In a few instances it was argued that SUSY is broken in the strong
coupling regime, where direct calculations are impossible. One then relies on indirect
arguments. We will discuss such scenarios too. Our strategy is pragmatic: starting
from simpler scenarios we will be moving towards more complicated ones.

The very same aspect – weak vs. strong coupling SUSY breaking – can be viewed
from a slightly different angle. Let us discuss a generic hierarchy of scales inherent
to a typical supersymmetric theory with matter. First, there exists an intrinsic scale
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Λg of the underlying gauge theory 21. The scale of the dynamical SUSY breaking
Λdsb can be of order Λg or much lower than Λg. In the latter case when one descends
below Λg all gauge degrees of freedom can be integrated out, and one is left with
the dynamics of the would-be moduli. This effective low-energy dynamics can be
described by generalized Wess-Zumino models which can be studied relatively easily.
SUSY is dynamically broken if a generalized O’Raifeartaigh mechanism takes place.

The most common scenario of this type is as follows. Assume that in a model
with chiral matter (so that Witten’s index vanishes) there are classically flat di-
rections in the limit of vanishing Yukawa terms. If instantons generate a repulsive
superpotential, if the model can be completely stabilized by the Yukawa terms, so
that the exits from all valleys are blocked (the run-away vacua totally excluded), if
all Yukawa couplings are small (dimensionless couplings ≪ 1, dimensional ≪ Λg) –
if all these “ifs” are satisfied – then dynamical SUSY breaking will most certainly
occur in the weak coupling regime.

There is an alternative version of the weak coupling scenario. In some models
(e.g. Sec. 5.5) the original gauge group is only partly broken, and the superpotential
for the moduli is generated by the gluino condensation in the unbroken subgroup,
rather than through the one-instanton mechanism. These models are still calcula-
ble because (i) so is the gluino condensate, and (ii) the SUSY breaking is due to
dynamics of the moduli fields at a low-energy scale Λdsb ≪ Λg, where all (strongly
interacting) degrees of freedom associated with the unbroken subgroup can be inte-
grated out.

On the other hand, if Λdsb ∼ Λg, relevant dynamics is that of the strong coupling
regime. Here one can hope, at best, to establish the very fact of SUSY breaking
using global symmetry arguments and/or ’t Hooft matching [108].

Two criteria are known in the literature [22,109], each of which guarantees spon-
taneous SUSY breaking.

Criterion 1. Suppose that the Yukawa terms in the superpotential introduced for the
sake of stabilization at large values of moduli do not contain some matter superfield
Q, or a linear combination of several superfields. In this case the gluino condensate
is an order parameter – a non-zero VEV of the gluino density, 〈Trλ2〉 6= 0, implies
the spontaneous SUSY breaking. This statement is quite transparent. Assume some
superfield Q enter in the original action only through its kinetic term Q̄eVQ

∣

∣

∣

D
. In

this case the anomalous Konishi relation [52] takes the form (Sec. 2.8)

D̄2(Q̄eVQ) ∝ TrW 2 . (5.6)

Then the vacuum expectation value of TrW 2 is equivalent to the vacuum expectation
value of the operator D̄2(Q̄eVQ). Taking the spinor derivative is equivalent to the
(anti)commutation with the supercharge. Hence in the theories with the unbroken
SUSY no VEV’s of full superderivatives can develop. Thus, for 〈Trλ2〉 6= 0 we
observe a contradiction.

21In weak coupling the relevant scale is g|v| rather than Λg.
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Criterion 2. Suppose that in a theory under consideration the vacuum valleys are
completely absent, i.e. they are non-existent from the very beginning (as in the
SU(5) theory with one quintet and one (anti)decuplet), or the vacuum degeneracy is
fully lifted by the tree-level superpotential. If in such a theory some exact continuous
global symmetry is spontaneously broken, so is SUSY.

A sketch of the proof [110] is as follows. If a continuous global invariance is
spontaneously broken, there is a massless Goldstone boson, call it π. Suppose,
SUSY is unbroken. Then π must be accompanied by massless superpartners, in
particular, a scalar particle σ with spin 0. Since the field π, being the Goldstone
boson, appears in the Lagrangian with a zero potential, the potential for σ must
vanish too, and, as a consequence, the vacuum expectation value 〈σ〉 is not fixed.
In other words, σ + iπ is a modulus, which can be varied arbitrarily, corresponding
to a continuously degenerate vacuum manifold 22. This contradicts, however, the
initial assumption of no flat directions. The only possibility of getting rid of the
contradiction is to conclude that SUSY is spontaneously broken.

The above two criteria are not completely independent. In fact, if some super-
field does not enter into the classical superpotential (Criterion 1), then there exists
an axial R current – a linear combination of the matter current and gluino current
– which is strictly conserved. Further, the operator Trλ2 is obviously noninvari-
ant with respect to the transformations generated by this current. Therefore, the
gluino condensation, 〈Trλ2〉 6= 0, automatically implies spontaneous breaking of the
corresponding axial symmetry.

5.3 Dynamical SUSY breaking in the 3-2 model

The simplest model where dynamical SUSY breaking takes place is the 3-2 model
of Affleck, Dine and Seiberg [22]. This chiral model was discussed at length in Sec.
2.5.2 where a description of the classical moduli space (its complex dimension is
three) was given. The Kähler potential on the moduli space was calculated.

Two chiral invariants, I1 and I2, where I1,2 were defined in Eq. (2.60), are cubic;
a combination thereof can be used as a (renormalizable) tree-level superpotential.
Its purpose is to block the valleys and spare us of the run-away vacua. Note that
the kinetic part possesses a global flavor SU(2) symmetry: ū and d̄ fields can be
freely rotated into one another. In addition to this global SU(2), the theory has two
strictly conserved U(1) currents. One of them is that of the hypercharge (= 2×the
mean electric charge in the weak SU(2) multiplet). In SM this current would be
coupled to the U(1) gauge boson, but since we remove the latter from the model,
the corresponding symmetry is just a global U(1) invariance. The second U(1) is
the anomaly-free R current involving gluinos.

The fastest way of establishing the U(1) charges is through instantons themselves.

22The argument above shows that the global symmetries in the superpotential are always com-
plexified
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Figure 4: The 3-2 model: the zero mode structure in the field of the anti-instanton
in the gauge groups SU(3) and SU(2), respectively. λ denotes the SU(3) gluinos in
the first case and SU(2) gluinos in the second.

The instanton in the SU(3) gauge group has six gluino zero modes, two ψQ and two
ψq. (A concise mnemonical formula is λ6 ψ2

Q ψ
2
q , see Fig. 4. We will consistently

use similar formulas below). The instanton in SU(2) has four gluino zero modes,
three ψQ and one ψL, i.e. λ4 ψ3

Q ψL for a shorthand. It is convenient to choose the
conserved anomaly-free Konishi current in the form

1

3
Q̄fQf −

1

3
q̄f̄qf̄ − L̄fLf ,

where the summation over the SU(3) indices in the first two terms is implicit. As
for the R current, we conveniently define it in such a way that R(L) = 0. Then,
R(ψL) = −1 and R(ψQ) = −1 too (the latter is immediately seen from the λ4ψ3

QψL
structure of the SU(2) instanton). Hence, R(Q) = 0. From the λ6ψ2

Qψ
2
q structure of

the SU(3) instanton we conclude that R(ψq) = −2 which entails, in turn, R(q) = −1.
The Konishi and R charges of the superfields and invariants If̄ and J are summarized
in Table 5

By an appropriate global SU(2) rotation one can always arrange that the tree-
level superpotential has the form

Wtree = hQαf d̄αL
gεfg = hI2 , (5.7)

so that I1 does not appear in the superpotential. This means, in turn, that ūα does
not appear in W; we will make use of this fact later.

