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Lecture 1

Basic properties

1.1 Generalities about rational maps and linear systems

Recall that arational mapf : X 99K Y of algebraic varieties over a fieldK is a
regular map defined on a dense open Zariski subsetU ⊂ X. The largest such set
to whichf can be extended as a regular map is denoted by dom(f). Two rational
maps are considered to be equivalent if their restrictions to an open dense subset
coincide. A rational map is calleddominantif f : dom(f) → Y is a dominant
regular map, i.e. the image is dense inY . Algebraic varieties form a category RatK
with morphisms taken to be equivalence classes of dominant rational maps.

From now on we restrict ourselves with rational maps of irreducible varieties
overC. We usefd to denote the restriction off to dom(f), or to any open subset
of dom(f). A dominant mapfd : dom(X) → Y defines a homomorphism of the
fields of rational functionsf∗ : R(Y ) → R(X). Conversely, any homomorphism
R(Y ) → R(X) arises from a unique dominant rational mapX 99K Y . If f∗ makes
R(X) a finite extension ofR(Y ), then the degree of the extension is thedegreeof
f . A rational map of degree 1 is called abirational map. It is also can be defined
as an invertible rational map.

We will further assume thatX is a smooth projective variety. It follows that
the complement of dom(f) is of codimension≥ 2. A rational mapf : X 99K
Y is defined by a linear system. Namely, we embedY in a projective spacePr

and consider the complete linear systemHY = |OY (1) := |H0(Y,OY (1))|. Its
divisors are hyperplane sections ofY . The invertible sheaff∗dOY (1) on dom(f)
can be extended to a unique invertible sheafL on all ofX. Also we can extend the
sectionsf∗d (s), s ∈ V ′, to sections ofL on all ofX. The obtained homomorphism
f∗ : V ′ = H0(Y,OY (1)) → H0(X,L) is injective and its image is a linear
subspaceV ⊂ H0(X,L). The associated projective space|V | ⊂ |L| is the linear
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2 LECTURE 1. BASIC PROPERTIES

systemHX defining a morphismfd : dom(f) → Y ↪→ Pr.
The rational mapf is given in the usual way. Evaluating sections ofV at a

point, we get a map dom(f) → |V ∨|, and by restriction, the map dom(f) → |V ′∨|
which factors throughY ↪→ |V ′∨|. A choice of a basis inV and a basis inV ′

defines a rational mapf : X 99K Y ⊂ Pr, wherer = dim |HY |.
For any rational mapf : X 99K Y and any closed reduced subvarietyZ of

Y we denote byf−1(Z) the closure off−1
d (Z) in X. It is called theinverse

transformof Z under the rational mapf . Thus the divisors fromHX are inverse
transforms of hyperplane sectionsZ of Y in the embeddingι : Y ↪→ Pr such that
Z ∩ f(dom(f)) 6= ∅.

If |V ′| ⊂ |L′| is a linear system onY , then we define itsinverse transform
f−1(|V ′|) of |V ′| following the procedure from above defining the linear sys-
temHX . The members off−1(|V ′|) are the inverse transforms of members of
|V ′|. Whenf is a morphism, the inverse transform is equal to the full transform
f∗(|V |) ⊂ |f∗L′|.

Let L be a line bundle andV ⊂ H0(X,L). Consider the naturalevaluation
mapof sheaves

ev : V ⊗OX → L

defined by restricting global sections to stalks ofL. It is equivalent to a map

ev : V ⊗ L−1 → OX

whose image is a sheaf of ideals inOX . This sheaf of ideals is denotedb(|V |) and
is called thebase idealof the linear system|V |. The closed subscheme Bs(HX) of
X defined by this ideal is called thebase locus schemeof |V |. We have

Bs(|V |) = ∩D∈HX
D = D0 ∩ . . . ∩Dr (scheme-theoretically),

whereD0, . . . , Dr are the divisors of sections forming a basis ofV . The largest
positive divisorF contained in all divisors from|V | (equivalently, in the divisors
D0, . . . , Dr) is called thefixed componentof |V |. The linear system without fixed
component is sometimes calledirreducible. Each irreducible component of its base
scheme is of codimension≥ 2.

If F = div(s0) for somes0 ∈ OX(F ), then the multiplication bys0 defines
an injective mapL(−F ) → L and the linear mapH0(X,L(−F )) → H0(X,L)
defines an isomorphism from a subspaceV ′ of H0(X,L(−F )) ontoV . The linear
system|V ′| ⊂ |L(−F )| is irreducible and defines a rational mapf ′ : X 99K |V ′∨|
equal to the composition off with the transpose isomorphism|V ∨| → |V ′∨|.

The linear system is calledbasepoint-free, or simplyfree if its base scheme is
empty, i.e.b(|V |) ∼= OX . The proper transform of such a system under a rational

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



1.2. RESOLUTION OF A RATIONAL MAP 3

map is an irreducible linear system. In particular, the linear systemHX defining a
rational mapX 99K Y as described in above, is always irreducible.

The morphism
U = X \ Bs(HX) → |V ∨|

defined by the linear system|V | is the projection

Proj Sym(V ⊗ (L|U)−1) ∼= Proj Sym(V ⊗OU ) ∼= U × |V ∨| → |V ∨|.

If |V | is an irreducible linear system,

dom(f) = X \ Bs(HX)red = X \ Supp(Bs(HX)).

Let f : X 99K Y be a rational map defined by the inverse transformHX =
|V | of a very ample complete linear systemHY on Y . After choosing a basis in
H0(Y,OY (1)) and a basis(s0, . . . , sr) in V , the mapf : dom(f) → Y ↪→ Pr is
given by the formula

x 7→ [s0(x), . . . , sr(x)].

By definition, this is the formula defining the rational mapf : X 99K Y . Of
course, different embeddingsY ↪→ Pr define different formulas.

Here are some simple properties of the base locus scheme.

(i) |V | ⊂ |L ⊗ b(|V |)| := |H0(X, b(|V |)⊗ L)|.

(ii) Let φ : X ′ → X be a regular map, andV ′ = φ∗(V ) ⊂ H0(X ′, φ∗L). Then
φ−1(b(|V |)) = b(f−1(|V |)). Recall that, for any ideal sheafa ⊂ OX , its
inverse imageφ−1(a) is defined to be the image ofφ∗(a) = a ⊗OX

OX′ in
OX′ under the canonical multiplication map.

(iii) If b(|V |) is an invertible ideal (i.e. isomorphic toOX(−F ) for some ef-
fective divisorF ), then dom(f) = X andf is defined by the linear system
|L(−F )|.

(iv) If dom(f) = X, thenb(|V |) is an invertible sheaf and Bs(HX) = ∅.

1.2 Resolution of a rational map

Definition 1.2.1. A resolutionof a rational mapf : X 99K Y of projective variet-
ies is a pair of regular projective morphismsπ : X ′ → X andσ : X ′ → Y such
thatf = σ ◦ π−1 (in RatK) andπ is an isomorphism overdom(f).
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4 LECTURE 1. BASIC PROPERTIES
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We say that a resolution is smooth (normal) ifX ′ is smooth (normal).

LetZ = V (a) be the closed subscheme defined bya and

σ : BlZX = Proj
∞⊕

k=0

ak → X

be theblow-upof Z (see [Hartshorne]). We will also use the notation Bl(a) for
the blow up ofV (a). The invertible sheafσ−1(a) is isomorphic toOBlZX(−E),
whereE is the uniquely defined effective divisor on BlZX. We callE theexcep-
tional divisorof σ. Any birational morphismu : X ′ → X such thatu−1(a) is an
invertible sheaf of ideals factors through the blow-up ofa. This property uniquely
determines the blow-up, up to isomorphism. The morphismu is isomorphic to the
morphism BlZ′X → X for some closed subschemeZ ′ ⊂ Z. The exceptional
divisor of this morphism contains the pre-image of the exceptional divisor ofσ.
For any closed subschemei : Y ↪→ X, the blow-up of the ideali−1(a) in Y is
isomorphic to a closed subscheme of BlZX, called theproper transformof Y un-
der the blow-up. Set-theoretically, it is equal to the closure ofσ−1(Y \ Y ∩ Z) in
BlZX. In particular, it is empty ifY ⊂ Z.

Let ν : Bl+ZX → X denote the normalization of the blow-up BlZX andE+

be the scheme-theoretical inverse image of the exceptional divisor. It is the excep-
tional divisor ofν. We have

ν∗OBlZX(−E+) = ā,

whereā denotes the integral closure of the ideal sheafa (see [Lazarsfeld], II, 9.6).
A local definition of the integral closure of an idealI in an integral domainA is the
set of elementsx in the fraction field ofA such thatxn+a1x

n−1+ . . .+an = 0 for
somen > 0 andak ∈ Ik (pay attention to the power ofI here). IfE+ =

∑
riEi,

considered as a Weil divisor, then locally elements inā are functionsφ such that
ordEi(ν

∗(φ)) ≥ ri for all i.
We have Bl+ZX = BlZX if and onlyam is integrally closed form � 0. If X

is nonsingular, anddimX = 2, thenm = 1 suffices.

Proposition 1.2.1. Let π : BlBs(HX)X → X be the blow-up scheme of the base
locus scheme of a rational mapf : X 99K Y . Then there exists a unique regular
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1.3. THE BASE IDEAL OF A CREMONA TRANSFORMATION 5

mapσ : BlBs(HX)X → Y such that(π, σ) is a resolution off . For any resolution
(π′, σ′) of f there exists a unique morphismα : X ′ → BlBs(HX)X such that
π′ = π ◦ α, σ′ = σ ◦ α.

Proof. By properties (ii) and (iii) from above, the linear systemπ−1(HX) =
|π∗(L) ⊗ π−1(b)| defines a regular mapσ : BlBs(HX) → Y . It follows from
the definition of maps defined by linear systems thatf = σ ◦ π−1. For any res-
olution, (π′, σ′), the base locus of the pre-imageπ−1(HX) onX ′ is equal to the
pre-image of the base scheme ofHX . The morphismσ′ is defined by the linear
systemπ′−1(HX) and hence its base sheaf is invertible. This implies thatπ′ factors
through the blow-up of Bs(HX).

Note that we also obtain that the exceptional divisor ofπ′ is equal to the pre-
image of the exceptional divisor of the blow-up of Bs(HX).

In many applications we will need a smooth resolution of a rational map. The
following result follows from Hironaka’s theorem on resolutions of singularities.

Definition 1.2.2. An effective divisorD =
∑
aiDi on a smooth variety of dimen-

sionn is called asimple normal crossing(SNC) divisor if each irreducible com-
ponentDi is smooth and, at any pointx ∈ Supp(D), the reduced divisor

∑
Di is

defined by local equationsφ1 · · ·φk = 0, where(φ1, . . . , φk) is subset of a local
system of parameters inOX,x.

Theorem 1.2.2.LetX be an irreducible algebraic variety (overC as always) and
letD be an effective Weil divisor onX.

(i) There exists a projective birational morphismν : X ′ → X, whereX ′ is
smooth andµ has divisorial exceptional locusExc(ν) such thatν∗(D) +
Exc(ν) is a SNC divisor.

(ii) X ′ is obtained fromX by a sequence of blow-ups with smooth centers sup-
ported in the singular locusSing(X) and the singular locusSing(D) ofD.
In particular, one can assume thatν is an isomorphism overX \ (Sing(X)∪
Sing(D)).

We will call X ′ a log resolutionof (X,D) and will apply this to the case
whenD is the exceptional divisor of the normalization of the blow-up of a closed
subschemeZ in X. We will call it a log resolution ofZ.

1.3 The base ideal of a Cremona transformation

Theorem 1.3.1.Assume thatf : X 99K Y is a birational map of normal projective
varieties andf is given by a linear systemHX = |V | ⊂ |L| equal to the inverse
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6 LECTURE 1. BASIC PROPERTIES

transform of a very ample complete linear systemHY on Y . Let (π, σ) : X ′ →
X × Y be a resolution off and E be the exceptional divisor ofπ. Then the
canonical map

V → H0(X ′, π∗L(−E))

is an isomorphism.

Proof. Setb = b(HX). We have natural maps

V → H0(X,L ⊗ b) → H0(X ′, π∗L ⊗ π−1(b))

∼=→ H0(X ′, (π∗L)(−E))
∼=→ H0(X ′, σ∗OY (1))

∼=→ H0(Y, σ∗σ∗OY (1))

∼=→ H0(Y,OY (1)⊗ σ∗OX′)
∼=→ H0(Y,OY (1)) ∼= V.

Here we used the Main Zariski Theorem that asserts thatσ∗OX′ ∼= OY because
σ is a birational morphism andY is normal [Hartshorne Cor. 11.4]. The last
isomorphism comes from the assumption of linear normality ofY in Pr which
givesH0(Y,OY (1)) ∼= H0(Pr,OPr(1)) ∼= V . By definition of the linear system
definingf , the composition of all these maps is a bijection. Since each map here is
injective, we obtain that all the maps are bijective. One of the compositions is our
mapV → H0(X ′, π∗L(−E)), hence it is bijective.

Corollary 1.3.2. Assume, additionally, that the resolution(X,π, σ) is normal.
Then the natural maps

V → H0(X,L ⊗ b(HX)) → H0(X ′, π∗(L)(−E)) → H0(Y,L ⊗ b(HX))

are bijective.

We apply Theorem1.3.1to the case whenf : Pn 99K Pn is a birational map,
a Cremona transformation. In this caseL = OPn(d) for somed ≥ 1, called the
degreeof the Cremona transformationf . We takeHY = |OPn(1)|. The linear sys-
temHX = |b(HX)(d)| defining a Cremona transformation is called ahomaloidal
linear system. Classically, members ofHX were calledhomaloids. More gener-
ally, ak-homaloidis a proper transform of ak-dimensional linear subspace in the
target space. They were classically calledΦ-curves,Φ-surfaces, etc.).

Proposition 1.3.3.

H1(Pn,L ⊗ b(HX)) = 0.
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1.3. THE BASE IDEAL OF A CREMONA TRANSFORMATION 7

Proof. Let (π, σ) : X → Pn be the resolution off defined by the normalization
of the blow-up of Bs(HX). We know thatπ∗L(−E)) ∼= σ∗OPn(1). The exact
sequence

0 → H1(Pn, σ∗σ
∗OPn(1)) → H1(X,σ∗OPn(1)) → H0(Pn, R1σ∗σ

∗OPn(1))

defined by the Leray spectral sequence, together with the projection formula, can
be rewritten in the form

0 → H1(Pn,OPn(1)) → H1(X,σ∗OPn(1)) → H0(Pn, R1σ∗OX′ ⊗OPn(1)).
(1.1)

Let ν : X ′ → X be a resolution of singularities ofX. Then, we have the spectral
sequence

Epq
2 = Rpσ∗(Rqν∗OX′) ⇒ Rp+q(π ◦ ν)∗OX′ .

It gives the exact sequence

R1π∗(ν∗OX′) → R1(π ◦ ν)∗OX′) → π∗(R1ν ∗ OX′).

SinceX is normal,ν∗OX′ = OX . Since the compositionπ ◦ ν : X ′ → Pn is a
birational morphism of nonsingular varieties,R1(π ◦ν)∗OX′ = 0. This shows that

R1π∗(ν∗OX′) = 0.

Together with vanishing ofH1(Pn,OPn(1)), (1.1) implies that

H1(X,π∗(L)(−E)) = 0.

It remains to use that the canonical map

H1(Pn,L ⊗ b(HX)) ∼= H1(Pn, π∗(π∗(L)(−E))) → H1(X,π∗(L)(−E))

is injective (usěCech cohomology, or the Leray spectral sequence).

Using the exact sequence

0 → b(HX) → OPn → OPn(1)/b(HX) → 0,

and tensoring it byOPn(d), we obtain

Corollary 1.3.4 (Postulation Formula).

h0(O
V (b(HX))

(d)) =
(
n+ d

d

)
− n− 1.
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8 LECTURE 1. BASIC PROPERTIES

Remark1.3.1. We do not know whether

H1(Pn, b(HX)(d)) = 0.

However, if Bs(HX) is locally complete intersection, then Lemma 4.3.16 and Re-
mark 4.3.17 in [Lazarsfeld] implies that

H1(Pn, b(HX)(d)) ∼= H1(X,π∗OPn(d)(−E))

and the rest of the argument in the previous proof imply the vanishing. Under the
assumption of Proposition1.3.3, the exact sequence

0 → b(HX)(d) → b(HX)(d) → (b(HX)/b(HX))(d) → 0,

implies that
h0(O

V (b(HX))
(d)) = h0(OV (b(HX))(d)),

or, equivalently,H1(Pn, b(HX)(d)) = 0, if and only if

h0(b(HX)/b(HX))(d)) = 0.

For example, it does not hold if the base scheme is 0-dimensional.

Let us recall the following definition from [Lazarsfeld], Definition 9.6.15:

Definition 1.3.1. Let a be an non-zero ideal inOX . A reductionof a is an ideal
r ⊂ a such that̄r = ā. A reduction is calledminimal if is not properly contained
in any other reduction ofa

Proposition 9.6.16 from loc.cit. says thatr is a reduction ofa if and only if

ν−1(r) = ν−1(a),

whereν : X+ → X is the normalization of the blow-up ofa. Also note that the
radical ideals ofr anda coincide. It is known, that a minimal reductionr can be
locally generated at a closed pointx ∈ V (r) by `(r)x + 1 elements, wherè(r)x

is equal to the dimension of the fibre of Bl(r) → X atx ([Vasconcelos], Theorem
1.77).

Let a ⊂ OX be an integrally closed ideal. Thena has a canonical primary
decomposition

a = q1 ∩ . . . ∩ qk, (1.2)

whereqi are primary integrally closed ideals. If we write the exceptional divisor of
the normalized blow-upX ′ of a in the formE =

∑
riEi, whereEi are irreducible

divisors, then
qi = ν∗OX′(−riEi).
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1.3. THE BASE IDEAL OF A CREMONA TRANSFORMATION 9

Let

B(HX) =
∞⊕

k=0

H0(Pn, b(HX)(k))

be the graded homogeneous ideal of the closed subscheme Bs(HX).

B(HX)d = H0(Pn, b(HX)(d)) ∼= H0(Pn,OPn(1)) ∼= Cn+1. (1.3)

Also we have
B(HX)k = 0, k < d. (1.4)

Indeed, otherwise|b(HX)(d)| contains|OPn(d−k)|+ |b(HX)(k)| and its dimen-
sion is strictly larger thann+1 if k < d−1, or it has fixed component ifk = d−1.

The two formulas (1.3) and (1.4) are classically known aspostulation formulas
for homaloidal linear system.

The base locus Bs(HX) could be very complicated, e.g. it could be non-
reduced or even contain embedded components. We will see this behavior in later
examples. However, there are some special properties they share.

Proposition 1.3.5. LetB(HX)red be the homogeneous ideal ofBs(HX)red. Then

B(HX) 6= B(HX)q
red

for anyq > 1.

Proof. We set for brevity of notation,B(HX) = B,B(HX)red = Bred. Assume
that B = B

q
red for someq ≥ 2. Let G ∈ Bred, thenGq = A0F0 + . . . ArFr,

whereF0 . . . Fn is a basis ofV . Hencedeg G ≥ d
q . Now eachFi is a sum of

the productsGi1 · · ·Giq, whereGij ∈ Bred. Hence eachGij has degreep := d
q

andp is an integer. Indeed eachGij has degreepij ≥ d
q and, moreover, we have

pi1 + · · ·+ piq = d. SincedegGij = p, it follows that the multiplication

µ : Symq (Bred)p → (Bred)pq

is surjective. Lets+ 1 = dim(Bred)p, thenf = u ◦ g, whereg : Pn → Ps is the

rational map defined by| (Bred)p | andu : Ps → P(s+q
q )−1 is theq-th Veronese

map. On the other hand,f is birational, hence it follows thatf(Pn) is a linear
space contained in the Veronese varietyu(Ps). But this variety does not contain
linear spaces unlessq = 1, and the statement follows.

Another special property of Bs(HX) is given by the following.

Proposition 1.3.6. Bs(HX) is not a complete intersection.
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10 LECTURE 1. BASIC PROPERTIES

Proof. If Bs(HX) is a complete intersection, then Bs(HX) is equidimensional of
codimensionc ≤ n and its homogeneous idealB(HX) is generated byc forms
G1 . . . Gc. By (1.3), we must haveB(HX)d = n+1. If Gi has degreedi < d then

GiH
0(Pn,OPn(d− di)) ⊂ V.

Then, for dimension reasons,d − di = 1. But thenV (Gi) is a fixed component
of Bs(HX), a contradiction. Hence it holdsdi ≥ d, i = 1, . . . , c. Sincec ≤ n it
follows thatdim B(HX)d ≤ c ≤ n, contradicting (1.3).

Remark1.3.2. LetX ⊂ Pn be a smooth irreducible non-degenerate subvariety of
Pn. Recall thatHartshorne’s conjecturesays thatX is a complete intersection as
soon asdimX > 2n

3 . So, assuming that this conjecture is true, we obtain

• If the base locus scheme Bs(HX) is smooth and irreducible, then

dim Bs(HX) ≤ 2n
3
.

In many examples Bs(HX)red is smooth but Bs(HX) 6= Bs(HX)red.
An additional quite strong condition is that Bs(HX)red is smooth, integral and

moreover,f admits a resolution(π, σ), whereπ is the blow-up of Bs(HX)red. Such
a situation has been studied by Crauder and Katz in [CrauderKatz,Amer. J. Math.
(1991)], in particular they show that in this case, assuming Hartshorne’s conjecture,

Bs(HX) = Bs(HX)red.

They also show that, if Hartshorne’s conjecture holds andn ≥ 7, thend ≤ 4.

1.4 The graph of a Cremona transformation

We define thegraphΓf of a rational mapf : X 99K Y as the closure inX × Y of
the graphΓfd of fd : dom(f) → Y . Clearly, the graph, together with its projections
toX andY , defines a resolution of the rational mapf . Note that the switching the
orders of the projections, we obtain that the same variety is the graph of the inverse
transformationf−1. In another way, we do not switch the projections but replace
Γf with the isomorphic variety obtained by switching the factors of the product
Pn × Pn.

By the universal property of the graph, we obtain that, for any resolution
(X ′, π, σ) of f , the image of the mapX ′ → X × Y containsΓf |dom(f)

. Since
X ′ is an irreducible projective variety, the image is closed and irreducible, hence
it coincides withΓf . Thus the first projectionΓf → X has the universal property
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1.4. THE GRAPH OF A CREMONA TRANSFORMATION 11

for morphisms which invertb(|V |), hence it is isomorphic to the blow-up scheme
Blb((|V |)X.

Let us consider the case of a Cremona transformationf : Pn 99K Pn. If
(F0, . . . , Fn) is a basis ofV defining the homaloidal linear system, then the graph
is a closed subscheme ofPn×Pn which is an irreducible component of the closure
of the subvariety of dom(f)× Pn defined by2× 2-minors of the matrix(

F0(x) F1(x) . . . Fn(x)
y0 y1 . . . yn

)
, (1.5)

wherex = (x0, . . . , xn) are projective coordinates in the first factor, andy =
(y0, . . . , yn) are projective coordinates in the second factor

In the usual way, the graphΓf defines the linear maps of cohomology

f∗k : H2k(Pn,Z) → H2k(Pn,Z)

SinceH2k(Pn,Z) ∼= Z, these maps are defined by some numbersdk, the vector
(d0, . . . , dn) is called themulti-degreeof f . In more details, we write the cohomo-
logy class[Γf ] in H∗(Pn × Pn,Z) as

[Γf ] =
n∑

k=0

dih
k
1h

n−k
2 ,

wherehi = pr∗ih andh is the class of a hyperplane inPn. Then

f∗k (hk) = (pr1)∗([Γf ] · (pr∗2(h
k)) = (pr1)∗(dkh

k
1) = dkh

k.

The multi-degree vector has a simple interpretation. The numberdk is equal to the
degree of the proper transform underf of a general linear subspace of codimension
k in Pn. Sincef is birational,d0 = dn = 1. Also d1 = d is the degree off .
Invertingf , we obtain that

Γf−1 = Γ̃f ,

whereΓ̃f is the image ofΓf under the self-map ofPn×Pn that switches the factors.
In particular, we see that(dr, dr−1, . . . , d0) is the multi-degree off−1.

In the case whenf is a birational map, we haved0 = dn = 1. We shorten the
definition by saying that the multii-degree of a Cremona transformation is equal to
(d1, . . . , dn−1).

Remark1.4.1. Let T be an automorphism ofK(z1, . . . , zn) identical onK. This
is an algebraic definition of a Cremona transformation. The automorphismT can
be given byn rational functionsR1(z1, . . . , zn), . . . , Rn(z1, . . . , zn). Write each
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12 LECTURE 1. BASIC PROPERTIES

Ri as the ratio of two coprime polynomialsRi = Ai/Bi. Let di = degAi, d
′
i =

degBi. Making a substitutionzi = ti/t0, we can write

Ri = t
d′i−di

0

Āi(t0, . . . , tn)
B̄i(t0, . . . , tn)

, i = 1, . . . , n,

whereĀi(t0, . . . , tn) andB̄i(t0, . . . , tn) are homogeneous polynomials of degree
di andd′i. After reducing to the common denominator, we see that the correspond-
ing Cremona transformationf : Pn 99K Pn can be given by the homogeneous
polynomials

(tD0 Ā0B̄1 · · · B̄n, t
D−d1+d′1
0 Ā1B̄0B̄2 · · · B̄n, . . . , t

D−dn+d′n
0 ĀnB̄1 · · · B̄n−1),

whereD = d1 + . . .+ dn. Of course, we have to divide these polynomials by their
greatest common divisor. The degree of the transformation is less than or equal
D + d′1 + . . .+ d′n .

The next result due to L. Cremona puts some restrictions on the multi-degree
of a Cremona transformation.

Proposition 1.4.1. For anyn ≥ i, j ≥ 0,

1 ≤ di+j ≤ didj , dn−i−j ≤ dn−idn−j .

Proof. It is enough to prove the first inequality. The second one follows from the
first one by considering the inverse transformation. Write a general linear subspace
Li+j of codimensioni + j as the intersection of a general linear subspaceLi of
codimensioni and a general linear subspaceLj of codimensionj. Then, we have
f−1(Li+j) is an irreducible component of the intersectionf−1(Li)∩ f−1(Lj). By
Bezout’s Theorem,

di+j = deg f−1(Li+j) ≤ deg f−1(Li) deg f−1(Lj) = didj .

There are more conditions on the multi-degree which follow from the irredu-
cibility of Γf . For example, we have the following Hodge type inequality (see
[Lazarsfeld, Cor. 1.6.3):

Theorem 1.4.2.LetX be an irreducible variety of dimensionn, andα1, . . . , αp,
β1, . . . , βn−p be the classes of nef Cartier divisors. Then, for any integers0 ≤ p ≤
n,

(α1 · . . . · αp · β1 · . . . · βn−p)p ≥ (αp
1 · β1 · . . . · βn−p) · . . . · (αp

p · β1 · . . . · βn−p).
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1.5. F -LOCUS AND P -LOCUS 13

Here we use the intersection theory of Cartier divisors (more about this in the
next lecture).

For example, lettingp = 2, andα1 = α, α2 = β, β1 = . . . = βi−1 = α and
βi = . . . = βn−p = β, we obtain the inequality

s2i ≥ si−1 · si+1,

wheresi = αi · βn−i. If we takeX = Γf and takeα = h1, β = h2 restricted to
Γf , we get the inequality

d2
i ≥ di−1di+1 (1.6)

for the multi-degree of a Cremona transformationf . For example, ifn = 3, the
only non-trivial inequality followed from the Cremona inequlities isd0d2 = d2 ≤
d2

1, and this is the same as the Hodge type inequality. However, ifn = 4, we get
new inequalities besides the Cremona ones. For example,(1, 2, 3, 5, 1) satisfies the
Cremona inequalities, but does not satisfy the Hodge type inequality.

The following are natural questions related to the classification of possible
multi-degrees of Cremona transformations.

• Let (1, d1, . . . , dn−1, 1) be a sequence of integers satisfying the Cremona
inequalities and the Hodge type inequalities: Does there exist an irreducible
reduced close subvarietyΓ of Pn × Pn with [Γ] =

∑
dkh

k
1h

n−k
2 ?

• What are the components of the Hilbert scheme of this class containing an
integral scheme?

Note that any irreducible reduced closed subvariety ofPn × Pn with multi-degree
(1, d1, . . . , dn−1, 1) is realized as the graph of a Cremona transformation.

Remark1.4.2. The inequalities (1.6) show that the sequence(d0, d1, . . . , dn) is
a log-concave sequence. Many other situations where such sequences arise are
discussed in June Huh’s preprint on the archive.

1.5 F -locus andP -locus

Let (X,π, σ) be any normal resolution of a Cremona transformationf : Pn− →
Pn. It factors through the blow-upB(f) of the integral closure of the ideal sheaf of
the base scheme ofb(HX) as well as the blow-upB(f−1) of the integral closure of
the ideal sheaf of the base scheme of the homaloidal linear systemb(|W |) defining
the inverse Cremona transformationf−1. So we have a commutative diagram

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



14 LECTURE 1. BASIC PROPERTIES

X
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GG
GG

GG
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--
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--
--

--
--

--
--

--
--

-

��

B(f)

!!D
DD

DD
DD

D

ν

��

//_______ B(f−1)

{{xx
xx

xx
xx

x

ν′

��

Γf

p1

||yyyyyyyy
p2

##H
HHHHHHHH

Pn
f //_________ Pn

Let E =
∑

i∈I riEi be the exceptional divisor ofν : B(f) → Pn andF =∑
j∈J mjFj be the exceptional divisor ofν ′ : B(f−1) → Pn. LetJ ′ be the largest

subset ofJ such that the proper transform ofFj , j ∈ J ′, in X is not equal to the
proper transform of someEi in X. The image of the divisor

∑
j∈J ′ Fj under the

composition mapB(f−1) → Γf
p1→ Pn is classically known as theP -locusof

f (theF -locus is Bs(HX)red). It is hypersurface in the sourcePn. The image of
any irreducible component of theP -locus is blown down underf (after we restrict
ourselves to dom(f)) to an irreducible component of the base locus off−1. If we
considerf as a regular map̃f : Cn+1 → Cn+1 defined by the same formula. Then
theP -locus is the image inPn of the set of critical points of̃f . It is equal to the set
of zeroes of the determinant of the Jacobian matrix off̃

J =
(∂Fi

∂tj

)
i,j=0,...,n

.

So we expect that theP -locus is a hypersurface of degree(d − 1)n+1. Some
of its components enter with multiplicities. We assign these multiplicities to the
corresponding irreducible components of theP -locus.

Example1.5.1. Consider thestandard quadratic transformationgiven by

Tst : [x0, x1, x2] 7→ [x1x2, x0x2, x0x1]. (1.7)

TheP -locus is the union of three coordinate linesV (ti). The Jacobian matrix is

J =

0 t2 t1
t2 0 t0
t1 t0 0

 .

Its determinant is equal to2t0t1t2. We may takeX = B(f) as a smooth res-
olution of f . Let E1, E2, E3 be the exceptional divisors over the base points
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1.5. F -LOCUS AND P -LOCUS 15

p1 = [1, 0, 0], p2 = [0, 1, 0], p3 = [0, 0, 1], andLi, i = 1, 2, 3, be the proper trans-
form of the coordinate linesV (t0), V (t1), V (t2), respectively. Then the morphism
σ : X → P2 blows downL1, L2, L3 to the pointsp1, p2, p3, respectively. Note
thatf−1 = f , so there is no surprise here. Recall that the blow-up of a closed sub-
scheme is defined uniquely only up to an isomorphism. If we identifyB(f) with
B(f−1), the morphismB(f) 99K B(f−1) in the above diagram is an automoroph-
ism induced by the Cremona transformation. The surfaceB(f) is a Del Pezzo
surface of degree6, a toric Fano variety of dimension 2. The complement of the
open torus orbits is the hexagon of linesE1, E2, E3, L1, L2, L3 intersecting each
other as in the following picture. We call them lines because they become lines
in the embeddingX ↪→ P6 given by the anti-canonical linear system. The auto-
morphism of the surface is the extension of the inversion automorphismz → z−1

of the open torus orbit to the whole surface. It defines the symmetry of the hexagon
which exchanges its opposite sides.

vvvvvvvvvvvvvvvvv

HHHHHHHHHHHHHHHHH

HHHHHHHHHHHHHHHHH

vvvvvvvvvvvvvvvvv

E1 L1

L3 E2

L2 E3

Now let us consider the firstdegenerate standard quadratic transformation
given by

T ′st : [x0, x1, x2] 7→ [x2
1, x0x1, x0x2]. (1.8)

TheP -locus consists of the lineV (t0) blown down to the pointp1 = [1, 0, 0] and
the lineV (t1) blown down to the pointp2 = [0, 0, 1]. The Jacobian matrix is

J =

0 2t1 0
t1 t0 0
t2 0 t0

 .