As in MSSM it will be assumed that the SU(3) gauge coupling g3 is much larger
than the SU(2) gauge coupling g2, and, in addition,

h≪ g2 ≪ g3. (5.8)
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Field Q q L If̄ J

U(1)K 1/3 −1/3 −1 −1 0

U(1)R 0 −1 0 −1 −2

Table 5: The U(1) charges of the superfields Q, q, L and invariants If̄ and J defined
in Eqs. (2.60), (2.61) in the 3-2 model.

The smallness of h will automatically ensure that Λdsb ≪ Λ3,2 where Λ3,2 are the
scale parameters of SU(3) and SU(2), respectively.

A generic point on the moduli space corresponds to complete breaking of all
gauge symmetries; the theory is totally Higgsed. It is not difficult to check that the
tree-level superpotential (5.7) locks all exits from the valleys – escape to large values
of the moduli is impossible since there the energy is positive rather than vanishing.
(This exercise is left for the reader.)

Now we switch on nonperturbative effects taking into account only instantons
in the gauge SU(3) and neglecting the SU(2) instantons whose impact is much
weaker because g2 ≪ g3. What is the general constraint on the instanton-induced
superpotential? First, it cannot depend on If̄ since If̄ is not singlet with respect
to global SU(2), and it is impossible to built any singlet from If̄ . On the other
hand, J is singlet and its Konishi charge vanishes. Thus, it is a suitable candidate.
Examining the R charge of J we conclude that the only possible superpotential has
the form

Winst =
2(Λ3)

7

J
. (5.9)

The factor 2 is singled out for convenience; the power of Λ3 is established on dimen-
sional grounds, it exactly matches the first coefficient of the β function in the SU(3)
model with two triplets and two anti-triplets.

Is the superpotential (5.9) actually generated by the SU(3) instanton? To answer
this question it is not necessary to perform the calculation anew – the problem can
be readily reduced to that of our reference model, SU(2) SQCD with one flavor
(Sec. 4.3). Indeed, let us assume that |τ1| ≫ |τ2| in Eq. (2.62). Then the pattern
of breaking of SU(3) is step-wise: first one breaks SU(3)→SU(2) at a high scale,
and then at a much lower scale SU(2) is broken down completely. Below the higher
scale the fields Q and q with the SU(2) index f = f̄ = 1 disappear – they are eaten
up by five SU(3) gauge bosons 23 which become very heavy and, in their turn, also
disappear from the light spectrum. We are left with the SU(2) theory with one flavor,

23The gauge bosons from the coset G/H , where G is the original gauge group and H is the un-
broken subgroup, are sometimes referred to as elephants in the Russian literature. This emphasizes
the fact that they become heavy while the gauge bosons ∈ H remain light.

112

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



Qα2 , qα2̄ , α = 2, 3. In this corner of the moduli space the invariant J becomes
J → τ 2

1 Q
α2 qα2̄ where the summation over α runs over α = 2, 3. Then, confronting

Eq. (5.9) with Eq. (4.36) we immediately conclude that the superpotential (5.9) is
indeed generated, the relation between the scale parameter of SU(2) and Λ3 being
Λ3 = (τ 2

1 Λ5
one−fl)

1/7.
The instanton-induced superpotential pushes the scalar fields away from the

origin and launches the spontaneous breaking of SUSY in the weak coupling regime.
To prove the dynamical SUSY breaking quickly, we can use Criterion 1 (Sec. 5.2),
since ū does not appear in Wtree. From the λ6 ψ2

Q ψ
2
q structure of the zero modes it

is perfectly clear that the condensate of Trλ2 actually develops. (Two gluino zero
modes are neutralized by the operator Trλ2 whose vacuum expectation value we
calculate. The remaining four gluino zero modes are paired with ψq and ψQ, as in
Fig. 3.). The run-away vacuum is impossible. Since Trλ2 6= 0, supersymmetry is
broken.

To obtain a more detailed information on the particle spectrum it is necessary
to investigate the effective low-energy Wess-Zumino model for the moduli. One can
either use the explicit parametrization of the moduli fields given in Eq. (2.62), with
the canonic kinetic terms 24, or, instead, deal directly with the moduli If̄ , J . In the
latter case the superpotential term is trivial, but the kinetic term acquires the Kähler
potential K. Both methods have their advantages and disadvantages; the second
approach is more common, however. One of the reasons is that it automatically
takes care of the global symmetry on the moduli space.

The total superpotential is

W = Wtree + Winst . (5.10)

The subsequent procedure is standard: one minimizes the scalar potential U ob-
tained from the given superpotential and the Kähler potential presented in Eq. (2.69),

U =
[

G−1
]

ij̄

∂W
∂φi

∂W̄
∂φ̄j̄

(5.11)

where

Gij̄ =
∂2 K
∂φi∂φ̄j̄

(5.12)

is the Kähler metric, G−1 is the inverse matrix, and φ1,2,3 are the lowest components
of the moduli If̄ and J .

Unlike the superpotential, which is exact both perturbatively and nonperturba-
tively, the Kähler metric is renormalized in higher loops. However, if the solution
for the vacuum lies at large values of the moduli – which is the case, as we will see
a posteriori, provided h≪ 1 – then all gauge bosons are heavy, the gauge coupling
is small, and the corrections to K are negligible.

24More exactly, the parametrization (2.62) must be generalized to include the flavor rotations
associated with the global SU(2) in {ū, d̄}.
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Minimizing U one gets [22]:

(τ1)vac ≈ 1.29
Λ3

h1/7
, (τ2)vac ≈ 1.25

Λ3

h1/7
, E ≈ 3.59 h10/7 Λ4

3 . (5.13)

In the limit h→ 0 the parameters τ1 and τ2 tend to infinity, as was expected. This
justifies the assertion of the weak coupling regime. The masses of the gauge bosons
are M ∼ gΛ3h

−1/7 → ∞.
The (former) massless moduli either remain massless or become light particles.

One Weyl fermion, Goldstino, is exactly massless. The role of Goldstino belongs to
the electron, as can be seen either directly from the effective low-energy Lagrangian
or indirectly, from the ’t Hooft matching.

The relevant anomalous triangle is that of three hypercharges. Remember, the
hypercharge is not gauged in the model at hand, so that this is an “external” anomaly
eligible for the ’t Hooft matching. The anomalous triangle does not vanish due to
the fact that the positron was removed from the matter sector in passing from SM
to the 3-2 model under consideration. In addition, we get a neutral fermion with
mass ≈ 11.3h6/7Λ3.

Among the scalar partners there is one strictly massless Goldstone boson, cor-
responding to the spontaneous breaking of the R symmetry, and one charged and
three neutral scalars with masses ∼ h6/7Λ3.

The 3-2 model presents a standard pattern of the dynamical SUSY breaking
in the weak coupling regime. Analyses of other models with the same dynamical
behavior go in parallel.