Its determinant is equal to−2t0t21. Thus the lineV (t1) enters with multiplicity
2. Let us see what is the resolution in this case. The base scheme is smooth
at p1 and locally isomorphic toV (y2, x) at the pointp2, wherey = t1/t2, x =
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16 LECTURE 1. BASIC PROPERTIES

t0/t2. The blow-upB(f) is singular overp2 with the singular point2′1 of type
A1 corresponding to the tangent directiont0 = 0. Thus the exceptional divisor of
B(f) → P2 is the sum of two irreducible componentsE1 andE2 both isomorphic
to P1 with the singular pointp′2 lying onE1. The exceptional divisor ofB(f) =
B(f−1 → P2 is the union of two components, the proper transformL1 of the line
V (t1) and the proper transformL2 of the lineV (t0). When we blow-upp′2, we get
a smooth resolutionX of f . The exceptional divisor ofπ : X → P2 is the union
of the proper transforms ofE1 andE2 onX and the exceptional divisorE′1 of the
blow-upX → B(f). The exceptional divisor ofσ : X → P2 is the union of the
proper transforms ofL1 andL2 onX and the exceptional divisorE′1. Note that
the proper transforms ofE1, E2 andL1, L2 are(−1)-curves and the curveE′1 is a
(−2)-curve.1

vvvvvvvvvvvvvvvvv

E1 −1 E2−1

E′1 −2

L1

−1

L2

−1

Finally, we can consider thesecond degenerate standard quadratic transform-
ation. Its reduced base scheme consists of one point. The map is given by the
formula

T ′′st : [x0, x1, x2] 7→ [x2
0, x0x1, x

2
1 − x0x2]. (1.9)

Its unique base point is[0, 0, 1]. In affine coordinatesx = x0/x2, y = x1/x2, the
base ideal is(x2, xy, y2−x) = (y3, x−y2). The blow-up of this ideal is singular. It
has a singular point of typeA2 on the irreducible exceptional divisorE ∼= P1. The
P -locus consists of one linex0 = 0. A smooth resolution of the transformation is
obtained by blowing up twice the singular point. The exceptional divisor of this
blow-up is the chain of two(−2)-curves. So the picture is as follows:

1a (−n)-curve is a smooth rational curve with self-intersection−n.

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



1.5. F -LOCUS AND P -LOCUS 17

vvvvvvvvvvvvvvvvv

E′′−2

E

−1

L
−1

E′ −2

Note that the jacobian matrix of transformationT ′′st is equal to2t0 0 0
t1 t0 0
−t2 2t1 −t0


Its determinant is equal to−2t30. So the P-locus consists of one lineV (t0) taken
with multiplicity 3.
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18 LECTURE 1. BASIC PROPERTIES
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Lecture 2

Intersection Theory

2.1 The Segre class

The multi-degree of the graphΓf can also be computed using intersection theory.
Recall some relevant theory from [Fulton].

LetX be a scheme of finite type over a fieldK. A k-cycleis an element of the
free abelian groupZk(X) generated by the set of pointsx ∈ X of dimensionk
(i.e. the residue fieldκ(x) of x is of algebraic dimensionk overK). We identify
a pointx with its closure inX, it is an irreducible reduced closed subschemeV
of dimensionk (a subvariety). We write[V ] for V considered as an element of
Zk(X). Two k-cyclesZ andZ ′ are calledrationally equivalentif the difference is
equal to the projections of a cycleZ(0)− Z(∞) onX × P1 for some cycleZ on
the product.

One can give an equivalent definition as follows. A prime divisorp of height 1
in an integral domainA defines a function ordp : A\{0} → Z by setting ordp(a) =
length(Ap/(ap), whereap is the image ofa in the local (one-dimensional) ringAp.
This function is extended to a unique homomorphismQ(A)∗ → Z, whereQ(A) is
the field of fractions ofA. By globalizing, we obtain a function ordx : R(X) → Z,
wherex is a point onX of codimension 1 andR(X) is the field of rational func-
tions on a varietyX1. Now we define the subgroupBk(X) of rationally equivalent
k-cycles as the group generated by cycles of the form

∑
x ordxφx, whereφ is a

rational function on a subvarietyY ⊂ X of dimensionk + 1. The quotient group
Ak(X) = Zk(X)/Bk(X) is called theChow groupof k-cycles onX. We set

A∗(X) = ⊕kAk(X).

1From now on a variety over a fieldK means an integral algebraic scheme overK

19
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20 LECTURE 2. INTERSECTION THEORY

For anyα =
∑
nxx ∈ Z0(X), we define∫

X
α =

∑
x

nx[κ(x) : K].

WhenX is proper, this extends toA0(X), and, to the wholeA∗(X), where, by
definition,

∫
X α = 0 if α ∈ Ak(X), k > 0.

For any schemeX one defines itsfundamental classby

[X] =
∑

nV [V ],

whereV is an irreducible component ofX andnV is its multiplicity, the length of
OX,η, whereη is a generic point ofV .

For any proper morphismσ : X → Y of schemes, one defines the push-
forward homomorphism

σ∗ : A∗(X) → A∗(Y )

by setting, for any subvarietyV ,

σ∗[V ] = deg(V/σ(V ))[σ(V )]

and extending the definition by linearity. Note thatdeg(V/σ(V )) = 0 if the map
V → σ(V ) is not of finite degree. One checks that rationally equivalent to zero
cycles go to zero, so the definition is legal. The homomorphismσ∗ preserves the
grading ofA∗(X).

The pull-backσ∗ : A∗(Y ) → A∗(X) is defined only for flat morphisms, regu-
lar closed embeddings, and their compositions. For a flat morphismσ one sets, for
any subvarietyV , σ∗[V ] = [σ−1(V )]. It shifts the degree by increasing it by the
relative dimension ofσ.

Recall that aWeil divisor on a varietyX of dimensionn is an element of
Zn−1(X). A Cartier divisor onX is a section of the sheafRX/O∗X , whereRX

is the constant sheaf of total rings of fractions. The function ordx : R(X) → Z
factors throughO∗X and defines a homomorphism

CDiv(X) → WDiv(X), D 7→ [D] =
∑

x

ordx(D)x,

where CDiv(X) (resp. WDiv(X)) is the group of Cartier (resp. Weil) divisors on
X.

LetD be a Cartier divisior onX. One can restrict it to any subvarietyV of X,
and set

D · [V ] = [j∗(D)],
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2.1. THE SEGRE CLASS 21

wherej : V ↪→ X is the inclusion morphism ofV toX. It is considered as a cycle
onV and also as a cycle onX by means ofj∗ : A∗(V ) → A∗(X). This extends
by linearity to the intersectionD · α of D with any cycle classα ∈ A∗(X), so we
can consider any divisorD as an endomorphismα 7→ D · α of A∗(X). It depends
only on the linear equivalence class ofD. By iterating the endomorphism, we can
define, for any Cartier divisorsD1, . . . , Dk andα ∈ Am(X), the intersection

D1 · . . . ·Dk · α ∈ Am−k(X).

For any closed subvarietyY containing Supp(D)∩V we can identifyD · [V ] with
an element ofA∗(Y ). In particular, for anyY as above, any Cartier divisorD on
X can be considered as a homomorphism

Ak(Y ) → Ak−1(Supp(D) ∩ Y ), α 7→ D · α.

By definition,
D1 · · ·Dk = D1 · · · · ·Dk · [X].

If X is of pure dimensionn, this is an element ofAn−k(X). We abbreviateDk =
D · · ·D (k times). The intersection of Cartier divisors is commutative, associative,
the projection formula holds, and depends only on the linear equivalence classes.

Let j : Y ↪→ X be a closed subscheme of a schemeY defined by an ideal
sheafIY . Let

C = CYX = Spec
∞⊕

k=0

Ik
Y /Ik+1

Y

be thenormal coneof Y in X. Let

P (C ⊕OY ) = Proj
(
(
∞⊕

k=0

Ik
Y /Ik+1

Y

)
⊗OY [z]

)
,

where the tensor product is the tensor product of gradedOY -algebras withdeg z =
1. This is theprojectivized normal coneof Y in X. Recall the standard exact
sequence of sheaves of differentials:

IY /I2
Y

d→ j∗(Ω1
X/K) → Ω1

Y/K → 0. (2.1)

Assume thatY = x is a closed point ofX. Then,Ω1
Y/K = 0. By localizing atx,

we obtain an isomorphism ([Hartshorne], Chapter 2, Prop. 8.7)

mX,x/m
2
X,x

∼= Ω1
X/K(x).

The dual of the first space is, by definition, the Zariski tangent spaceTX,x of X
at x. Going back to the general case, and passing to the fibres of the sheaves, for
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22 LECTURE 2. INTERSECTION THEORY

any closed pointx ∈ X, we get an injectionTY,x → TX,x with cokernel equal to
a subspace of(IY (x)/IY (x)2)∨. In many cases, the kernel of the mapd is trivial
(e.g. whenX is reduced and a locally complete intersection in characteristic 0,
or whenX,Y are nonsingular), hence(IY (x)/IY (x)2)∨ can be interpreted as the
fibre of the normal bundle ofY in X at the pointx. More precisely, by definition,
theX-scheme

V(Ω1
X/K) := Spec Sym(Ω1

X/K)

is the tangent vector bundleof X (its fibres at closed points are Zariski tangent
spaces). TheY -scheme Spec Sym(j∗(Ω1

X/K) is the restrictionV(Ω1
X/K)|Y of the

tangent bundleV(Ω1
X/K) ofX toY . The surjection of sheavesj∗(Ω1

X/K) → Ω1
Y/K

defines a surjection of the symmetric algebras, and the closed embedding

V(Ω1
Y/K) ↪→ V(Ω1

X/K)|Y .

In the case when bothX andY are nonsingular, the sheaves of differentials are
locally free of ranks equal to the dimensions and the normal coneCYX is also
a vector bundle isomorphic toV(IY /I2

Y );= Spec(Sym(IY /I2
Y ). In a general

situation, none of these relative affine schemes is a vector bundle, and the normal
cone should be considered as the analogue of the normal bundle in a nonsingular
situation.

The projectivized normal cone is the analog of the projectivization of the nor-
mal vector bundle. LetGra = ⊕∞k=0Ik

Y /I
k+1
Y . The closed subscheme defined by

z = 0 in P (C ⊕ OY ) is identified with the exceptional divisor of the blow-up
scheme BlYX. The complementD+(z) is equal toCYX. ThusP (C ⊕ OX) is
the analog of the associated projective bundle, and the exceptional divisor is the
analog of the “section at infinity”. The canonical projectionq : CYX → X admits
a section disjoint from the hyperplane at infinity. It corresponds to the surjection
GrX/Y → OX with kernel⊕k≥1Ik

Y /I
k+1
Y .

Recall that, for any graded sheaf of algebrasA = ⊕k=0Ak on a schemeZ,
theA-moduleA[1] = ⊕∞k=0Ak+1 defines a coherent sheafO(1) on the projective
spectrum ProjA. It is an invertible sheaf ifA is generated byA1. In our case, the
algebraGrY/X ⊗OY [z], and theRees algebra⊕k≥0Ik

Y satisfy this property, so the
projective spectrums come equipped with the corresponding invertible sheafO(1).
We haveO(1) ∼= O(D) for some divisorD. In the case ofP(C⊕OY ), the divisor
D can be taken to be the hyperplane at infinityH∞. In the case of the blow-up
scheme BlYX, we can takeD to be−E, whereE is the exceptional divisor of the
blow-up.

TheSegre classof Y in X, denoted bys(Y,X), is defined to be

s(Y,X) = q∗(
∑
i≥0

c1(O(1))i).
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2.1. THE SEGRE CLASS 23

In the case whenj : Y ↪→ X is a regular embedding, the Segre classes are ex-
pressed in terms of the Chern classes of the conormal sheafN∨

Y/X . Recall that
for any locally free sheafE of rankr over ann-dimensional varietyX, the Chern
classesci(E) are elements ofAn−i(X) defined as follows. LetP = P (SymE ⊗
OX [z]) be be projectivization of the vector bundleV(E) = Spec SymE . Let
π : P → X be the natural projection. It is a flat morphism, soπ∗ : Ak(X) →
Ak+r(P ) is well-defined. One can show thatA∗(P ) is generated byπ∗(A∗(X))
andh = c1(OP (1)) with one basic relation of the form

(−h)r + a1(−h)r−1 + · · ·+ ar = 0, ai ∈ π∗(An−i(X)).

By definition, thei-th Chern classci(E) is defined byai = π∗(ci(E)). Note that
here the products are defined in the sense of intersection of Cartier divisor classes
hi with any element ofA∗(P ).

We set

c(E) =
r∑

i=0

ci(E) ∈ A∗(X).

The following are the basic properties of the Chen classes (see [Hartshorne, Ap-
pendix].

(i) c1(OX(D)) = [D];

(ii) for any morphismσ : Y → X, ci(σ∗(E)) = σ∗(c(E)); We define

ci(E) · [V ] = ci(j∗E)).

This extends to the intersectionci(E) ·α with anyα ∈ A∗(X). In particular,
one can define the value of any integral polynomial at the Chern classes of
vector bundles and the intersection of this polynomial with anyα ∈ A∗(X).

(iii) if 0 → E1 → E2 → E3 → 0 is an exact sequence of locally free sheaves,
then

c(E2) = c(E1) · c(E3);

(iv) ci(E∨) = (−1)ici(E);

(v) c1(E) = c1(
∧r E).

We define theSegre classessi(E) of E by computing them inductively from
the relation

c(E) · (
dim X∑
i=0

si(E)) = [X].
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24 LECTURE 2. INTERSECTION THEORY

More explicitly, s0(E) = [X], and the rest are found by solving inductively the
relations ∑

i+j=k

ci(E)sj(E) = 0, k = 1, . . . ,dimX.

Now we can state some properties ofs(Y,X).

• If NY/X = IY /I2
Y is locally free and

⊕∞
k=0 Ik

Y /I
k+1
Y

∼= SymN∨
Y/X (in

this case we say thatY is regularly embedded), then

s(Y,X) = c(NY/X)−1. (2.2)

• If f : X ′ → X is a morphism of pure-dimensional schemes andY ′ ⊂ X ′

is the pre-image of a closed subvarietyY of X with the induced morphism
g : Y ′ → Y , then

g∗(s(Y ′, X ′)) = deg(Y ′/Y )s(Y,X). (2.3)

• If f : X ′ → X is flat, andY ′ = f−1(Y ), then

g∗(s(Y,X)) = s(Y ′, X ′). (2.4)

• If π : X̃ = BlYX → X is the blow-up of a proper closed subschemeY in
X, andE is the exceptional divisor with the projectionσ : E → Y , then

s(Y,X) =
∑
i≥1

(−1)i−1σ∗(Ei) =
∑
i≥1

(−1)i−1π∗(Ei). (2.5)

Recall that, by definition,Ei ∈ Adim X−i(X̃) which we can also assume to be in
Adim X−i(E). Thus we may also considerπ∗(Ei) to be in either inA∗(Y ) or equal
to its imageπ∗(Ei) inA∗(X)k under the mapi∗ : A∗(Y ) → A∗(X) corresponding
to the inclusion morphismj : Y ↪→ X.

Note that the last formula gives

σ∗(Ei) = (−1)i−1s(Y,X)dim X−i, (2.6)

wheres(Y,X)k is the component ofs(Y,X) in A∗(Y )k, or its image inA∗(X)k.
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2.2. SELF-INTERSECTION OF EXCEPTIONAL DIVISORS 25

2.2 Self-intersection of exceptional divisors

The properties of Segre classes allow us to compute the self-intersection of excep-
tional divisors of blow-ups.

Recall that, ifX is a nonsingular surface, andY a closed point on it, the
exceptional curve ofσ : BlYX → X is a (−1)-curve2, i.e. a smooth rational
curveE with self-intersection equal to−1. Of course, this agrees with formula
s(Y,X)0 = −σ∗(E2) becauses(Y,X) = c(NY/X)−1 = [Y ]. If we replaceX
by any smoothn-dimensional variety, and takeY to be a closed point, we obtain,
similarly,

En = (−1)n−1. (2.7)

Of course, this can be computed without using Segre classes. We embedX in a
projective space, take a smooth hyperplane sectionH passing through the pointY .
Its full transform on BlYX is equal to the union ofE and the proper transformH0

intersectingE along a hyperplaneL insideE identified withPn−1. ReplacingH
with another hyperplaneH ′ not passing throughY , we obtain

H ′ · E = (H0 + E) · E = e+ E2 = 0,

wheree is the class of a hyperplane inE. ThusE2 = −e. This of course agrees
with the general theory. The line bundleO(1) on the blow-up is isomorphic to
O(−E). The conormal sheafOE(−E) is isomorphicOE(1) on the exceptional
divisor.

We also haveH0 · E2 = −H0 · e = −e2, hence

0 = E2 ·H ′ = E2 · (H0 + E) = E2 ·H0 + E3

givesE3 = e3. Continuing in this way, we find

Ek = (−1)n−1ek. (2.8)

Now let us takeY to be any smooth subvariety with the normal sheafNY/X .
Applying (2.6), we find that

En = (−1)n−1s(Y,X)0 = (−1)n−1

∫
X
s(Y,X). (2.9)

For example, letX = Pn andY be a linear subspace of codimensionk > 1. We
have

NY/X
∼= OY (1)k,

2Also known as an exceptional curve of the first kind.
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26 LECTURE 2. INTERSECTION THEORY

hence

s(Y,X) =
1

(1 + h)k
=

1
(k − 1)!

( 1
1− x

)(k−1)

|x=−h

=
n−1∑

m=k−1

(
m

k−1

)
(−h)m−k+1.

(note thathi = 0, i > dimY = n− k). In particular, we obtain

En = (−1)k−1
(
n−1
k−1

)
. (2.10)

For example, the self-intersection of the exceptional divisor of the blow-up of a
line in Pn is equal to(−1)n(n− 1).

One can use the exact sequence of sheaves of differentials (2.1) to compute
NY/X , wherej : Y ↪→ X is a regular embedding of smooth varieties. It gives

c(NY/X) = c((Ω1
X)∨)c((Ω1

Y )∨)−1.

For example, whenY = C is a curve of genusg and degreedegC in X = Pn, we
obtain

c1(NC/Pn) = −KPn · C +KC = (n+ 1) degC + 2g − 2. (2.11)

Another useful formula to compute the Chern classes of a regularly embedded
subsvariety is the following one.

0 → NZ/Y → NZ/X → j∗NY/X → 0. (2.12)

Passing to the Chern classes and taking the inverse, we get

s(Z,X) = c(NZ/Y )−1 · j∗c(NY/X)−1.

We will use this formula many times in the following computations.
Recall also from the theory of surfaces that the self-intersection of the proper

transform of a curve under the blow-up of a closed pointx decreases by the square
of the multiplicity of the curve atx. This is generalized as follows (see [Fulton],
Appendix B).

First let recall the definition of the proper transform of a closed subscheme
Y ⊂ X under the blow-up of the closed subschemeZ of X (see [Hartshorne],
Chap. III, Corollary 7.15).

Lemma 2.2.1. Let σ : X ′ = Bl(a) be the blow-up of an Ideala in a noetherian
schemeX, andf : Y → X be a morphism of noetherian schemes. Letν : Y ′ → Y
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2.2. SELF-INTERSECTION OF EXCEPTIONAL DIVISORS 27

be the blow-up of the inverse imagef−1(a). Then there exists a unique morphism
f̃ : Y ′ → X ′ such that the following diagram is commutation

Y ′

ν

��

f̃ // X ′

σ

��
Y

f // X

Moreover, iff is a closed embedding, so is̃f .

Whenf : Y ↪→ X is a closed embedding, the image off̃ is called theproper
transform(or strict transform) of f(Y ). Note that, whenf−1(a) = 0 (i.e. j factors
throughV (a)), the proper transform is the empty scheme. On the other hand, ifY
is reduced, andU = Y \ V (f−1(a)) is dense inY , thenY ′ is isomorphic to the
closure off−1(U) in X ′.

Note that, in general, the commutative diagram is not a Cartesian diagram, i.e.
the natural morphismY ′ → X ′ ×X Y is not an isomorphism. Whenf is a closed
embedding, the image ofX ′ ×X Y in X ′ is equal, by definition, toσ−1(Y ). Its
ideal sheaf is equal to the productJE · JY ′ , whereE is the exceptional divisor of
σ. Also, it follows from the commutativity of the diagram that̃f−1(σ−1(a)) =
ν−1(f−1(a)). This means that the pre-image of the exceptional divisorE of σ
underf̃ is equal to the exceptional divisor ofν.

For example, takeX to be a nonsingular surface, anda to be the ideal sheaf of
a closed pointx. Let f : Y ↪→ X be the inclusion morphism of a reduced curveY
passing throughx with multiplicity m. Thenf−1(a) is the ideal ofx considered
as a closed point ofY . The blow-up of this ideal inY has the exceptional divisor
equal to a subscheme of the exceptional divisorE ∼= P1 of X ′ → X of lengthm.
This is the intersection scheme of the proper transform ofC with E.

Proposition 2.2.2.LetZ ↪→ Y andY ↪→ X be regular embeddings. Letσ : X ′ =
BlZX → X be the blow-up ofZ andY be the proper transform ofY underσ.
Then

NY /X′
∼= ν∗(NY/X)⊗ j∗OX′(−E),

wherej : Y ↪→ X ′, E is the exceptional divisor ofσ and ν : Y → Y is the
restriction ofσ to Y .

In terms of the intersection theory, the formula reads

Y
2 = σ∗(Y 2)− Y · E. (2.13)
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28 LECTURE 2. INTERSECTION THEORY

This gives

Y
3 = Y · σ∗(Y 2)− Y

2 · E = Y 3 − (σ∗(Y 2)− Y · E) · E = Y 3 + Y · E2,

where we used the projection formulaY ·σ∗(Y 2) = Y 2 ·σ∗(Y ) = Y 3. Continuing
in this way, we find, for anyk = 0, . . . , n,

Y
k = σ∗(Y k) + (−1)k−1Y

k−1 · E = σ∗(Y k) + (−1)k−1Y · Ek. (2.14)

In the case of surfaces, in order the assumptions of Proposition2.2.2are satisfied,
we have to takeZ to be the ideal sheafJm

x of the “fat point” x, wherem is the
multiplicity of Y at x. Then the embeddingV (Jm

x ) ↪→ Y is regular (check it!).
The blow-up of the fat pointx is isomorphic to the blow-up BlxX of the pointx,
but the exceptional divisor is equal tomE, whereE is the exceptional divisor of
equal to BlxX.

We have

degNY/X = degOY (Y ) = Y 2 = deg σ∗(NY/X).

Also, degOY (−E) = −E · Y = −multZY . This gives

Y
2 = degNY /X′ = Y 2 − deg j∗OX′(−mE) = Y 2 −m2.

Next, let us give a less simple example. LetX = P3 andY be a connec-
ted union of lines̀ 1, . . . , `k with #`i ∩ (∪j 6=i`j) = ni. Let p1, . . . , pN be the
intersection points andaj be the number of lines containing the pointpj .

Let σ : X1 → P3 be the blow-up of the intersection points (in any order) and
ν : X → X1 be the blow-up of the proper transforms of the lines (again in any
order). LetE be the exceptional divisor ofπ = ν ◦σ. The exceptional divisor ofσ
consists of the disjoint sum ofN divisorsE(pj) = σ−1(pj) isomorphic toP2. Let
¯̀
i be the proper transform of`i in X1. By Proposition2.2.2,

N ¯̀
i/X1

∼= O ¯̀
i
(1− ni)⊕O ¯̀

i
(1− ni).

We have
s(¯̀i, X1) = c(N ¯̀

i/X1
)−1 = (1 + (2− 2ni)[point])−1.

Applying (2.10), we obtain

E2
i = −hi,

E3
i =

∫
X1

s(¯̀i, X1) = 2ni − 2,
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2.2. SELF-INTERSECTION OF EXCEPTIONAL DIVISORS 29

whereEi = ν−1(¯̀i) andhi = c1(OEi(1)) ∈ A1(Ei). The proper transform̄E(pj)
of E(pj) in X is isomorphic to the blow-up ofP2 at aj points, the intersection
point ofE(pj) with ¯̀

i. The class inA∗(X) of the corresponding exceptional curve
is equal to the classfj of a fibre of the projectionEi → ¯̀

i. The proper transform
Ē(pj) is equal to the full transformν∗(E(pj)). We have

Ē(pj)2 = −e(pj), Ē(pj)3 = E(pj)3 = 1,

wheree(pj) is the class of a line inE(pj) which we identify with the class in
A∗(X). We have

Ē(pj)2 · Ei = −e(pj) · Ei = 0, E2
i · Ē(pj) = −hi · Ē(pj) = −1.

Here we used that̄E(pj) is isomorphic to the blow-up ofaj points. It intersects
Ei with pj ∈ `i at one of the exceptional curves which is a fibre of the projection
Ei → `i. Now, consider the divisor

D =
k∑

i=1

αiEi +
N∑

j=1

βjĒ(pj).

Collecting all together, we get

D3 =
k∑

i=1

α3
jE

3
i +

N∑
j=1

β3
j Ē(pj)3 + 3

k∑
i=1

∑
j:pj∈`i

α2
i βjE

2
i · Ē(pj) (2.15)

=
k∑

i=1

2α3
j (ni − 1) +

N∑
j=1

β3
j − 3

k∑
i=1

∑
j:pj∈`i

α2
i βj .

Let H ∈ A∗(X) be the class of the pre-image of a hyperplane inP3. Suppose
the linear system|rH − D| has no fixed components and defines a regular map
f : X 99K Pm. Then(rH −D)n is equal to the product of the degree of the image
of X and the degree of the map. So, if(rH − D)3 = 1, we obtain that the map
f is birational ontoP3. Then the compositionf ◦ π−1 : P3 99K P3 is a Cremona
transformation.

Taking all of this into account, we obtain

(rH −D)3 = r3 −D3 + 3rHD2 = r3 −D3 − 3r
k∑

i=1

αi (2.16)

= r3 − 3r
k∑

i=1

αi −
k∑

i=1

2α3
j (ni − 1)−

N∑
j=1

β3
j + 3

k∑
i=1

∑
j:pj∈`i

α2
i βj .
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30 LECTURE 2. INTERSECTION THEORY

Unfortunately, in many cases, the linear system|dH − D| is not base-point
free. So, one needs to blow-up more. The situation is analogous to the planar
case, where we have to blow-up infinitely near points (see the next section). For
example, supposeσ : X ′ → X is the blow-up a closed pointx ∈ X and then we
want to blow-up ak-codimensional linear subspaceL in the exceptional divisor
E = σ−1(x) ∼= Pn−1. We use formula (2.12) to obtain

c(NL/X′ = c(NL/E) · j∗(c(NE/X′)),

wherej : L ↪→ E is the inclusion map. SinceNE/X′ ∼= OE(−1) andNL/E =
OL(1)⊕k, we obtain

c(NL/X′) = c(OL(1)⊕k) · c(OL(−1)) = (1 + h)k(1− h),

whereh is the class of a hyperplane inL. This gives

s(L,X ′) = (1 + h)−k(1− h)−1 = (
n−1−k∑

k=0

hk)(
n−2∑

m=k−1

(
m

k−1

)
(−h)m−k+1).

This allows us to computeFn, whereF is the exceptional divisor of the blow-up
of L. For example, letdimX = 3 andL be a line inE. We gets(L,X ′) = (1 −
h2)−1 = 1. ThusF 3 = 0. Exact sequence (2.12) givesNL/X′ ∼= OL(1)⊕OL(−1)
(it is easy to see that it splits). ThusF is isomorphic toP(OL(1) ⊕ OL(−1)) ∼=
P(OL ⊕ OL(−2)) ∼= F2. We haveF 2 = −(f + e), wheref is the class of a
fibre ande is the class of the exceptional section. Using (2.14), we obtainĒ2 =
E2 − Ē · F = −2[`], where[`] is the class of a line in̄E. SinceF · [`] = 1, and
F 3 = −F · (f+s) = 1−F ·s = 0 implies thatF ∩ Ē = [s] (considered as a cycle
onF ). Thus the two exceptional divisorsF andĒ intersect along the exceptional
section ofF2. Now, we getĒ3 = E3 + Ē · F 2 = 1 + s · F = 1 + 1 = 2.

To compute(rH−D)3, we use thatH2D = 0 (because a general line does not
intersect any linèi). Also, we use thatH ·D2 = −

∑k
i=1 αi (becauseE2

i = −hi

andH · hi = 1).
Let us consider some special cases. For example, takek = 2, N = 1, α1 =

α2 = β1 = 1. We get

(2H − E)3 = 8H3 − E3 + 12H2 · E + 6H · E2 = 8 + 5− 12 = 1.

The linear system|2H−E| has base locus equal to the line` in Ē(p) corresponding
to the plane spanned by`1 and`2. Using exact sequence (2.12), one checks that the
normal bundle of̀ is isomorphic toO`(−1) ⊕ O`(−1). The exceptional divisor
of the blow-up is isomorphic toP1 × P1. One can perform a flop along̀to obtain
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2.3. COMPUTATION OF THE MULTI-DEGREE 31

anew 3-foldX ′ on which our linear system has no based points and defines a
regular birational morphism toP3. To perform the flop, we blow-up̀, and then
blow-down the exceptional divisor along the other ruling. We will discuss flops
later.

We will see that this leads to a quadro-quadratic transformation which we will
consider later.

Another example, takèi to be the six edges of the coordinate tetrahedral
V (t0t1t2t3). Take

D =
6∑

i=1

Ei + 2
4∑

j=1

Ē(pj).

We getD3 = 12 + 32− 72 = −28. This gives(3H − E)3 = 27 + 28− 54 = 1.
Thus the linear system|3H − E| defines a birational mapf : X 99K P3. It gives
an example of a cubo-cubic transformation which we will consider later.

Definition 2.2.1. A configuration of lines inP3 is called ahomaloidal configuration
if there exists numbers(r, αi, βj) such that(dH −D)3 = 1 and the linear system
|dH −D| is basepoint-free and dimensionn.

Problem2.2.1. Find all homaloidal configurations of lines inP3.

2.3 Computation of the multi-degree

For all rational smooth varietiesX overC we will be dealing with,A∗(X) can be
identified with a subgroup ofH∗(X,Z) by assigning to any irreducible subvariety
V , its fundamental cycle[V ], or its dual class inH∗(X,Z) in cohomology ifX is
smooth. The operationsσ∗ andσ∗ coincide with the corresponding definitions in
topology. So, in the definition of the multi-degree off , we may replaceH∗ with
A∗.

Let us apply the intersection theory to compute the multi-degree of a Cremona
transformation.

Let (X,π, σ) be a resolution of a Cremona transformationf : Pn 99K Pn.
Consider the mapν = (π, σ) : X → Pn × Pn. We haveν∗[X] = [Γf ], and, by the
projection formula,

ν∗(hk
1h

n−k
2 ) ∩ [X] = [Γf ] · (hk

1h
n−k
2 ) = dk.

Let s(Z,Pn) ∈ A∗(Z) be the Segre class of a closed subscheme ofPn. We
write its image inA∗(Pn) under the canonical mapi∗ : A∗(Z) → A∗(Pn) in the
form

∑
s(Z,Pn)mh

n−m, whereh is the class of a hyperplane.
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32 LECTURE 2. INTERSECTION THEORY

Proposition 2.3.1. Let (d0, d1, . . . , dn) be the multi-degree of a Cremona trans-
formation. Let(X,π, σ) be its resolution andZ be the closed subscheme ofPn

such thatπ : X → Pn is the blow-up of a closed subschemeZ of Pn. Then

dk = dk −
k∑

i=1

dk−i
(
k
i

)
s(Z,Pn)n−i.