5.4 SU(5) model with two generations

The analysis of this model at the classical level was carried out in Sec. 2.5.3 where
an explicit parametrization of the D-flat directions was presented and the Kähler
potential on the moduli space built. A few additional remarks are necessary in order
to complete the treatment of the model. First of all, in accordance with the general
strategy, the exits from the valleys must be locked by a tree-level superpotential
term. If one limits oneself to renormalizable theories, this term can only contain the
M invariants cubic in the chiral superfields (see Eq. (2.70)). The chiral invariants of
the B type are quartic and, hence, if added, would ruin renormalizability. Of course,
if one considers the model as an effective low-energy approximation, one is free to
add the quartic invariants too. This has no qualitative impact on the dynamical
picture, however, and we will not do that.

The most generic form of the tree-level cubic superpotential is

Wtree = λM1 . (5.14)

It is always possible to rotate the fields to eliminate the M2 term by using the global
SU(2)X invariance of the kinetic term. The superpotential (5.14) breaks SU(2)X ;
the global SU(2)V remains intact. Two anomaly-free axial U(1) symmetries also
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survive as exact symmetries of the model (see below). The coupling constant λ is
assumed to be small, λ ≪ 1, to ensure calculability. Away from the origin of the
moduli space the theory is in the Higgs regime. Generically, the gauge group SU(5)
is completely broken. If we are far away from the origin, the gauge bosons are very
heavy in the scale Λ, and the theory is weakly coupled. Small λ will eventually lead
to a vacuum located far away from the origin.

It is not difficult to check, using the explicit parametrization (2.72), that the
tree-level term (5.14) locks all exits, so that the run-away vacuum is impossible.
The next question one must address is whether instanton generates a superpotential
pushing the theory away from the origin.

Again, as in 3-2 model, we first examine what can be said of the superpotential
on general grounds. The instanton-induced superpotential term (in the limit λ→ 0)
must involve both quintets and both (anti)decuplets, since there is one zero mode
in each quintet and three zero modes in each decuplet (in addition to ten gluino
zero modes, of course). Moreover, the above numbers of the zero modes imply that
each V superfield must be accompanied in the superpotential by three X super-
fields. Second, the instanton-induced superpotential term must respect the global
SU(2)X×SU(2)V invariance. This leaves us with a unique choice

Winst = const × (Λ5)
11

BḡfBḡ′f ′ǫḡḡ
′ǫff ′

, (5.15)

where the power of Λ in the numerator is established from dimensional counting,
and the invariants Bḡf are defined in Eq. (2.70). The expression in the denominator
is nothing but the invariant I2 defined in Eq. (2.74).

Equation (5.15) goes through additional checks. First, the power of Λ, eleven,
matches the first coefficient of the β function 3TG − ∑

i T (Ri). We remind that 25

T (V ) = 1/2 and T (X) = 3/2. In SU(5) with two generations 3TG−∑

i T (Ri) = 11.
The second test of Eq. (5.15) comes from counting the U(1) charges. As was

mentioned, the model has two conserved anomaly-free U(1) currents. The Konishi
current requires each V to be accompanied by three X’s. We already know this. As
for the R charges, it is convenient to define the conserved R current in such a way

25Incidentally, instanton calculus is the easiest and fastest way of calculating the Dynkin index,
if you do not have handy an appropriate text book where they all are tabulated, of course. The
procedure is as follows. Assume, a group G and a representation R of this group are given. Then
one must pick up an SU(2) subgroup of G and decompose R with respect to this SU(2). For each
irreducible SU(2) multiplet of spin j the index T = j(j + 1)(2j + 1)/3. Hence, the number of
zero modes in the SU(2) instanton background is (2/3)j(j + 1)(2j + 1). In this way one readily
establishes the total number of the zero modes for the given representation R. This is nothing but
the Dynkin index. The value of T (R) is one half of this number. For instance, in SU(5) a good
choice of SU(2) would be weak isospin. Each quintet has one weak isospin doublet; the remaining
elements are singlets. Each doublet has one zero mode. As a result, T (V ) = 1/2. Moreover,
each decuplet has three weak isospin doublets while the remaining elements are singlets. Hence,
T (X) = 3/2.
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Field ψX ψV X V B

R charge 0 −5 1 −4 −1

Table 6: The R charges in the SU(5) model with two generations.

that R(ψX) = 0. Then, the R charges of other fields are unambiguously fixed 26,
they are collected in Table 6.

With the given R charges of the X, V superfields the R charge of Winst in
Eq. (5.15) is two, in full accord with the exact R invariance (in the limit λ→ 0).

What remains to be done is to verify, by a straightforward one-instanton calcula-
tion, that the dimensionless numerical constant in Eq. (5.15) does not vanish. There
are no reasons for it to vanish, and it does not. Technically, one can exploit the very
same trick we described in connection with the 3-2 model. Choose a corner of the
moduli space corresponding to a two-stage breaking of the gauge group, SU(5) →
SU(2) → nothing. If the scale of the first breaking is much higher than that of the
second breaking, the elephant gauge bosons (i.e. those belonging to SU(5)/SU(2))
become very heavy and decouple, and the problem again reduces to the SU(2) model
with one flavor, Sec. 4.3. We urge the reader to go through this calculation, and
find the value of the numerical constant, this is a good exercise.

The resulting dynamical picture in the SU(5) model is very close to that in
the 3-2 model of Sec. 5.3. The instanton-induced superpotential pushes the theory
away from the origin of the valley. The tree-level superpotential does not allow
the vacuum to run away. An equilibrium is achieved at large values of the chiral
invariants, where the theory is in the weakly coupled (calculable) regime.

It is not difficult to check that the gluino condensate develops, much in the same
way as in the 3-2 model. Since the superfield X2 does not participate in the tree-
level superpotential, Criterion 1 of Sec. 5.2 tells us that supersymmetry must be
spontaneously broken. The SU(5) model under consideration is singled out from
the zoo of others by its special feature: this is the only one in the class of models
with the simple gauge group, TG >

∑

i T (Ri), and purely chiral matter, which leads
to the spontaneous breaking of SUSY in the weak coupling regime [111].

If one wants to know the light particle content of the theory in the SUSY breaking
vacuum, one must work out an effective low-energy description. Again, this could
be done either in terms of the explicit parametrization or by analyzing the effective
Lagrangian for the moduli. The Kähler potential on the moduli space is presented
in Eq. (2.76).

Analysis of the vacuum and light excitations was carried out in Ref. [112]. In

26 Again, the easiest way of establishing the form of the anomaly-free R current is instanton
calculus per se. The zero mode formula is λ10 ψ3

X1
ψV1

ψ3

X2
ψV2

. Hence, the anomaly-free R current
is obtained provided that the ratio of the R charges is R(ψV )/R(λ) = −5.
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A Q Q̄ S M P

2 −3 −1 4 −4 4

Table 7: The R charges in the 4-1 model.

the vacuum the values of the moduli scale as v ∼ λ−1/11Λ, while the vacuum energy
density scales as Evac ∼ λ18/11Λ4. The model has four massless Goldstone bosons
corresponding to the spontaneously broken global symmetries. Note that with the
tree-level superpotential switched on, the global flavor symmetry is SU(2)X×U(1)2.
It is spontaneously broken down to U(1). In addition, there are eight bosons with
masses proportional to λv ∼ λ10/11Λ.

5.5 The 4-1 model: SUSY breaking through gluino con-

densation

This model was treated in Refs. [32,33]. The field content of the matter sector is easy
to memorize: one starts from the SU(5) model with one generation and pretends
that SU(5) is broken down to SU(4)×U(1). Then

Xαβ → Aαβ +Qα , V
β → Q̄β + S .

In other words, we deal with 6 + 4 + 4̄ + 1. As we will see shortly, with this matter
set the theory is not fully Higgsed, an unbroken SU(2) subgroup survives, it is in
the strong coupling regime. Nevertheless, the light fields surviving at energies below
Λ2 are weakly coupled, their dynamics is described by a Wess-Zumino model which
is fully calculable and ensures the spontaneous SUSY breaking.

As a warm-up exercise let us turn off the U(1) coupling and focus on the SU(4)
theory (our intention is to take into account the U(1) later). In the SU(4) theory
there are three moduli,

M = QQ̄ , P = Pf(A) , and S . (5.16)

We collected in Table 7 the R charges of the elementary fields and the moduli.
A generic point from the vacuum valley corresponds to the SU(4) → SU(2)

pattern of the gauge symmetry breaking. Thus, in the low-energy limit one deals
with SU(2) SUSY gluodynamics, supplemented by three gauge-singlet moduli fields.
Below the scale of SU(2) theory only the moduli survive; a nonperturbative super-
potential for them is generated through the gluino condensation,

W ∼ (Λ2)
3 ∼ (Λ4)

5

√
MP

, (5.17)
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where Λ2,4 are the scale parameters of SU(2) and SU(4), respectively.
Now it is time to turn on the U(1) coupling. Then the D-flatness conditions with

respect to U(1) eliminate one moduli field out of three. The remaining moduli are

I1 = MP and I2 = MS .

The superpotential (5.17) does not depend on I2; it pushes I1 towards infinity. To
lock the valleys one can introduce a tree-level superpotential, much in the same way
as in the 3-2 model. An appropriate choice of the superpotential is

Wtree = hI2 ≡ hSM . (5.18)

It is not difficult to show [32, 33] that adding hSM one locks all D-flat directions,
SU(4) and U(1), simultaneously, eliminating the possibility of the run-away behav-
ior.

The resulting low-energy theory presents a close parallel to the 3-2 model and can
be analyzed in the weak coupling regime. Basically, the only difference is the origin of
the nonperturbative superpotential. In the 3-2 model it was provided by instanton,
here by the gluino condensation. The gluino condensate is known exactly [58].
The procedure of the vacuum state searches is straightforward, albeit numerically
tedious, as in the 3-2 model itself. We will not go into details here referring the reader
to the original publications. The conclusion is that supersymmetry is dynamically
broken. A non-supersymmetric vacuum is found at

v ∼ Λ4h
−1/5 ≫ Λ4

where v is the scale of the typical expectation value of the matter fields, so that all
corrections (say, to the Kähler function) turn out to be small. The vacuum energy
density scales as

Evac ∼ h6/5(Λ4)
4 .

The 4-1 model is only the simplest representative of its class. It can be gen-
eralized in various directions. The basic idea – a nonperturbative superpotential
through the gluino condensation in an unbroken subgroup, plus a cleverly chosen
tree-level superpotential – persists. In particular, 2k-1 models (k > 2) were consid-
ered in [32, 33].

5.6 A few words on other calculable models

Using the strategy outlined above one can construct more complex calculable models
with the spontaneously broken SUSY. The models based on products of unitary
groups, SU(N)×SU(M), are listed in Table 8.

Simplectic and some other subgroups were considered too (e.g. [32,114,115]). It
is hardly necessary to dwell on these examples since, with a single exception, they
do not go beyond the range of ideas that are already familiar. The interested reader
may consult the original publications.
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Model N -2 N -(N−1) N-(N−2)

Matter {N, 2} + 2 {N̄, 1}
+{1, 2}

{N,N − 1}
+(N − 1) {N̄, 1}
+N{1, N − 1}}

{N,N − 2}
+(N − 2) {N̄, 1}
+N {1, N − 2}

Comments,
references

N odd, atN > 5 quar-
tic superpotential re-
quired, [32]

Non-renormalizable
Wtree, [113]

Via duality relat-
ed to N -2 models,
[113]

Table 8: The SU(N)×SU(M) models, usually referred to as the N-M models.

The exception mentioned above is the use of Seiberg’s duality [31]. Assume
that we have a dual pair such that the “electric” theory is weakly coupled while
the “magnetic” theory is strongly coupled. Assume that one can establish that
under a certain choice of parameters the “electric” theory spontaneously breaks
supersymmetry. Then, SUSY must be broken in the “magnetic” theory too, and
one learns something about this noncalculable breaking from consideration in the
weak coupling regime. The information is not too abundant, though, since the full
mapping between the “electric” and “magnetic” theories is not known. The best-
known problem belonging to this class is the N-(N–2) model analyzed along these
lines in [113]. Its dual strongly coupled partner is the N-2 model.

Another issue worth mentioning is a device, dating back to the 1980’s [58], al-
lowing one to convert “non-calculable” models into calculable. The main idea is as
follows. Given a model where SUSY is broken in the strong coupling regime, one
introduces in this model, additionally, non-chiral matter (i.e. a set of matter fields
with mass terms that are assumed to be small). Such an expansion definitely does
not change Witten’s index. The extra matter fields may result in the emergence of
the D flat directions. If they do, and if a repulsive superpotential is generated, su-
persymmetry may be spontaneously broken in the weak coupling regime. The best
known example of this type [33, 116] is the SU(5) theory with one anti-decuplet,
one quintet plus one or two extra {5 + 5̄}. One may call it a non-minimal one-
generation SU(5) model (non-minimal, because of the extra nonchiral matter). If
the mass term of the extra flavor is small, the corresponding dynamics turns out
quite similar to that of the 3-2 model: the theory is fully Higgsed, instanton does
generate a superpotential term repulsing the theory from the origin, the exits from
the valleys are locked. When the mass terms are small, the vacuum lies far away
from the origin. Everything is calculable.

When the mass terms of the non-chiral matter fields increase, the vacuum moves
towards the origin of the valley, and the coupling constant becomes stronger. Even-
tually, when all mass terms become of order Λ5, the calculability is lost. (One still
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can argue, following an indirect line of reasoning, based on Criterion 2 in Sec. 5.2
and holomorphy, that SUSY stays broken. But this is a different story.)

One last remark in conclusion of this mini-survey. A class of promising calculable
models based on the novel idea – the ITIY nonchiral mechanism of the dynamical
SUSY breaking – was engineered by Dimopoulos et al. [16]. The ITIY model per se
is noncalculable, and is considered in Sec. 6. The modification necessary in order
to make it calculable, sometimes called the plateau mechanism, logically belongs to
the current section, but it would be hardly possible to consider it here, prior to the
discussion of the ITIY model. Therefore, we postpone a “get acquainted with the
plateau mechanism” part till Sec. 6.3.

6 Spontaneous Supersymmetry Breaking in

Strong Coupling

6.1 SU(5) model with one generation

This is the simplest model where the dynamical SUSY breaking may occur, as was
understood shortly after the search began [20,21]. In fact, this is the simplest simple-
gauge-group model with the nonchiral matter. It is truly strongly coupled, the only
relevant parameter is Λ, no small parameters exist, and if SUSY is broken, the scale
of the breaking has to be ∼ Λ.