Proof. We know thatσ∗OPn(1) = π∗OPn(d)(−E) = OX′(dH − E), where
OX(H) = π∗OPn(1) andE is the exceptional divisor ofπ. We haveh =
c1(OPn(1)) for each copy ofPn. Thus

dk = π∗(dH − E)k · hn−k =
k∑

i=0

((−1)idk−i
(
k
i

)
π∗(Hk−i · Ei)) · hn−k

=
k∑

i=0

(−1)idk−i
(
k
i

)
hk−i · π∗(Ei) · hn−k =

k∑
i=0

(−1)idk−i
(
k
i

)
· π∗(Ei) · hn−i

= dk +
k∑

i=1

(−1)idk−i
(
k
i

)
· π∗(Ei) · hn−i = dk −

k∑
i=1

dk−i
(
k
i

)
s(Z,Pn)n−i.

Note that one can invert the formulas to express the Segre classes

s(Z,Pn)k = skh
n−k

in terms ofdk’s.

sk = (−1)n−k−1
∑

0≤i≤n−k

(−1)i
(
n−k

i

)
dn−k−idi. (2.17)

Definition 2.3.1. A closed subschemeZ in Pn is calledhomaloidalif there exists
a homaloidal linear systemHX with Bs(HX) = Z.

Observe that Proposition2.3.1gives a necessary condition for the homaloidal
linear system

s(Z,Pn)0 ≡ 1 mod d. (2.18)
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2.4. HOMALOIDAL LINEAR SYSTEMS IN THE PLANE 33

2.4 Homaloidal linear systems in the plane

Let b be the base ideal of a homaloidal linear system in the plane. Since|b(d)| =
|b(d)|, we may assume that it is integrally closed. It is known that in this case
the blow-up scheme Bl(b) is a normal surface. LetX → Bl(b) be its minimal
resolution of singularities andσ : X → P2 be the compositionX → Bl(b) → P2.
A birational morphism of nonsingular surfaces is a composition of blow-ups of
closed points on smooth surfaces (see [Hartshorne]). Let

X = XN
σN // XN−1

σN−1 // . . . σ2 // X1
σ1 // X0 = P2

be the sequence of such blow-ups. Here eachσi : Xi → Xi−1 is the blow-up of a
closed pointxi ∈ Xi−1. For anyN ≥ b > a ≥ 1, let

σb,a = σa ◦ . . . ◦ σb : Xb → Xa−1.

LetEi = σ−1
i (xi) be the exceptional curve ofσi. It is a smooth rational curve on

Xi with self-intersection equal to−1. We say that a pointxj is infinitely nearto
xi of order 1 and writexj � xi if j > i andσj,i+1 : Xj → Xi is an isomorphism
in a neighborhood ofxj and mapsxj to a point inEi. TheEnriques diagramis
an oriented graph whose vertices are pointx1, . . . , xN and the arrow goes fromxj

to xi if xj � xi. If a pointxj is connected toxi by an oriented path of lengthk,
we say thatxj is infinitely near toxi of orderk and writexj �k xi. The points
from which no edge exits can be identified with points inP2, they are calledproper
points. However, strictly speaking, only one point lies inP2, namely the pointx1.
Any non-proper pointxi ∈ Xi−1 is mapped byσi,1 to some proper point.

Let
Ei = σ−1

N,i(xi) = σ−1
N,i−1(Ei), i = 1, . . . , N.

Since we are blowing up points on smooth surfaces, the scheme-theoretical pre-
image is a reduced curve. It is reducible if and only if there are no points infinitely
near to it. The irreducible components ofEi consist of proper transformsF j

i in X
of Ei andEj , wherexj is infinitely near toxi of some order. We haveEj ⊂ Ei

if and only if xi = xj or xj is infinitely near toxi. The self-intersection ofF j
i is

equal to−1− ai, whereai is the number of points infinitely near toxi of order 1.
SinceE2

i = −1, we haveE2
i = E2

i = −1. Also Ei · Ej = 0 if i 6= j. This is
because we can always replace the divisorEi by a linearly equivalent divisor which
does not map toxj .

The divisor classese0 = σ∗(line), ei = [Ei], i = 1, . . . , N, form a basis in
A1(X) = Pic(X) = H2(X,Z). It is an orthonormal basis in the sense thate20 =
1, e2i = −1, i > 0, ei · ej = 0, i 6= j.
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34 LECTURE 2. INTERSECTION THEORY

Let H = H0 = |b(d)| be a homaloidal linear system of degreed on P2. Let
m1 be the multiplicity of a general memberD at x1. The the pre-image ofH0 in
X1 has the fixed componentm1E1. We subtract it and consider the linear system
H1 = |σ∗1(H0)−m1E1|. Letm2 be the multiplicity of a general member ofH1 at
x2 ∈ X1. Then|σ∗2(H1)−m2E2| has no fixed components onX2. Continuing in
this way, we find that

HN = σ∗(H)−
N∑

i=1

miEi

has no base points and no fixed components. Since it defines a birational morphism
to P2 we must have

σ∗(H)−
N∑

i=1

miEi = d2 −
∑

m2
i = 1. (2.19)

Recall that the behavior of the canonical class of a smooth varietyX under the
blow-upσ : BlZX → X of a smooth closed subvarietyZ ⊂ X of codimensionk

KBlZX == σ∗(KX) + (k − 1)E, (2.20)

whereE is the exceptional divisor. In our case we obtain

KX = −3H +
∑

Ei.

Since a general member of a homaloidal linear system is a rational variety, a gen-
eral member of the linear systemHN is a smooth rational curveC. We have
C2 = 1, and, by the adjunction formulaC2 + C ·KX = −2,

−3 = C ·KX = −3d+
∑

mi. (2.21)

The two equalities (2.19) and (2.21) give necessary conditions for the existence of
a homaloidal linear system of plane curves of degreed passing though the points
x1, . . . , xN (including infinitely near) with multiplicitiesm1, . . . ,mN . They also
sufficient, if we check, that the dimension of such linear system is equal to23 and
the linear systemH does not fixed components.

Example2.4.1. Assume thatm1 = . . . = mN = m. We have

d2 −Nm2 = 1, 3d−Nm = 3.

3This is the expected number since passing through a point with multiplicitym gives(m+1)m/2
conditions so that the two equalities give(d + 2)(d + 1)/2− 1−

P
mi(mi + 1)/2 = 2.

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



2.5. SMOOTH HOMALOIDAL LINEAR SYSTEMS 35

The only solutions are

(d,m,N) = (1, 0, 0), (2, 1, 3), (5, 2, 5), (8, 3, 7), (17, 6, 8).

The first transformation is, of course, a projective transformation. The second
one is a quadratic transformation defined by the linear system of conics through
3 points. They could be infinitely near, but not collinear (this extends even to
infinitely near points meaning that|H−E1−E2−E3| = ∅. The third linear system
is defined by the linear system of 6-nodal plane quintics. If we assume that the
base points are proper and in general position, then the blow-up of the six points is
isomorphic to a nonsingular cubic surface inP3 (by the map defined by the linear
system of cubics through the six points). The exceptional curves of the blow-up
are mapped to six skew lines on the cubic surface. The six skew lines which form
a double-six with the set of the exceptional curves are blown down to six points in
P2 by the linear system|3H −

∑
Ei|. TheP -locus of the Cremona transformation

consist of the union of 6 conics passing though the six points except one.
The last two transformations are more elaborate, they are called theGeiser

transformationand theBertini transformation, respectively.

Remark2.4.1. The ideal sheafσ∗(OX(−
∑
miEi)) is an integrally closed ideal

sheaf in the plane. According to Zariski, any integrally closed ideal in the plane
is obtained in this way. For example, consider the ideal sheaf of the subscheme
with support at a pointp and given in local coordinates by(x, yn). Its blow-up
is the scheme isomorphic over an affine neighborhood ofp with coordinatesx, y
to X = Proj C[x, y][u, v]/(uyn − vx) ⊂ A2 × P1. In a local chart withv 6= 0,
it is nonsingular. In the local chartu 6= 0, it has a singular point locally iso-
morphic to a singular point(0, 0, 0) on the affine surfacevx − yn = 0. The
type of this singularity goes under the nameAn−1-singularity. The exceptional
divisor of its minimal resolutionX ′ → X consists of a chain ofn − 1 smooth ra-
tional curves with self-intersection−2. The exceptional divisor of the composition
X ′ → X → P2 consists of a chain ofn smooth rational curves, with a(−1)-curve
at one end, and all other curves are(−2)-curves. These curves form an exceptional
configurationE1 obtained by a sequence of blowing ups of infinitely near points
xn � xn−1 � . . . � x1 = x.

2.5 Smooth homaloidal linear systems

Definition 2.5.1. A homaloidal linear systemH is called smoothif the reduced
base scheme is smooth and the base idealb = b(H) is a reduction of the product
of the powers of the radicals of the primary components ofb.
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36 LECTURE 2. INTERSECTION THEORY

If bi are the primary components ofb andbi is a reduction of(
√

bi)ri for some
ri ≥ 1, we write

H = |dH −
k∑

i=1

riZi|

whereH is meant to be the divisor class of a hyperplane andZi = V (
√

bi).
Since eachZi is smooth, the ideals

√
bi and their powers are integrally closed.

Also the blow-up schemeX of the product of theri-th powers of
√

bi is smooth
with exceptional divisor equal to

∑
riEi. Each divisorEi

∼= P(NZi/Pn). Sinceb

becomes invertible onX,X is a smooth resolution of any Cremona transformation
f defined by the homaloidal linear system.

Note that the idealb is not necessary integrally closed, so the blow-up ofb may
be non-normal. For example, a primary componentbi may look like(x2, y2) with
integral closure equal to(x2, y2, xy).

Let |dH − r1Z1 − . . . − rNZN | be a smooth homaloidal linear system. Let
E =

∑
riEi be the exceptional divisor of the integral closure ofb(HX). We have

s(Z,Pn)k = (−1)n−k−1π∗(En−k) =
N∑

i=1

(−ri)n−k−1π∗(En−k
i ) =

N∑
i=1

rn−k
i s(Zi,Pn)k.

(2.22)

We have already explained how to computes(Y,Pn) for any smooth subvariety
Y of Pn. For example, ifC is a curve of degreed in Pn, we get

s(C,Pn) = c(NC/Pn)−1 = 1− c1(NC/Pn).

The exact sequence of sheaves of differentials

0 → N∨
C/Pn → j∗ΩPn → Ω1

C → 0

gives an isomorphism

j∗
n∧

ΩPn ∼=
n−1∧

N∨
C/Pn ⊗ Ω1

C .

This yields

c1(NC/Pn) = −KPn · C + 2g − 2 = (n+ 1) degC + 2g − 2,

whereg is the genus ofC. Hence

s(C,Pn)k =


2− 2g − (n+ 1) degC if k = 0,
1 if k = 1,
0 otherwise.
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2.5. SMOOTH HOMALOIDAL LINEAR SYSTEMS 37

So, if we assume that Bs(HX)red consists ofM curvesC1, . . . , CM andN points
x1, . . . , xN , formula (3.3) together with Proposition2.3.1give

Proposition 2.5.1. Assume thatHX = |dH −
∑M

i=1 riCi −
∑N

i=1mixi|, where
Ci, i = 1, . . . ,M, is a smooth curve of degreedegCi and genusgi, andxi are
isolated points. Then

dn = dn +
M∑
i=1

[(rn
i (n+ 1)− dnrn−1

i ) degCi + rn
i (2gi − 2)]−

N∑
i=1

mn
i = 1

dn−1 = dn−1 −
M∑
i=1

degCi,

dk = dk, k = 0, . . . , n− 2.

To find the dimension of a smooth homaloidal system we use some known
techniques. LetJ be the ideal sheaf of a smooth closed subschemeZ of Pn. We
have a sequence of ideals

Jm ⊂ Jm−1 ⊂ . . . ⊂ J

with quotientsJ k/J k+1 isomorphic to thek-symmetric powers ofN∨
Y/Pn =

J /J 2. We also use the exact sequence

0 → (J /Jm)(d) → OmZ(d) → OZ(d) → 0,

wheremZ = V (Jm
Z ). The exact sequence gives

h0(OmZ(d)) = OZ(d) + h0(J /Jm(d)),

provided we have checked thath1(J /Jm(d)) = 0. Suppose we knowc(NY/Pn).
Then, one can compute the Chern class of the symmetric powers ofN∨

Z/Pn , also
of its twistsN∨

Z/Pn(d), and then apply the Riemann-Roch Theorem to compute

OZ(d) andh0((J /Jm)(d)).

Example2.5.1. Assume thatY is a smooth curveC of genusg and degreedegC.
We havec1(Sk(N∨

C/X)) = 1
2k(k + 1)c1(N∨

C/Pn) and by, the additivity ofc1, we
know

c1(J /Jm) = 1
2

m−1∑
k=1

k(k + 1)c1(NC/Pn) =
(
m+1

3

)
c1(NC/Pn).

Next, we use that, for any locally free sheafE of rankr, and an invertible sheafL,
we have

c(E ⊗ L) =
r∑

i=0

cr−i(E)(1 + c1(L))i. (2.23)
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38 LECTURE 2. INTERSECTION THEORY

Finally, we use Riemann-Roch Theorem which allows us to compute the Euler
characteristicχ(Pn,J /Jm(d)).

Since the rank ofJ /Jm is equal to2 + . . . + m = 1
2(m − 1)(m + 2), we

obtain

c1(J /Jm(d)) =
(
m+1

3

)
c1(N∨

C/P3) + 1
2(m− 1)(m+ 2)d degC.

By Riemann-Roch, for any locally free sheafE of rankr,

χ(E) = deg c1(E) + r(1− g).

This gives

χ(J /Jm(d)) =
(
m+1

3

)
c1(NC/P3)+ 1

2 (m−1)(m+2)d degC+ 1
2 (m−1)(m+2)(1−g).

χ(OmC(d)) = χ(J /Jm(d)) + χ(OC(d)) = χ(J /Jm(d)) + d degC + 1− g

=
(
m+1

3

)
(−4 degC + 2− 2g) +

(
m+1

2

)
(d degC + 1− g)

= (−4
(
m+1

3

)
+ d

(
m+1

2

)
) degC + (2

(
m+1

3

)
+

(
m+1

2

)
)(1− g).

Applying (2.5.1), we have

d3 − 1 = (−4m3 + 3dm2) degC + 2m3(1− g). (2.24)

Observe that this implies thatd is an odd number. Taking (2.24) into account, we
can rewrite the previous equality in the form

χ(OmC(d)) =
1
6
(d3 − 1 +m(4 + 3d) degC +m(3m+ 1)(1− g)).

Finally, under assumption, thatχ(OC(d)) = h0(OC(d)) andχ(J /Jm(d)) =
h0(J /Jm(d)), we get

4 = h0(Jm(d)) =
(
d+3
3

)
− χ(OmC(d))

=
1
6
(6d2 + 11d+ 7−m(4 + 3d) degC +m(3m+ 1)(g − 1)). (2.25)

The equalities (2.24) and (2.25) give necessary conditions for the existence of
a homaloidal linear system|dH −mC|.
Remark2.5.1. Whenn > 2, there are no smooth homaloidal linear systems with
0-dimensional base locus. Indeed, suppose such a linear system|dH −

∑
rixi|

exists. We know that the multi-degree is equal to(d, d2, . . . , dn). Let S be the
pre-image of a general plane. This is a surface of degreedn−2. The restriction
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2.5. SMOOTH HOMALOIDAL LINEAR SYSTEMS 39

of the linear system toS is of the form|dh −
∑
rixi|, whereh is a hyperplane

section ofS. After we blow-up the base points, we get a degree 1 map onto a
plane. This implies that1 = d2h2 −

∑
m2

i = dn −
∑
m2

i . On the other hand, we
have1 = dn −

∑
mn

i . This gives
∑
rn
i =

∑
m2

i , hence allmi are equal to 1, and
the base scheme is reduced and consists ofN = dn − 1 points. We know that the
pre-image of a general line is an irreducible curveR of degreedn−1 = dn−1. The
linear subsystem ofHX that consists of divisors passing throughR is of dimension
n − 2 (it is isomorphic to the linear system of hyperplanes through a line in the
target space). Take two general points onR, then we find a divisor fromHX that
passes through these two points and alsodn − 1 base points. Thus it intersectsR
atdn + 1 > dn points contradicting the Bezout Theorem.

Example2.5.2. Let n = 3. We have

1 = d3 +
M∑
i=1

[(4r3i − 3dr2i ) degCi + r3i (2gi − 2)]−
N∑

i=1

m3
i . (2.26)

Taked = 2. We have

1 = 8 +
M∑
i=1

[(4r3i − 6r2i ) degCi + r3i (2gi − 2)]−
N∑

i=1

m3
i . (2.27)

This leaves us with a few possibilities. By the previous remark,M 6= 0. Since each
quadric from the linear system passes throughCi with multiplicity ri, and any the
intersection of two quadrics is a connected curve of degree 4, we must haveri ≤ 2
and ∑

ri degCi < 4.

If degC1 = 3, thenM = 1, r1 = 1, g1 = 0, and (2.27) gives1 = 8− 6− 2−
2 degC2 −

∑N
i=1m

3
i , a contradiction.

If degC1 = 2, thenr1 = 1, g1 = 0. If M = 2, thenr2 = 1,degC2 = 1, g2 =
0, and we obtain1 = 8 − 4 − 2 − 2 −

∑N
i=1m

3
i , a contradiction. IfM = 1, we

get1 = 8 − 4 − 2 −
∑N

i=1m
3
i . This givesN = 1,m1 = 1. This case is realized

by the linear system of quadrics through a conic and a point lying outside of the
plane spanning the conic. The multi-degree is(2, 2). We will discuss these and
more general quadro-quadratic transformations of this kind in the next lecture.

If degC1 = 1, thenr1 ≤ 2, g1 = 0. If r1 = 2, then the quadrics must be of the
form V (aL2

1 + bL1L2 + cL2
2), whereC1 is the intersection of hyperplanesV (L1)

andV (L2). The dimension of such system is equal to 2, so it is not homaloidal.
If M = 2, for the same reason,r2 = 1anddegC2 = 1. We get1 = 8 − 2 −
2 − 2 −

∑N
i=1m

3
i , a contradiction. So, the remaining possibility isM = 1, and
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40 LECTURE 2. INTERSECTION THEORY

N = 3,m1 = m2 = m3 = 1. This case is realized and leads to a Cremona
transformation of multi-degree(2, 3).
Example2.5.3. It is possible that Bs(T ) is 0-dimensional but the homaloidal lin-
ear system is not smooth. There are hidden 1-dimensional infinitely near com-
ponents. For example, consider the linear system of quadrics inP3 which pass
through 3 non-collinear points and have the same tangent plane at the fourth point.
Choosing coordinates, we may assume that the points arep1 = [1, 0, 0, 0], p2 =
[0, 1, 0, 0], p3 = [0, 0, 1, 0], p4 = [0, 0, 0, 1], and the tangent plane at the pointp4

has equationt0 + t1 + t2 = 0. After we blow-up the first three points, we obtain
that the inverse image of the linear system has the base locus equal to a line in
the exceptional divisorE4 over the pointp4. If we blow-up this line, we resolve
the birational map. The exceptional divisor consists ofE1, E2, E3, E

′
4, E5, where

E′4 is the proper transform ofE4 isomorphic toP2 and andE5 is the exceptional
divisor over the line isomorphic to the minimal ruled surfaceF2. The divisorsE′4
andE5 intersect along a curveC which is the exceptional section inE5 and a line
in P2.

The base ideal in a neighborhood of the pointp4 is isomorphic to the ideal
(xy, yz, xz, x+ y + z). After we make the change of variablesx→ x+ y + z, it
becomes isomorphic to the ideal(x, y2, yz, z2). It is easy to see that the blow-up
scheme is isomorphic to the projective cone over the blow-up of the maximal ideal
(y, z). It has a singular point locally isomorphic to the cone over the Veronese
surface. Its exceptional divisor is isomorphic to the quadratic cone. The birational
morphism from the resolution in above to the blow-up of the base scheme is the
contraction of the divisorE′4 to the singular point of the blow-up.

So the homaloidal linear system can be written in the form|2H−p1−p2−p3−
Z4|, wherep4 = (Z4)red, andZ4 is locally given by a primary ideal(x, y2, yz, y2).

2.6 Special Cremona transformations

A Cremona transformation with smooth connected base scheme is calledspecial
Cremona transformation. There are no such transformations in the plane and they
are rather rare in higher-dimensional spaces and maybe classifiable. We start from
one-dimensional base schemes. It follows from our formulas that the following
two examples work:

(i) n = 3, g = 3,degC = 6, d = 3;

(ii) n = 4, g = 1,degC = 5, d = 2.

The first example is a bilinear (or a cubo-cubic transformation) which we will study
in detail later. The second transformation is given by quadrics. The restriction
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2.6. SPECIAL CREMONA TRANSFORMATIONS 41

of the homaloidal linear system to a general hyperplane is the linear system of
quadrics through 5 points. It is known (see, for example, [Topics]) that the image
is a ten-nodalSegre cubic. So, the degree of the inverse transformation is equal
to 3. The image of a general plane is a Veronese surface of degree 4. So, the
multidegree of the transformation is equal to(2, 4, 3). This is an example of a
quadro-cubic transformation inP4 discussed in Semple-Roth’s book. Note that the
base locus of the inverse transformationf−1 is a surface of degree 5, an elliptic
scroll. In fact, the image of a general plane underf is of degree 4 but given by
cubics. This implies that the plane meets the base scheme at 5 simple points.

A result of B. Crauder and S. Katz shows that the two cases are the only pos-
sible cases with a smooth connected one-dimensional locus.

Next we assume that the dimension of the base locus is equal to 2. The next
result also belongs to Crauder and Katz.

Theorem 2.6.1. A special Cremona transformation with two-dimensional base
schemeZ is one of the following:

(i) n = 4, d = 3, Z is an elliptic scroll of degree 5, the base scheme of the
inverse of the quadro-cubic transformation from above;

(ii) n = 4, d = 4, Z is a determinantal variety of degree 10 given by4×4-minors
of a4× 5-matrix of linear forms (a bilinear transformation, see later).

(iii) n = 5, d = 2, Z is a Veronese surface.

(iv) n = 6, d = 2, Z is an elliptic scroll of degree 7;

(v) n = 6, d = 2, Z is an octic surface, the image of a plane under a rational
map given by the linear system of quartics through 8 points.

In cases (ii) and (iii) the inverse transformation is similar, with isomorphic base
scheme.

There is no classification for higher-dimensionalZ. However, we have the
following nice results of L. Ein and N. Shepherd-Barron [Amer. J. Math. 1989].

Recall that aSeveri varietyis a closed a subvarietyZof Pn of dimension1
3(2n−

4) such that the secant variety is a proper subvariety ofPn+1. All such varieties are
classified by F. Zak.

(i) Z is a Veronese surface inP5;

(ii) Z is the Grassmann varietyG1(P5) embedded in the Plücker spaceP14;

(iii) Z is the Severi varietys(P2 × P2) ⊂ P8;
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42 LECTURE 2. INTERSECTION THEORY

(iv) Z is theE6-variety, a 16-dimensional homogeneous variety inP26.

Theorem 2.6.2. Let f be a quadro-quadratic transformation with smooth base
scheme. Then the base scheme is isomorphic to one of the Severi varieties.

All these transformations are involutions (i.e.T = T−1). In particular, their
multi-degree vectors are symmetric.

2.7 Double structures

Let Y ⊂ X be a smooth closed codimensionr subvariety of an-dimensional
smooth variertyX andN∨

Y/X = JY /J 2
Y be its conormal locally free sheaf. A

double structureon Y is a surjectionu : N∨
Y/X → L onto an invertible sheafL.

It defines a sections : Y → P(N∨
Y/X). Let ũ : JY → L be the composition of

u and the canonical surjectionJY → JY /J 2
Y . Its kernel is an ideal sheafI that

defines a closed subschemeZ containingY as a closed subscheme and contained
in the first infinitesimal neighborhoodY (1) defined by the ideal sheafJ 2

Y . Thus,
by definition, we have an exact sequence:

0 → JZ → JY → L → 0. (2.28)

We call the schemeZ a double structureon Y . In the case whenX is a smooth
surface, andY is a closed point, the double structure is a choice of a point on
the exceptional curveE of the blow-up of the point. It corresponds to a tangent
direction at the point. It is an infinitely near point toY .

Let E1 be the exceptional divisor of the blow-upσ1 : B1 = BlYX → X and
Y1 be the image of the sections : Y → E1 = P(NY/X) defined byL. The exact
sequence (2.28) gives a surjection of graded algebras⊕J k

Y → SymL. Its kernel
is generated byσ−1

1 JZ . Recall that the affine coneCE overE is Spec SymN∨
Y/X .

The sections corresponds to the surjection SymN∨
Y/X → SymL. This shows that

the pre-image of the ideal sheaf ofY1 in CE is generated by Ker(u) ⊂ N∨
Y/X . This

also shows that the idealJY1 of Y1 in E is equal toσ−1
1 (JZ) · OE1 and hence

σ−1
1 (JZ) = OB1(−E1) · JY1 . (2.29)

The quotientOB1(−E1)/OB1(−E1) · JY1 is isomorphic toOY1(−E1). It follows
from the definition ofOE(1) = OE(−E1) thats∗(OE(−E1)) ∼= L. This shows
that we have an exact sequence

0 → OB1(−E1) · JY1 → OB1(−E1) → L → 0.
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2.7. DOUBLE STRUCTURES 43

It is obtained from (2.28) by applyingσ−1.
Let σ2 : B2 → B1 be the blow-up ofY1. Then the inverse transform ofJZ in

B2 becomes invertible and isomorphic toOB2(−E ′1 − E2), whereE1 = σ∗2(E1) is
the full transform ofE1 in B2 andE2 is the exceptional divisor ofσ2. We have

s(Z,X)m = (−1)n−m−1σ∗(En−m),

whereE = E1 + E2 andσ = σ1 ◦ σ2 : B2 → X. By the projection formula,

σ2∗(E1 + E2)n−m =
n−m∑
i=0

(
n−m

i

)
σ2∗(E i

1 · En−m−i
2 )

=
n−m∑
i=0

(
n−m

i

)
Ei

1 · σ2∗(En−m−i
2 ) =

n−m∑
i=0

(
n−m

i

)
Ei

1(−1)n−m−i−1s(Y1, B1)m+i.

Thus

s(Z,X)m = s(Y,X)m +
n−m−1∑

i=0

(
n−m

i

)
(−E1)is(Y1, B1)m+i. (2.30)

So we need to computes(Y1, B1) = c(NY1/B1
). We use the following well-

known result about projective bundles.

Lemma 2.7.1. Let E be a locally free sheaf of rankr on a smooth schemeX and
let P(E) be the projective bundle associated toE . Letu : E → L be a surjection of
E onto an invertible sheafL ands : X = Proj SymL → P(E) = Proj SymE is
the corresponding section. Then

s∗(Ns(X)/P(E)) ∼= Ker(u)∨ ⊗ L.

Proof. Let P = P(E) andS = s(X). Consider the exact sequence of sheaves of
relative differentials

0 → N∨
S/P → Ω1

P/X ⊗OS → Ω1
S/P → 0.

Since the projectionp : P → X induces an isomorphismS → X, we have
Ω1

S/P = 0. Thus

N∨
S/P

∼= Ω1
P/X ⊗OS . (2.31)

Now consider the Euler exact sequence

0 → OP → p∗(E∨)⊗OP (1) → (Ω1
P/X)∨ → 0. (2.32)
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It follows from the definition of the sheafOP (1) thatL ∼= s∗(OP (1)). Passing to
the duals, and applyings∗, we obtain

s∗(N∨
S/P ) ∼= Ω1

P/X
∼= Ker(E ⊗ L−1 → OX) ∼= Ker(u)⊗ L−1.

Taking the dual again, we get

s∗(NS/P ) ∼= Ker(u)∨ ⊗ L. (2.33)

Note that equalities (2.31) and (2.32) give

c(NS/P ) = c((Ω1
P/X)∨) = c(E∨ ⊗ L). (2.34)

Applying (2.23) and (2.31), we find

c(NY1/E) =
r∑

i=0

cr−i(NY/X)(1 +D)i. (2.35)

SinceOB(1) = OB(−E), we get

NE/B|Y1 = OE(E)|Y1 = L−1 = OY (−D). (2.36)

Using exact sequence (2.12), we finally obtain

s(Y1, B) = (
r∑

i=0

ci(NY/X)(1 +D)r−i)−1(1−D)−1.

and, applying (2.30) and (2.36), we get

s(Z,X)m = s(Y,X)m +
n−m−1∑

j=0

(
n−m

j

)
Dj · s(Y1, B)m+j . (2.37)

Example2.7.1. LetY be a closed point. We haves(Y,X)0 = s(Y1, B)0 = [Y ], so

s(Z,X) = 2[Y ].

Or letY be a smooth curve on an-fold X. Then

s(Y,X) = ([Y ] + c1(NY/X))−1 = [Y ]− c1(NY/X),

s(Y1, B) = ([Y ] + (n− 1)D + c1(NY/X))−1(1−D)−1
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2.7. DOUBLE STRUCTURES 45

= [Y ]− (n− 1)D − c1(NY/X))(1 +D)

= [Y ]− (n− 2)D − c1(NY/X).

This gives

s(Z,X)0 = −2c1(NY/X) + 2D (2.38)

s(Z,X)1 = 2[Y ].

Let us apply this to our situation whenX = Pn andZ is the base scheme of a
homaloidal linear system. We have

dk = dk −
k∑

i=1

(
k
i

)
dk−is(Z,Pn)n−i.

Example2.7.2. Let Y be a curveC of genusg in Pn. Consider a double structure
onC defined by an invertible sheafO(D) of degreea = degD. From the previous
computationsc1(NC/Pn) = 2g − 2 + (n+ 1) degC. Applying (2.38), we get

s(Z,Pn)0 = 4− 4g − 2(n+ 1) degC + 2a, s(Z,Pn)1 = 2deg Y,

hence

dn = dn − (4− 4g − 2(n+ 1) degC + 2a)− 2nd degC, (2.39)

dn−1 = dn−1 − 2 degC,
dk = dk, k < n− 1.

Consider a special case whenn = 3 andC is a line. By takingd = 2, a = −1,
we obtaind3 = 2. Thus adding one isolated base point, we obtain a candidate
for a homaloidal linear system of quadrics through the double structure of a line
and an isolated point. We will see later that this corresponds to a degeneration of
a quadratic transformation through a smooth conic inP3 and a point outside the
plane spanned by the conic.

Another special case whenC is a twisted cubic inP3 anda = −4. We take
d = 3, and getd3 = 1. We will see later that this is a special case of a cubo-cubic
Cremona transformation.

By considering a double structure on the sectionY1 of the blow-up ofY , we
can introduce atriple structureon Y , and continuing in this way, we can define
a k-multiple structureon Y . It is given by a sequence of the blow-ups of smooth
closed subvarietiesYi ⊂ Bi−1

B = Bk
σk // Bk−1

σk−1 // . . . σ2 // B1
σ1 // B0 = X
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46 LECTURE 2. INTERSECTION THEORY

such thatY0 = Y , andYi, i > 0, is a section of the exceptional divisorEi → Yi−1

of σi defined by a surjectionNYi−1/Bi−1
→ Li, whereLi is an invertible sheaf on

Yi−1. Note that the restriction of the compositionσ1 ◦ . . . ◦ σi : Bi → B0 = X to
Yi defines an isomorphismYi

∼= Y . So we can identifyLi with an invertible sheaf
onY . For anyk ≥ j ≥ i ≥ 1, let

σj,i =

{
σi ◦ . . . ◦ σj : Bj → Bi−1 if j > i,

σj if j = i.

Also set
Ej,i = σ−1

j,i (Yi−1).

Consider the inclusion of invertible sheaves onBk

OBk
(−

k∑
i=1

Eki) ⊂ OBk
(−

k−1∑
i=1

Eki) ⊂ . . . ⊂ OBk
(−Ek1 − Ek2) ⊂ OBk

(−Ek1).

LetZj be the subscheme ofX defined by the ideal sheaf(σk1)∗OBk
(−

∑j
i=1 Eki).