We are already familiar with many features of this model. It has no flat direc-
tions, no superpotential is possible, and it possesses two conserved U(1) currents –
the Konishi current and the R current. The corresponding charges of the matter
fields are

QK(X) = −1, QK(V ) = 3 ; R(X) = 1 , R(V ) = −9 , (6.1)

where our convention regarding the R charge of ψX is R(ψX) = 0, the same as in
the SU(5) model with two generations. The zero mode formula is λ10 ψ3

X ψV .
Both criteria of the dynamical SUSY breaking formulated in Sec. 5.2 are appli-

cable. Here is how it works.

(i) Gluino condensation

Following [20] (see also Sec. 4.2) one can consider the correlation function

Π(x, y, z) = 〈T (λ2(x), λ2(y), σ(z))〉 , (6.2)

where
σ = ǫαβγδρXαβXγδ (V κXκχλ

χ
ψλ

ψ
ρ )
∣

∣

∣

θ=0
, (6.3)

and the Greek letters are used for the SU(5) gauge indices (the Lorentz indices of
the gluino field are suppressed).

120

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



I

λ

y

X

V

z

x

X

X

λ

λ

λ

λ

λ

Figure 5: The instanton saturation of the correlation function (6.2) in the one-
generation SU(5) model.

All operators in the correlation function Π(x, y, z) are the lowest components of
the chiral superfields. Then supersymmetry tells us that, if this correlation func-
tion does not vanish, it can only be an x, y, z independent constant [3]. It goes
without saying that Π(x, y, z) vanishes in perturbation theory. The one-instanton
contribution is non-vanishing, however, (see Fig. 5) and does, indeed, produce
Π ∝ (Λ5)

13 (The exponent 13 coincides with the first coefficient of the β func-
tion.) If x, y, z ≪ Λ−1 one expects that the one-instanton contribution saturates
Π(x, y, z), so that the constant obtained in this way is reliable. If so, one can pass
to the limit x, y, z → ∞ and use the property of clusterization at large x, y, z to
argue that the gluino condensate develops 27, 〈λ2〉 6= 0. Since the superpotential
is absent, the gluino condensate is the order parameter for SUSY breaking. One
concludes that supersymmetry is spontaneously broken [20].

(ii) Breaking of global symmetries

An alternative line of reasoning [21] is based on Criterion 2. Assume that neither
of the two U(1) symmetries of the model (see Eq. (6.1)) is spontaneously broken.
Then one has to match six ’t Hooft anomalous triangles [108]:

TrQR = −26, TrQK = 5, TrQ3
K = 125,

TrQ3
R = −4976, TrQRQ

2
K = −450, TrQ2

RQK = 1500 . (6.4)

Solutions of these matching conditions do exist [21] but they look rather awful. For
instance, a minimal solution requires five massless composite Weyl fermions with
the following assignment of the {QK , QR} charges:

(−5, 26), (5,−20), (5,−24), (0, 1), (0,−9) .

27The solution with 〈λ2〉 = 0 and 〈σ〉 → ∞ is ruled out due to the absence of the flat directions
(vacuum valleys).

121

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



Since the solution is so complicated it is then natural to conclude (natural but
not mandatory) that at least one of the axial symmetries is spontaneously broken,
which, according to Criterion 2, would entail the spontaneous SUSY breaking. The
spectrum of the theory must include at least several composite massless particles:
the Goldstino, and one massless boson for each broken axial symmetry.

(iii) Adding nonchiral matter

Finally, the third alternative route providing an additional argument that SUSY
is broken follows the strategy of [58] – adding nonchiral matter with a small mass
term m makes the theory more manageable by Higgsing (a part of) the gauge group
and creating a theory whose dynamical behavior is simpler than that of the original
one. The pattern of SUSY breaking/conservation can be established in this auxiliary
model; then one can return back to the original model by sending m → ∞. If no
phase transition in m happens en route one gets an idea of the vacuum structure of
the original model.

This strategy was applied to the SU(5) model in [116] and [33], where one and two
additional flavors, respectively, were introduced. For instance, with one extra flavor
(Q, Q̄) one arrives at a four-dimensional moduli space parametrized by four chiral
invariants XXQ̄, QQ̄, XVQ, and V Q̄. A generic point from the vacuum valley
corresponds to the breaking of the gauge SU(5) down to SU(2), with four color-
singlet moduli. The low-energy theory for these moduli represents a generalized
Wess-Zumino model. A nonperturbative superpotential is generated through the
gluino condensation in the SU(2) theory. If the most general renormalizable tree-
level superpotential is added, one arrives at a typical O’Raifeartaigh model of the
spontaneous SUSY breaking [116]. Certainly, the limit m → ∞ that returns us to
the original theory and the strong coupling regime, cannot be achieved in a rigorous
manner. The very fact of the SUSY breaking is a rigorous statement, however.
Indeed, the gluino condensate 〈λλ〉 depends on m linearly 28. Therefore, if 〈λλ〉 6= 0
at small m, it cannot vanish at large m.

Concluding this section let us note that the S0(10) model with a single spinor
(i.e. 16-plet) representation is very similar to the one-generation SU(5). It is both
chiral – no mass term is possible – and free from the internal anomalies. The
model was treated along the same lines as the one-generation SU(5) model in the
1980’s [22]. Calculable deformations obtained by supplementing the original model
by one nonchiral matter superfield in the representation 10 were considered by
Murayama [116].

6.2 The Intriligator-Seiberg-Shenker model

The mechanism suggested by these authors [6] is the SU(2) gauge theory with a
single matter superfield Q in the representation 3/2, i.e. Qαβγ , symmetric in all
three indices (α, β, γ = 1, 2). This theory is chiral since no mass term is possible.

28The proof that 〈λλ〉 ∝ m is suggested to the reader as an exercise.
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Indeed, it is easy to see that the only quadratic invariant one could write QαβγQ
αβγ

vanishes identically. Obviously, there are no cubic invariants. The first (and the
only) nontrivial invariant is quartic,

u = QαβγQ
αβρQα̃β̃γQα̃β̃ρ . (6.5)

Thus, a one-dimensional vacuum valley exists; it is parametrized by the modulus u.
At the origin of the valley, u = 0, the classical theory exhibits massless fields (the
gauge bosons and gauginos). At u 6= 0 the gauge SU(2) is fully broken, the theory
is fully Higgsed. If u ≫ Λ, the gauge bosons are heavy, and the theory is weakly
coupled.

The model possesses a single anomaly-free R current 29, with the following R
charges:

R(ψQ) = −2

5
, R(Q) =

3

5
. (6.6)

The R charge of u is 12/5 while that of ψu is 7/5. The R charge conservation is
spontaneously broken at u 6= 0.

Following [6] let us assume that a (nonrenormalizable) tree-level superpotential
is added, W = u/M0, where M0 is some ultraviolet parameter, M0 ≫ Λ. This su-
perpotential should be considered as a low-energy limit of some fundamental theory
defined at the scale M0. What exactly this fundamental theory is need not concern
us here. The tree-level superpotential is treated in the first nontrivial order in Λ/M0.
It is not iterated – the iterations cannot be considered without the knowledge of the
fundamental theory because of the nonrenormalizable nature of W = u/M0. Higher
order effects in Λ/M0 are discarded.

Classically the effective Lagrangian for the moduli field takes the form

L =
1

4

∫

d4θ(ūu)1/4 +
{

1

2

∫

d2θ
u

M0
+ H.c.

}

. (6.7)

It has a unique supersymmetric vacuum state at u = 0. The tree-level superpo-
tential pushes the theory towards the origin of the valley. The existence of the
supersymmetric vacuum at u = 0 is entirely due to the fact that the kinetic term
for u in Eq. (6.7) is singular at u = 0.

While the kinetic term (ūu)1/4 is definitely correct at large u, at small u the
singularity could be smoothed out provided that the theory at small u is in the
confining phase. Then, generally speaking, there are no reasons to expect that there
are massless physical states, other than those described by the moduli field u, and,
if so, one can expect the Kähler function to be regular at the origin,

K = (ūu)1/4 −→ K = Λ−6(ūu) + ... , (|u| ≪ Λ) .

29The specific form of the R current depends on the group factors. The expression in Eq. (6.6)
takes into account that T (3/2) = 5, and the zero mode formula is λ4ψ10

Q .
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Let us accept this assumption as a working hypothesis. Then the would-be super-
symmetric vacuum at u = 0 disappears. Indeed, at small u

Fu =
Λ6

M0

and E =
Λ6

M2
0

. (6.8)

The vacuum energy density is very small being measured in its natural units,
E/Λ4 ≪ 1, but is definitely non-zero. Since at large u the valley is locked and there is
no supersymmetric solution either, one arrives at the conclusion of the spontaneous
supersymmetry breaking in the model under consideration.

What are the arguments in favor of the hypothesis of the confining regime at
small u and no massless fields other than u itself?

In essence, there is only one argument [6]: the ’t Hooft matching at u = 0.
At the origin of the valley the R charge is conserved provided the small tree-level
superpotential is switched off. There are two ’t Hooft triangles: TrQR and TrQ3

R.
If the theory is in the confining regime, with no massless composites, both triangles
must be matched by the contribution of ψu. And they do match! Indeed, it is easy
to see that

TrQR =
7

5
, TrQ3

R =
(

7

5

)3

.

Since the R charge of ψu is 7/5, the matching is automatic.
Is this argument sufficiently conclusive in order to say that the theory is in the

confining regime, and the Intriligator-Seiberg-Shenker mechanism works? Perhaps,
not. In fact, one can give a rather strong argument pointing in the opposite direction.

Although the model at hand is asymptotically free, it is barely so. The first
coefficient of the β function is abnormally small, β0 = 6 − 5 = 1. The second co-
efficient of the β function is of a normal size and positive. So it is very likely that
the β function has a zero at a small value of α, and the theory is conformal and
relatively weakly coupled in the infrared, much in the same way as QCD with Nf

close to 11Nc/3 [117, 118] or SQCD with Nf slightly lower than 3Nc, i.e. near the
right edge of the conformal window [31]. The only distinction is that in the latter
case, by sending Nc → ∞, we can approach to the edge of the conformal window
arbitrarily closely, so that the infrared fixed point of the β function occurs at an ar-
bitrarily small value of α, and higher order effects are parametrically suppressed. In
the Intriligator-Seiberg-Shenker model one has to rely on the numerical suppression
of the higher order effects in γ. In order to give the reader the idea of the degree of
suppression let us do this simple numerical exercise. The numerator of the NSVZ β
function in the model at hand is proportional to

3TG − T (3/2)(1− γ(α)) = 1 + 5γ(α) , (6.9)

where γ(α) is the anomalous dimension of the field Qαβγ . The infrared fixed point
occurs at α∗ such that

γ(α∗) = −1

5
. (6.10)
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In the leading order

γ(α) = −C2(R)
α

π
, (6.11)

where

C2(R) = T (R)
dim (adj)

dim(R)
=

15

4
for R = 3/2 .

The coefficient C2 is rather large by itself; what is important, this numerical en-
hancement does not seem to propagate to higher order coefficients in γ. Combining
Eqs. (6.10) and (6.11) one arrives at 30

α∗
π

=
4

75
. (6.12)

It seems rather unlikely that, with this small value of the critical coupling constant,
the higher-order corrections are so abnormally large that they eliminate the infrared
fixed point altogether.

What if the infrared fixed point exists in the weak coupling regime? Then, the
infrared limit is conformal (the non-Abelian Coulomb phase). Needless to say that
the ’t Hooft matching becomes uninformative: if the theory is in the non-Abelian
Coulomb phase, the ’t Hooft triangles are trivially saturated by the unconfined
gluino and quark fields themselves. Moreover, the singularity in the Kähler function
need not be smoothed out, and the conclusion of the dynamical SUSY breaking
becomes unsubstantiated. It is natural then to find a supersymmetric vacuum at
u = 0.

Everything seems self-consistent, except a single question: why then the two
’t Hooft triangles of the model, TrQR and TrQ3

R, are successfully saturated by the
composite ψu? Can this matching be a mere coincidence?

We cannot be sure. It is worth adding, though, that at least one example of
such a coincidental matching was found in a rather similar model [119]. The model
consists of the SO(N) gauge sector, plus a single matter (chiral) superfield in the
(two-index symmetric traceless) tensor representation of SO(N). The moduli fields
of this model are known to saturate the ’t Hooft triangles corresponding to all
unbroken global axial symmetries at the origin of the moduli space. One would
then naturally expect to find the confining phase at the origin. At the same time,
in Ref. [119] it was argued that the origin of the moduli space belongs to the non-
Abelian Coulomb phase rather than to the confining phase, and the above matching
by the moduli fermions is coincidental. The essence of the argument is beyond the
scope of this review. The interested reader is referred to [119].

In summary, the Intriligator-Seiberg-Shenker model was designed to provide a
new mechanism of the dynamical SUSY breaking. It remains to be seen whether it
actually does the job. Even if the original SU(2) model is in the infrared-conformal
phase and preserves supersymmetry one can try to construct other, more compli-
cated models based on the same idea which, hopefully, do not fall in the conformal

30For comparison: in QCD with fifteen massless flavors α∗/π = 1/22.
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window. A promising candidate of this type is an SU(7) model [120] with two
anti-symmetric tensors, six (anti)fundamentals and an appropriate tree-level super-
potential, believed to be s confining.

6.3 The Intriligator-Thomas-Izawa-Yanagida model

The model is nonchiral, Witten’s index is two. Nevertheless, supersymmetry is
dynamically broken, in a manner briefly discussed in Sec. 2.10. Here we explain in
detail how the ITIY mechanism works.

The model [7] is a close relative of the SU(2) model considered in Sec. 4.4. The
matter chiral superfields Qα

f are four color doublets (α = 1, 2 and f = 1, 2, 3, 4 are
color and subflavor indices). In addition to the “quark” superfields Qα

f , six color-
singlet chiral superfields Sfg = −Sgf are introduced. Their interaction with Qαf is
due to the superpotential,

W =
h

2
SfgQα

f Q
β
g ǫαβ . (6.13)

The theory is globally invariant under the SU(4) rotations of the subflavors. It also
has a conserved R charge: Qα

f is neutral while the R charge of Sfg is two.
Let us start from the case h = 0 when the superpotential (6.13) is switched

off and the singlet fields Sfg are decoupled. This case is well studied [30], see also
Sec. 4.4. The classical moduli space is spanned by the gauge invariants

Mfg = −Mgf = Qα
fQ

β
g ǫαβ (6.14)

The matrix Mfg is antisymmetric in f, g, its six elements are subject to one classical
constraint (4.43). Nonperturbative quantum corrections change the geometry of the
moduli space, the constraint Pf(M) = 0 is replaced by Pf(M) = Λ4

two−fl, so that the
origin is excluded.