Then we have a chain of closed subschemes

Y = Z1 ⊂ Z2 ⊂ . . . ⊂ Zk (2.40)

with JZj/JZj+1
∼= Lj , j = 1, . . . , k − 1. By the projection formula,

(σk1)∗OBk
(−

j∑
i=1

Eki) = (σj1)∗(−
j∑

i=1

Eji).

Thus, eachZj is aj-th multiple structure onY .
Finally, we may consider the scheme

Zk(m1, . . . ,mk) = V ((σk1)∗OBk
(−

k∑
i=1

miEki)).

Its proper transform onBk is the linear system|dH −
∑k

i=1miEki|. For example,
Zk = Zk(1, . . . , 1). By definition,mZk = Zk(m, . . . ,m).

Generalizing the computations for the Segre class of a double structure given
in (2.30), we can compute, by induction, the Segre classes of the base schemeZ of
|dH −

∑j
i=1miEki|. We get

s(Zk(m1, . . . ,mk), X)c = mn−c
1 s(Y,X)c +

n−c−1∑
j=0

(
n−c

j

)
mj

1m
n−c−j
2 Dj

1s(Y1, B1)c+j
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2.7. DOUBLE STRUCTURES 47

+
n−c−1∑

j=0

(
n−c

j

)
mj

2m
n−c−j
3 Dj

2s(Y2, B2)c+j + . . .+

n−c−1∑
j=0

(
n−c

j

)
mj

k−1m
n−c−j
k Dj

k−1s(Yk−1, Bk−1)c+j .

wheres(Yj , Bj) are computed by induction using (2.12),

s(Yj , Bj) = (
r∑

i=0

ci(NYj−1/Bj−1
)(1 +Dj)r−i)−1(1−Dj)−1. (2.41)

Example2.7.3. Assume that the base scheme is ak-multiple structureZk on a
smooth curveC. Applying (2.41), we find

s(Yj , Bj)0 = −(n− 2)Dj + s(Yj−1, Bj−1)0 =

[Yj ]− (n− 2)Dj − (n− 2)Dj−1 − s(Yj−2, Bj−2)0

= −(n− 2)(D1 + . . .+Dj)− c1(NC/Pn),

This gives

s(Zk(m1, . . . ,mk),Pn)0 =
k−1∑
j=1

mn
j s(Yj , Bj)0 + n

k−1∑
j=1

mjm
n−1
j+1Dj ,

s(Zk(m1, . . . ,mk),Pn)1 =
k∑

j=1

mn−1
j [C].

For a concrete example, let us take allmj = m. Then we obtain

s(mZk,Pn)0 = −mn[(n− 2)(
k−1∑
i=1

(k − i)Di) + kc1(NC/Pn)− n

k−1∑
i=1

Di],

s(Zk,Pn)1 = kmn−1[C].

As soon as we know the Segre classes ofZk(m1, . . . ,mk) we can compute the
multi-degrees of the transformation and check whetherdn = 1, the necessary con-
dition for a homaloidal linear system.

Another condition to check isdim |dH − Zk(m1, . . . ,mk)| = n. For this we
use the Riemann-Roch Theorem (see [Hartshorne], Appendix]. We state it only in
the casen = 3.

χ(X,OX(D)) =
1
12

(2D3−3KX ·D2+D·K2
X)+

1
12
D·c2(Ω1

X)+χ(OX). (2.42)
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48 LECTURE 2. INTERSECTION THEORY

In our situation,X = Bk, D = dH − E, whereE =
∑k

j=1mjEkj ,

KX = −4H +
k∑

i=1

Eki.

We also use the following formula forc2(X) := c2(Ω1
X) from [Fulton], Example

15.4.3. It is obtained by successive application of the formula

c2(Bj) = σ∗j (c2(Bj−1)) + (2− 2g)fj − E2
j , (2.43)

wherefj is the class of a fibre ofEj → Yj−1. We skip the computations which
show that

c2(Bk) ·D = 24d+ (d− 4) degC(
k∑

j=1

mj .

Note thatc2(Bk) ·D = 24 if d = 4 . This reflects the fact that, for any nonsingular
3-foldX

c2(X) · c1(X) = 24χ(X,OX).

Note thatc1(Bk) = 4H −
∑k

j=1 Ekj .

To compute the other ingredients in the Riemann-Roch formula, we use that,
for anyi > j,

Eki · Ekj = 0

because, replacingEj by an algebraically equivalent cycle, we can assume that it
does not intersectYj−1, henceσ∗ki(Ej) · Ekj′ must be zero. Also we haveE3

kj =
−c1(NYj−1/Bj−1

). Using this we obtain

D3 = d3 +
k∑

j=1

m3
jc1(NYj−1/Bj−1

)− 3d degC
k∑

j=1

m2
j ,

KBk
·D2 = −4d2 +

k∑
j=1

(4m2
i + 2dmi) degC −

k∑
j=1

m2
jc1(NYj−1/Bj−1

),

K2
Bk
·D = 16d−

k∑
j=1

(d+ 8mi) degC +
k∑

j=1

mjc1(NYj−1/Bj−1
),

c2(Bk) ·D = 6d+ (d− 4) degC
k∑

j=1

mj .
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2.8. DILATED TRANSFORMATIONS 49

Finally, we get

12χ(Bk,OX(dH − E)) = 12
(
d+3
3

)
+

k∑
j=1

(2m3
j + 3m2

j +mj)c1(NYj−1/Bj−1
)

−((6d+ 12)
k∑

j=1

m2
j + (5d+ 12)

k∑
j=1

mj + kd) degC.

If |dH − E| is a homaloidal system, the right-hand side must be equal to36
(provided thatH1(Bk,OBk

(dH − E)) = 0).
To convince the reader that we have not made a mistake let us make a few

tests. First, we takedegC = 2, k = m1 = 1. The right-hand side is equal to
120 + 36− 2(24 + 22 +2) = 60. Sincedim |2H −C| = 4, the formula is correct.

Next, we takedegC = 3, k = 2,degD1 = −4,m1 = m2 = 1. The right-
hand side is equal to54 + 108 + 66 + 6(10 + 18) − 6(30 + 27 + 3) = 36. We
know that the linear system is homaloidal, so the formula is correct.

The conditions(dH−E)3 = 1 andχ(Bk,OX(dH−E)) = 4 are not the only
necessary conditions for the existence of a homaloidal linear system. Note that a
general memberD of |dH − E| is a smooth rational surface. This implies that its
canonical linear system is empty. By the adjunction formula,

KD = ((d− 4)H −
k∑

j=1

(mi − 1)Ekj) ·D.

For example, if allmj = 1, this implies thatd < 4. We have seen already an
example withd = 3, k = 2 and degC = 3. One more possible example is
d = 3, k = 3,degC = 2 and the triple multiple structureZ on the conic is defined
by line bundles of degree−2 and−3. The arithmetic genus ofZ is equal to 3, the
same as the genus of the double structure on a twisted cubic. In the next lecture we
will study cubo-cubic transformations with basis scheme an arbitrary arithmetical
Cohern-Macaulay one-dimensional schme of degree 6 and arithmetic genus 3. Our
examples are special cases of such transformations.

2.8 Dilated transformations

Starting from a Cremona transformationT in Pn−1 we seek to extend it to a Cre-
mona transformation inPn. More precisely, ifpo : Pn 99K Pn−1 is a projection
map from a pointo, we want to find a Cremona transformationT : Pn 99K Pn−1
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50 LECTURE 2. INTERSECTION THEORY

such thatpo◦ T̄ = T ◦po. Suppose thatT is given by a sequence of degreed homo-
geneous polynomials(G1, . . . , Gn). Composing with a projective transformation
in Pn, we may assume thato = [1, 0, . . . , 0]. Thus the transformationT must
be given by(F0, QG1, . . . , QGn), whereQ andF0 are coprime polynomials of
degreesr andd+ r.

Proposition 2.8.1. (I. Pan) Let(G1, . . . , Gn) be homogeneous polynomials of de-
greed in t1, . . . , tn. LetF0 = t0A1 + A2, Q = t0B1 +B2, whereA1, A2, B1, B2

are homogeneous polynomials of degreesd + r − 1, d + r, r, r − 1, respectively.
Assume thatF0 andQ are coprime andA1B2 6= A2B1. Then the polynomi-
als (F0, QG1, . . . , QGn) define a Cremona transformation ofPn if and only if
(G1, . . . , Gn) define a Cremona transformation ofPn−1.

Proof. We will give two proofs, a geometric and purely algebraic one. The first one
is geometric. Assume that the conditions are satisfied. Take a general pointy in the
target space. The linear system of hyperplanes throughy contains a codimension 1
subsystem of hyperplanes passing through the pointo. Thus we can writey as the
intersection ofn+ 1 hyperplanesH1, . . . ,Hn,Hn+1, whereH1, . . . ,Hn contains
o andHn+1 does not. The pre-image ofy underT is equal to the intersection ofn
hypersurfacesD1, . . . , Dn from the linear span of the polynomialsQG1, . . . , QGn

and a hypersurfaceD = V (F0 +
∑
aiQGi). The intersection of the firstn hy-

persurfaces is the union of the line` = 〈x, o〉 and the hypersurfaceV (Q), where
x ∈ V (t0) is the unique pre-image ofy underT . The intersectionD ∩ (V (Q)∪ `)
consists of the union ofD ∩ V (Q) andD ∩ `. The first part belongs to the base
locus ofT . The conditions on the multiplicities ofQ andF0 imply thatD has a
singular point of multiplicityd + r − 1, one less than its degree. Thus the second
intersection consists of one point outside the base point. It is easy to see that the
conditions are necessary for this.

Our second proof is algebraic. LetF ′(z1, . . . , zn) denote the dehomogeniza-
tion of a homogeneous polynomialF (t0, . . . , tn) in the variablet1. It is obvious
that(F0, . . . , Fn) define a Cremona transformation if and only if the field

C(F1/F0, . . . , Fn/F0) := C(F ′1/F
′
0, . . . , F

′
n/F

′
0) = C(z1, . . . , zn).

Consider the ratioF0/QG1 = t0A1+A2
t0GB1+GB2

. Dehomogenizing with respect tot1,

we can write the ratio in the formaz1+b
cz1+d , wherea, b, c, d ∈ C(z2, . . . , zn). By our

assumption,ad− bc 6= 0. Then

C(F1/F0, . . . , Fn/F0) = C(F0/QG1, G2/G1, . . . , Gn/G1)

= C(G2/G1, . . . , Gn/G1)(F0/QG1) = C(G2/G1, . . . , Gn/G1)(
az1 + b

cz1 + d
).
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2.8. DILATED TRANSFORMATIONS 51

This field coincides withC(z1, . . . , zn) if and only if C(G2/G1, . . . , Gn/G1) co-
incides withC(z2, . . . , zn).

Definition 2.8.1. The Cremona transformation̄T in Pn obtained from a Cremona
transfromationT in Pn−1 by the above construction is called adilation of T . It
depends on the choice of a pointo and polynomialsF0, Q of degreesd + r andr
satisfying the conditions on their multiplicities ato stated in the assertion of the
previous proposition.

The first geometric proof in Proposition2.8.1gives some information about the
possible multi-degree(d̃1, . . . , d̃n−1) of the dilated transformation. Let(d1, . . . ,
dn−2) be the multi-degree ofT . LetL be a general linear subspace ofPn of dimen-
sionk. We can writeL as the intersection ofn−k−1 hyperplanesH1, . . . ,Hn−k−1

containingL and a hyperplaneHn−k containingL but not containingo. LetDi be
the divisors of the homaloidal linear system definingT̄ which corresponds toHi.
The intersectionD1 ∩ . . .∩Dn−k−1 is equal to the union of the cone over the base
scheme ofT and the cone overCX over ak-dimensional varietyT−1(L ∩ V (t0))
of degreedn−k−1. The intersectionD1 ∩ . . . ∩ Dn−k−1 ∩ Dn−k is equal to the
union of the base locus of̄T and the intersection ofX with Dn−k. The latter is of
degree(d+ r)dn−k−1. Thus we obtain

d̃n−k ≤ (d+ r)dn−k−1. (2.44)

Whenk = n − 1, we have the equality. For smallerk, the equality occurs when
D∩CX has no components of dimensionk belonging to the base scheme ofT . It is
easy to see that the latter consists of the union ofV (F0)∩V (Q) andV (F0)∩CBs(T ).

Example2.8.1. Let n = 3 andT be defined by a smooth homaloidal linear system
|dh −

∑N
i=1mipi|. Let F0 = t0A1 + A2 andQ = t0B1 + B2 as in Proposition

2.8.1. and letki be the minimal of the multiplicities ofA1 andA2 at the pointpi

and similarni be forB1, B2. This implies thatV (F0) pass through the lines〈o, pi〉
with multiplicity ≥ ki andV (Q) passes through these lines with multiplitiesni.
Let si = min{mi + ni, ki}. Then the dilated homaloidal linear system contains
the lines〈o, pi〉 with multiplicitiessi, we obtain

d̃2 = (d+ r)d−
∑

si.

In a special case, takeT to be the standard Cremona transformationTst given by
(t2t3, t1t3, t1t2) andF0 = t0t1. Thus two of the numberssi, corresponding to the
base points(0, 1, 0) and(0, 0, 1) are equal to one, and one is equal to 0. We obtain
d̃2 = 2. On the other hand, if we takeF0 = t0t1 + t2, we obtaind̃2 = 3 and, if we
takeF0 = t0(t1 + t2), we getd̃2 = 4.
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Lecture 3

First examples

3.1 Quadro-quadric transformations

Let us show that any vector(2, . . . , 2) is realized as the multi-degree of a Cremona
transformation. Forn = 2, we take the homaloidal linear system of conics through
three non-collinear points. Forn = 3, we can take the homaloidal linear system
of quadrics through a nonsingular conic discussed in the previous section. For
arbitraryn we do a similar construction as is explained below.

Consider the linear system of quadrics inPn containing a fixed smooth quadric
Q0 of dimensionn − 2. It mapsPn to a quadricQ in Pn+1. We may choose
coordinates such that

Q0 = V (z0) ∩ V (
∑
i=1

z2
i ).

so that the hyperplaneH = V (z0) is the linear span ofQ0. Then the linear system
is spanned by the quadricsV (

∑
z2
i ), V (z0zi), i = 0, . . . , n. It maps the blow-up

of Pn alongQ0 to the quadricQ in Pn+1 with equationt0tn+1−
∑n

i=1 t
2
i = 0. The

rational mapg : Pn 99K Q defined by a choice of a basis of the linear system, can
be given by the formula

[x0, . . . , xn] 7→ [
n∑

i=1

x2
i , x0x1, . . . , x0xn, x

2
0].

Observe that the image ofH is equal to the pointa = [1, 0, . . . , 0]. The inverse of
g is the projection map

pra : Q 99K Pn, [z0, . . . , zn+1] → [z0, . . . , zn]

from the pointa. It blows down the hyperplaneV (zn+1) ⊂ Pn+1 to the quadric
Q0. Now consider the projection map prb : Q 99K Pn from a pointb 6= a not lying

53
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54 LECTURE 3. FIRST EXAMPLES

in the hyperplaneV (tn+1). Note that this hyperplane is equal to the embedded
tangent hyperplaneTaQ of Q at the pointa. The compositionf = prb ◦ pr−1

a

of the two rational maps is a quadratic transformation defined by the homaloidal
linear system of quadrics with the base locus equal to the union ofQ0 and the point
pra(b). For example, if we chooseb = [0, . . . , 0, 1] so that pra(b) = [1, 0, . . . , 0],
then the Cremona transformationf : Pn 99K Pn can be given by the formula

[x0, . . . , xn] 7→ [
n∑

i=1

x2
i , x0x1, . . . , x0xn]. (3.1)

Note thatf−1 = pra ◦ pr−1
b must be given by similar quadratic polynomials. So

the degree off−1 is equal to 2. This is the reason for the namequadro-quadratic
transformation.

For example, ifn = 2, if we rewrite the equation ofQ0 in the form z0 =
z1z2 = 0 and obtain the formula (1.7) for the standard quadratic transformation.

Let us compute the multi-degree. For any general linear subspaceL of codi-
mensionk > 0, its pre-image under the proejctionpb : Q 99K Pn is the intersection
ofQ with the subspaceL′ = 〈L, b〉. It is a quadric in this subspace. Since the point
a does not belong toL′, the projection of this quadric from the pointa is a quadric
in the projection ofL′ from the same point. Thusdk = 2. This shows that the
multi-degree of the transformation is equal to(2, . . . , 2).