Let us now switch on the interactions (6.13). It is clear that the consideration
of Sec. 4.4 remains valid, with the substitution mfg → hSfg (the lowest component
of Sfg is implied). Thus one gets,

〈Mfg〉 = − 1

16π2h

[

1

S

]

fg

〈

TrW 2
〉

;
〈

TrW 2
〉

= const h
√

Pf(S) Λ2
two−fl . (6.15)

Now the fields Sfg are dynamical; to determine the vacuum state one has to take
into consideration their F terms,

〈FSfg〉 =

〈

∂

∂Sfg
W
〉

= h 〈Mfg〉 . (6.16)

Since 〈Mfg〉 does not vanish, 〈Mfg〉 ∼ hΛ2, this leads to a clear contradiction with
the presumed supersymmetry of the vacuum state.
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To get a clearer picture of the phenomenon (and, in particular, to answer the
question how SUSY can be broken in the theory where Witten’s index does not
vanish, IW = 2) let us add a small mass term to the fields S. To keep our presentation
as transparent as possible we will assume that

S12 = S34 ≡ S, all other components vanish.

In fact, for any general set of Sfg one can always perform a global SU(4) rotation
to eliminate all components other than S12 and S34.

The part of the superpotential containing S consists of the tree-level term mS2,
plus the nonperturbative term due to the gluino condensation 31,

WS =
1

2
mS2 ± const hS Λ2

two−fl . (6.17)

We find two supersymmetric vacua at

S = ±const hm−1Λ2
two−fl , (6.18)

in full accord with Witten’s index. In the limit of small m, however, these super-
symmetric vacua lie very far in the space of fields. Let us see what happens at a
finite distance in the space of fields.

If |S| ≪ hm−1Λ2
two−fl, the vacuum energy density E is just a constant,

E = |FS|2 = const h2Λ4 . (6.19)

We get a plateau, or indefinite equilibrium.
The equilibrium is destroyed by the perturbative corrections to the Kähler func-

tion [121]. Assume that h−1Λ ≪ |S| ≪ hm−1Λ2. Then the renormalization of the
kinetic term is weak; at one loop it is given by the following Z factor

Z = 1 + C
h2

16π2
ln
MUV

h |S| , (6.20)

where C is a positive constant and MUV is the ultraviolet cut off. Inclusion of this
correction tilts the plateau,

E = |FS|2Z−1 = const2 h2 Λ4

(

1 + C
h2

16π2
ln
MUV

h |S|

)−1

, (6.21)

making the theory slide towards smaller values of |S|. A minimum (or minima) is
achieved somewhere at h |S| <∼ Λ. At h |S| ∼ Λ Eq. (6.21) becomes inapplicable,
of course. Perturbation theory becomes useless for the calculation of the Kähler
potential. One can show [122], however, that at |S| <∼ Λ noncalculable terms in

31The ambiguity in the sign of the constant in Eq. (6.17) is in one-to-one correspondence with
the ± sign in Eq. (4.53).
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the Kähler potential are suppressed by powers of h and are negligible provided that
h≪ 1. One gets a stable non-supersymmetric vacuum at 〈S〉 = 0. Besides the Gold-
stino, at 〈S〉 = 0 the theory exhibits five massless Goldstone bosons corresponding
to the spontaneous breaking of the global SU(4) down to Sp(4). Of course, the
analysis of Ref. [122] has nothing to say about the possibility of finding a still lower
non-supersymmetric vacuum at h |S| ∼ Λ. In this domain the Kähler potential is
noncalculable.

For finite values of m the non-supersymmetric vacua are quasistable because of
the tunneling into the supersymmetric vacuum at 〈S〉 ∝ 1/m. In the limit m → 0
the tunneling probability vanishes, and the non-supersymmetric vacuum becomes
stable.

An elegant idea of how to make the ITIY mechanism fully calculable by stabi-
lizing the theory on the plateau at sufficiently large values of S was suggested in
Ref. [16]. Assume that a part of the global SU(4) of the ITIY model is gauged. The
original gauge SU(2) – call it strong – is thus supplemented by additional weaker
gauge interactions, with the gauge coupling αa, such that Λa ≪ Λ (the subscript
a means additional). The particular pattern considered in [16] was SU(2)× SU(2)
weak gauge group. Note that the Yukawa coupling h is a free parameter, so that
the ratio of αa/h can be arbitrary.

Then the Z factor of the gauge fields gets a contribution both, from the Yukawa
interactions and the weak gauge interactions. If αa ≫ h the tilt of the plateau
is reversed (since the signs of these two contributions are opposite), |S| is pushed
towards large rather than small values. This drive towards large values of |S| even-
tually stops since the running of αa makes this coupling constant smaller at large
|S| while h gets larger. Sooner or later h wins over αa. The theory can be stabilized
at arbitrarily large values of |S|, where the Z factor is calculable to the degree of
precision we want.

As an additional bonus one finds that at large values of |S| the supersymmetry
breaking effects can be as small as we want. At first sight this conclusion seems
rather paradoxical since Evac ∼ h2Λ4 and is seemingly S independent. One should
not forget, however, that the natural unit of energy is set by the gluino condensate,
〈λ2〉 ∼ SΛ2 ≫ Λ3. Being measured in these natural units, the vacuum energy is
very small,

Evac ∼ S−2〈λ2〉2 ,
and the spitting between the glueball/glueballino masses is of order S−2〈λ2〉. The
ratio of the splitting to the masses themselves tends to zero as S−2. The S superfield
acts as a phantom axion/dilaton – asymptotically massless and non-interacting –
much in the same way as the invisible axion of QCD [123].

Concluding this section let us note that a straightforward generalization of the
ITIY mechanism based on SU(N) SQCD with N quark flavors and N2 + 2 gauge
singlets was considered in Ref. [122].
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7 Impact of the Chirally Symmetric Vacuum

The existence of TG distinct (but physically equivalent) chirally asymmetric vacuum
states in SUSY gluodynamics is a well-established fact. We have already mentioned
in passing, that a physically inequivalent chirally symmetric state at 〈λ2〉 = 0, the
Kovner-Shifman vacuum, is not ruled out; moreover, certain arguments make one
believe [56] that chirally symmetric regime is attainable, the 〈λ2〉 = 0 phase of SUSY
gluodynamics exists. If this is indeed the case, and if this vacuum does not disappear
in the presence of sufficiently light (or massless) matter, it would lead to absolutely
drastic consequences in many mechanisms of the dynamical SUSY breaking: they
will simply disappear.

Let us first briefly review the arguments in favor of the Kovner-Shifman vacuum.
First, it is present in the Veneziano-Yankielowicz effective Lagrangian (see Sec. 2.9)
which encodes information on the anomalous Ward identities in SUSY gluodynamics
and is expected to properly reflect its vacuum structure. Second, the instanton
calculations of the correlation function 〈λ2(x)λ2(0)〉 at small x, performed in the
strong coupling theory and in the weak coupling theory (i.e. adding matter in
SU(2) SUSY gluodynamics, Higgsing the theory, and then returning back by using
holomorphy in the matter mass parameter) do not match each other (Secs. 4.2, 4.3).
The first method yields a smaller value for the gluino condensate than the second

one [13]. The mismatch is
√

4/5 for SU(2). The mismatch could be explained

if one invokes a hypothesis of Amati et al. [43], according to which the strong
coupling calculation of the correlation function 〈λ2(x)λ2(0)〉 in fact yields a result
averaged over all vacuum states of the theory. If the 〈λ2〉 = 0 vacuum exists, it
would contaminate this correlation function, explaining in a natural way the 4/5
suppression factor compared to the calculation in the weak coupling regime. The
evidence for the chirally symmetric state is admittedly circumstantial. In particular,
as it was discussed in Sec. 4.2, the hypothesis of Amati et al. [43] is in contradiction
with the strong coupling solution of the N = 2 gluodynamics softly broken to N = 1.

The Kovner-Shifman vacuum must give zero contribution to Witten’s index since
the latter is fully saturated by the chirally symmetric vacua. If so, it is potentially
unstable under various deformations. For instance, putting the system in a finite-size
box lifts the vacuum energy density from zero [124]. This vacuum disappears in finite
volume 32. This instability – the tendency to escape under seemingly “harmless”
deformations – may explain why the Kovner-Shifman vacuum at 〈Trλ2〉 = 0 is
not seen in Witten’s D-brane construction [125] . Perhaps, this is not surprising
at all. Indeed, there is a good deal of extrapolation in this construction, against
which the chirally asymmetric vacua are stable (they have no choice since they have
to saturate Witten’s index) while the 〈Trλ2〉 = 0 vacuum need not be stable and
may not survive the space-time distortions associated with the D-brane engineering.
Neither it is seen in the Seiberg-Witten solution [95] of N = 2 SUSY gluodynamics

32It goes without saying that massless fermions are mandatory in the 〈λ2〉 = 0 phase of SUSY
gluodynamics.
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slightly perturbed by a small mass term 33 of the matter field mTr Φ2, (m ≪ Λ). If
at all, it can exist only at large values of m, i.e. m≫ Λ.

One may ask a question: “Are we aware of any other examples of supersym-
metric theories where Witten’s index vanishes, and the supersymmetric vacuum
appears/disappears under deformations of parameters that do not change the struc-
ture of the theory, e. g. variations of mass parameters or putting the theory in a
box of size L and considering the theory at large but finite L instead of the limit
L→ ∞?”

The answer is yes. Surprisingly, the simplest two-dimensional theory with the
minimal supersymmetry, N = 1, is of this type. The model we keep in mind (to be
referred to as the minimal model) is similar to that described in detail in Sec. 3.3,
but simpler. Assume that instead of two chiral superfields we deal with one (i.e.
omit φ2 and ψ2 from Eqs. (3.22) and (3.23)). This cubic superpotential model has
Witten’s index zero. This can be seen in many ways. Say, if the mass parameter
m2 in the superpotential is made negative, the equation ∂W/∂φ = 0 has no real
solutions. Alternatively, one can consider the theory with positive m2 in a finite
box, of length L. If λL ≪ 1, it is legitimate to retain only the zero momentum
modes discarding all others. Then one gets a quantum-mechanical system known to
have vanishing Witten’s index [2].

The minimal model at positive (and large) values of m2 has two physically equiv-
alent vacua, at φ = ±

√
2m/λ. The vanishing of Witten’s index implies that if one

of the vacua is “bosonic”, the other is “fermionic”.
Although Witten’s index in the minimal model does vanish, supersymmetry

is not spontaneously broken, provided m2 is large and positive, i.e. m2 ≫ λ2.
The supersymmetric vacuum with the zero energy density exists. Indeed, one can
show that v2 = m2/λ2 is the genuine dimensionless expansion parameter in the
theory at hand (the expansion runs in powers of 1/v2). At large v2 the theory is
weakly coupled. Since there are no massless fields in the Lagrangian, (and they
cannot appear as bound states in the weak coupling regime), there is no appropriate
candidate to play the role of Goldstino, and, hence, SUSY must be realized linearly.

At large negative m2 the field φ does not develop a vacuum expectation value.
SUSY is broken. The ψ field is massless, and is the Goldstino of the spontaneously
broken SUSY. In fact, one can argue that the SUSY breaking takes place at positive
but small values of m2, m2 ∼ λ2. The classical potential for such values of parame-
ters has an underdeveloped peak at φ = 0 plus two shallow minima at φ ∼ ±1. The
quantum corrections are likely to completely smear this structure, leaving no phys-
ical states at zero energy. The switch from the unbroken to spontaneously broken
SUSY occurs as a phase transition in the mass parameter.

This example teaches us that it is not unreasonable to think of the existence of
the 〈λ2〉 = 0 phase of SUSY gluodynamics, even if neither the D-brane perspective
nor the Seiberg-Witten solution of N = 2 at small m carry indications on such a

33 The chirally symmetric state 〈λ2〉 = 〈mΦ2〉 = 0 resembles sphaleron: it realizes a saddle point
of the energy.

130

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



solution. Assuming that it exists, one may ask what are its implications on the
SUSY breaking mechanisms we discussed.

The mechanisms that are based on the weak coupling regime are least affected.
Formally, it may well happen that, apart from the SUSY-breaking vacua at large
values of fields, there exists a SUSY-conserving vacuum at small values. These
vacua are well-separated in the space of fields. The SUSY-breaking vacua remain as
quasistable. Under an appropriate choice of relevant parameters the barrier may be
arbitrarily large, and if the theory initially finds itself in the SUSY-breaking vacuum,
it will never leak to the SUSY-conserving one, for all practical purposes. It is worth
noting that the possibility of SUSY-conserving vacua, separated by a large distance
in the space of fields from the SUSY-breaking vacuum, where the theory actually
resides, was incorporated from the very beginning in the plateau models of Ref. [16].
The possibility of existence of the SUSY-conserving vacua in the domain of strong
coupling in the 3-2 model or the two-generation SU(5) model just puts them in the
same class as the plateau models.

The most affected are the mechanisms based on the gluino condensation in the
strong coupling regime, e.g. the one-generation SU(5) model or the ITIY model.
For them, the Kovner-Shifman vacuum may be a fatal blow. The ISS mechanism
and its derivatives are neutral. As far as we see it now, they are independent of this
phenomenon, and remain intact.

8 Concluding Remarks

The instanton calculus proved to be a powerful tool in analyzing supersymmetric
theories. In this review we focused mainly on formal aspects of the method and
several applications.

Although the instanton calculus score an impressive list of results, still some
conceptual issues remain unclear. Two points are most disturbing. First, the result
obtained via instantons as a rule are of the topological nature: they do not depend
on specific details. For example, in the one-flavor model the nonperturbative super-
potential is totally determined by the zero-size instantons. Second, the VEV scale
v inherent to the instanton calculations in the Higgs phase has no direct physical
meaning. It is clear that instanton results are an indirect reflection of physics at the
monopole/sphaleron scale v/g. The whole story reminds a famous Anderson’s fairy
tail where a soldier cooked a soup from an axe.

An example where the relation to the monopole scale is established is provided
by N = 2 theories [95] where one and the same function determines both the
scattering amplitudes in the infrared and the monopole/dyon spectrum. We believe
that a similar relation exists in N = 1 theories. An important task is to reveal it.
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