Let us confirm it by the “high-tech” computations using the Segre classes. We
have the exact sequence of normal sheaves

0 → NQ0/H → NQ0/Pn → NH/Pn |Q0 → 0.

This gives

s(Q0,Pn) = c(NQ0/Pn)−1 = c(NQ0/H)−1c(NH/Pn) ∩ [Q0]

= (1+2h0)−1(1+h0)−1 =
(∑

i≥0

(−2h0)i
)(∑

i≥0

(−h0)i
)

=
∑
k≥0

(2k+1−1)(−1)khk
0.

whereh0 is the class of a hyperplane section ofQ0 and1 stands for[Q0]. Note that
under the homomorphismi∗ : A∗(Q0) → A∗(Pn), the image ofhk

0 ∈ An−3(Q0)
is equal to2hk+2. Thus we obtain, fork < n,

dk = 2k −
k∑

i=1

2k−i
(
k
i

)
s(Bs(HX),Pn)n−ih

n−i

= 2k −
k∑

i=1

2k−i
(
k
i

)
[s(Q0,Pn)n−i + s(x0,Pn)n−i]hn−i
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3.1. QUADRO-QUADRIC TRANSFORMATIONS 55

= 2k −
k∑

i=1

2k−i
(
k
i

)
(−1)i−22(2i−1 − 1) + [x0]hn−k

= 2k − 2k(
k∑

i=1

(−1)i
(
k
i

)
) + 2

k∑
i=1

2k−i(−1)i
(
k
i

)
= 2k + 2k + 2(1− 2k) = 2.

Let us consider some degenerations of the transformation given by (3.1). Let us
take two nonsingular pointsa, b on an arbitrary irreducible quadricQ ⊂ Pn+1. We
assume thatb does not lie in the intersection ofQ with the embedded tangent space
TaQ of Q ata. Let f = pra ◦ pr−1

b . The projectionpa blows down the intersection
TaQ ∩ Q to a quadricQ0 in the hyperplaneH = pra(TaQ). If r = rankQ (i.e.
n+1−r is the dimension of the singular locus ofQ), then rankQ∩TaQ = r−1. Its
singular locus is spanned by the singular locus ofQ and the pointa. The projection
Q0 of Q ∩ TaQ is a quadric with singular locus of dimensionn + 1 − r, thus, it
is a quadric of rank equal ton − 1 − (n + 1 − r) = r − 2 in H. The inverse
transformation pr−1

a : Pn 99K Q is given by the linear system of quadrics inPn

which pass throughQ0. So, takinga = [1, 0, . . . , 0] andb = [0, . . . , 0, 1] as in the
non-degenerate case, we obtain thatf is given by

f : [x0, . . . , xn] 7→ [
r−2∑
i=1

x2
i , x0x1, . . . , x0xn]. (3.2)

Note the special cases. Ifn = 2, andQ is an irreducible quadric cone, thenr =
3 and we get the formula for the first degenerate standard quadratic transformation
(1.8). To get the second degenerate standard quadratic transformation, we should
abandon the condition thatb 6∈ TaQ. We leave the details to the reader.

Example3.1.1. Consider the Cremona transformation given by the quadric poly-
nomials

(t23 − t1t2, t0(t1 − t2), t0(t2 − t3), t0(λt3 − t0).

Whenλ 6= 0, the base scheme is reduced and is equal to the union of the smooth
conicC : t23 − t1t2 = t0 = 0 and the point[λ, 1, 1, 1]. Whenλ = 0, u 6= 0,
the reduced base scheme is equal toC, however, it is not reduced. It contains an
embedded point[0, 1, 1, 1] onC. It corresponds to the pointb lying onTaQ.

Example3.1.2. Another example of a degenerate quadratic transformation is ob-
tained by the homaloidal linear system of quadrics through a double structureZ
of codimension 2 linear subspaceL of Pn. We consider only the casen = 3 and
leave the computations in other cases to the reader. Consider the double structure
on a lineL defined by the invertible sheafOL(−1). Consider the exact sequences,
obtained from exact sequence (2.28) after twisting byOP3(1) andOP3(2),

0 → JZ(2) → JL(2) → OL(1) → 0,
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56 LECTURE 3. FIRST EXAMPLES

0 → JZ(1) → JL(1) → OL → 0.

It is easy to see that the homomorphismH0(P3,JL(i)) → H0(P3,OL(i − 1)) is
surjective. Indeed, it assigns to a sections defining the plane (quadric) containing
L the section̄s obtained by dividings by the equation of the line and restricting
s̄ to L. This givesh0(JZ(1)) = 1, h0(JZ(2)) = 5. Using computations from
Example2.7.2we obtain that the linear system of quadrics throughZ and a point
outside the plane corresponding to a non-zero section ofJZ(1) is homaloidal. The
corresponding Cremona transformation is the composition of the transformation

[x0, x1, x2, x3] 7→ [x2
1, x0x1, x0x2, x0x3]

and a projective transformation. The equation of the lineL here isx0 = x1 = 0,
and the equation of the plane containing the double structure isx0 = 0. The
transformation is the composition of a rational map to a quadric of rank 3 inP4,
and the projection from a nonsingular point of the quadric.

It is not true that the multi-degree of a quadro-quadratic transformation in
Pn, n > 3 is always of the form(2, . . . , 2). For example, ifn = 4, applying Cre-
mona’s inequalities, we obtaind2 ≤ 4. A transformation of multi-degree(2, 3, 2)
can be obtained by taking the homaloidal linear system of quadrics with the base
scheme equal to a plane and two lines intersecting the plane at one point.

3.2 Quadro-quartic transformations

Suppose we have a Cremona transformation with multi-degree(2,m). An Φ-curve,
the proper transform of a line in the target space, is of degreem. It is contained in
the intersection of two quadrics, the proper transforms of planes. This shows that
m ≤ 4. This can be also deduced from the log-concavity of the multi-degree. If
m = 4, the formula ford2 in Proposition2.3.1shows that the reduced base scheme
consists of isolated points. The image of a general plane under the transformation
is given by a 3-dimensional linear system of conics without base points. Thus the
image must be a quartic surface, a projection of a Veronese surface toP3.

We know that there are no smooth homaloidal systems with isolated base
points. Thus one of the base conditions must be that the proper transform of the
homaloidal linear system to the blow-up of four points has base points on one of the
exceptional locus. Since the intersection of two general quadrics from the linear
system is a curve of arithmetic genus 1, and, on the hand it must be an irreducible
rational curve (the pre-image of a line under the Cremona transformation), we see
that the base condition must be that all quadrics are tangent at one point. Counting
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3.2. QUADRO-QUARTIC TRANSFORMATIONS 57

dimension, we see that there must be four base pointsp1, . . . , p4 with a tangency
condition atp4. If we assume that neither of the first three points is infinitely near,
after composing the transformation with a projective transformation, we can give
it by a formula

[x0, x1, x2, x3] 7→ [x0l(x1, x2, x3), x2x3, x1x3, x1x2], (3.3)

wherel is a linear form that vanishes atp4 = [1, 0, 0, 0] but does not not vanish at
any of the first base points[1, 0, 0], [0, 1, 0], [0, 0, 1]. All quadrics in the linear sys-
tem have the same tangent plane atp4 = [1, 0, 0, 0] equal toV (l). The conditions
on l imply that

l = at1 + bt2 + ct3, a, b, c 6= 0.

We recognize in formula (3.3) a formula for a dilated quadratic transformation.
Let us find theP -locus of the dilated quadratic transformation. Consider the

planes spanned by two of the first three pointspi, pj andp4 = [1, 0, 0, 0]. The
restriction of the transformation to this plane is given by the linear system of con-
ics through the pointspi, pj , p4 with a fixed tangent direction atp4. It is a one-
dimensional linear system which maps this plane to a line`ij in the target space.
Also consider the restriction of the plane to the planeV (l). All quadrics are tan-
gent to this plane atp4, so they restrict to conics with a singular point atp4. These
conics consist of two lines passing throughp4 and map the plane to a conicC in
the target space. Thus theP -locus consists of four planes. Computing the jacobian
of the transformation, we see that the expected degree of theP -locus is equal to 4,
so there is nothing else in theP -locus.

The reduced base locus of the inverse transformationT−1 must contain the
image of theP -locus underT . We see that it consists of the union of three lines
intersecting at one point (the image of the intersection point of the three planes
〈pi, pj , p4〉). The image of the conic intersects all these lines.

Let us see this in formulas. In homogeneous coordinates, our transformation
is given by the polynomials(t0(at1 + bt2 + ct3), t2t3, t1t3, t2t3). Dividing by the
first coordinate, and settingzi = ti/t0, we obtain a formula for the transformation
in inhomogeneous coordinates

(z1, z2, z3) 7→ (u1, u2, u3) = (
z2z3

az1 + bz2 + cz3
,

z1z3
az1 + bz2 + cz3

,
z1z2

az1 + bz2 + cz3
).

It is easy to invert it. We find

au2u3 + bu1u3 + cu1u2 =
z1z2z3

az1 + bz2 + cz3
.

This gives

(z1, z2, z3) = (
au2u3 + bu1u3 + cu1u2

u1
,
au2u3 + bu1u3 + cu1u2

u2
,
au2u3 + bu1u3 + cu1u2

u3
).
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58 LECTURE 3. FIRST EXAMPLES

Homogenizing again, we find the inverse is given by the polynomials

(t0t1t2t3, (at2t3+bt1t3+ct1t2)t1t2, (at2t3+bt1t3+ct1t2)t1t3, (at2t3+bt1t3+ct1t2)t2t3).

We see that the transformation is dilated from the standard Cremona transforma-
tion. In notation of section2.8, we haveF0 = t0t1t2t3, Q = at2t3 + bt1t3 + ct1t2.
The formula exhibits the base locus equal to the union of the conicV (at2t3 +
bt1t3 + ct1t2, t0) and the three linesV (ti, tj), i, j 6= 0). The lines intersect at the
point (1, 0, 0, 0). The conic intersects the three lines.

The inverse map is given by the homaloidal linear system of quartics passing
through the conic and passing with multiplicity 2 through the three lines. These
surfaces are known to beSteiner quartic surfaces. They are projections of a Ver-
onese surface toP3.

3.3 Quadro-cubic transformations

Now lets us consider some examples of transformations of type(2, 3), quadro-
cubic transformations. The formula ford2 in Proposition2.3.1shows that the one-
dimensional part of the base locus is a line. Counting the dimension, we see that
the rest of the base locus must consist of three simple points, maybe infinitely near.
We have seen such an example in Example2.5.2. The transformation is given by
a smooth homaloidal linear system with base scheme equal to the union of a line`
and three isolated pointsp1, p2, p3. The restriction of the linear system to a general
plane is a linear system of conics passing through a fixed point. It maps the plane
onto a cubic scroll inP3. This confirms that the inverse transformation is of degree
3.

TheP -locus consists of the union of four planes, the spans〈`, pi〉 and the span
〈p1, p2, p3〉. The moving part of the restriction of the linear system to〈`, pi〉 is the
linear system of lines through the pointpi. The restriction of the linear system to
the fourth plane is the linear system of conics through 4 points (the fourth point
p4 is the intersection of̀ with the forth plane). The planes in theP -locus are
blown down to four lines in the target space. The first three lines are skew, and the
fourth line intersects the first three lines at the points equal to the images of the lines
〈p4, pi〉, i = 1, 2, 3. The four lines form the base locus of the inverse transformation
T−1. Using (2.26) we see that the homaloidal system of cubics defining the inverse
transformation is not smooth. Formula (2.39) from Example2.7.2shows that the
linear system of cubics through the forth line with double structure defined by a line
bundleL of degree 3. This gives 7 conditions for containing the double structure
and 9 more conditions to contain the the three lines.

All of this can be checked by formulas. Without loss of generality, we may
assume that the base locus ofT consists of the linet0 − t1 = t1 − t2 = 0 and
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3.4. BILINEAR CREMONA TRANSFORMATIONS 59

the three points[1, 0, 0, 0], [0, 1, 0, 0], [1, 0, 0, 0]. The homaloidal linear system is
generated by quadrics

Q : at0(t1 − t2) + b(t1 − t2)t3 + c(t0 − t1)t2 + (t0 − t1)t3 = 0.

A Cremona transformationT is given by choosing a basis in the space of such
quadrics. For example, we can take

T : [x0, x1, x2, x3] 7→ [x0(x1 − x2), (x1 − x2)x3, (x0 − x1)x2, (x0 − x1)x3].

Dividing by the first coordinate and using affine coordinatesz1 = t1/t0, z2, t2/t0, z3 =
t3/t0, the transformation is given by the formula

(z1, z2, z3) 7→ (u1, u2, u3) = (z3, (1− z1)z2/(z1 − z2), (1− z1)z3/(z1 − z2)).

Its inverse is given by the formula

(z1, z2, z3) = (u1 + u1u2)/(u1 + u3), u1u2/u3, u1).

In homogeneous coordinates, we get the formula

[t0, t1, t2, t3] 7→ [t0t3(t1 + t3), t1(t0 + t2)t3, t1t2(t1 + t3), t0t1(t1 + t3)]

We see that the degree of this transformation is equal to 3. Its base locus consists
of four lines

t0 = t1 = 0, t0 = t2 = 0, t1 +−t3 = t0 + t2 = 0, t1 = t3 = 0.

The first three lines are skew. They all intersect the fourth line. All cubics from
the homaloidal linear system are tangent along the last line. This defines a double
structure on this line.

3.4 Bilinear Cremona transformations

These transformations generalize to any dimension cubic-cubic transformations in
P3, one of which is the standard Cremona transformationTst given by polynomials

(t1 · · · tn, t0t2 · · · tn, . . . , t0 · · · tn−1).

as well as the transformation with base scheme equal to a double structure on a
twisted cubic considered in Example2.7.2. All of them belong to the same irre-
ducible family of transformations with base locus in the Hilbert scheme of purely
one-dimensional connected schemesZ with Hilbert polynomialP (t) = 6t − 2
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60 LECTURE 3. FIRST EXAMPLES

and the additional condition thatH0(Z,OZ(2)) = 0. In particular, the degree of
Z is equal to 6 and the arithmetic genus equal to 3. The last condition requires
thatZ does not lie on a quadric. These subschemes are examples ofarithmetical
Cohen-Macaulay schemes(ACM-schemes, for short).

Let Z be a closed subscheme ofPn. Recall that the homogenous ideal ofZ is
the graded ideal

IZ = Γ∗(JZ) =
∞⊕

k=0

H0(Pn,JZ(k))

in the ring

Γ∗(OPn) =
∞⊕

k=0

H0(Pn,JZ(k)) ∼= S := C[t0, . . . , tn].

The graded quotient ringA(Z) = S/IZ is called the homogeneous coordinate ring
of Z.

Definition 3.4.1. A closed subschemeZ of Pn of pure dimensionr is called arith-
metically Cohen-Macaulay (ACM for short) if the homogeneous coordinate ring
AZ is Cohen-Macaulay ting. This is equivalent to the following conditions:

(i) the canonical restriction map

A(Z)k = H0(Pn,OPn(k))/H0(Pn,JZ(k)) → H0(Z,OZ(k))

is bijective.

(ii) H i(Z,OZ(j)) = 0 for 1 ≤ i ≤ r − 1 andj ∈ Z.

Assume that codimZ = 2. It follows from the standard facts in commutative
algebra that the projective dimension of the ringA(Z) is equal to2. This means
thatIZ admits a resolution of length 2 of projective gradedS-modules. Since each
such module is free and it is isomorphic to the direct sum of gradedS-modules
S[ai]1 SinceJZ = Γ̃∗(JZ) is the associated sheaf of the moduleIZ , we obtain a
locally free resolution

0 →
m⊕

i=1

OPn(−ai) →
m+1⊕
j=1

OPn(−bj) → JZ → 0. (3.4)

for some sequences of integers(ai) and(bj).

1Recall thatS[a] = S with shifted gradingS[a]k = Sa+k.
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3.4. BILINEAR CREMONA TRANSFORMATIONS 61

It is easy to see that the existence of such a resolution implies thatZ is an ACM
subscheme of pure codimension 2. The numbers(ai) and(bj) are determined from
the Hilbert polynomials ofZ.

We will consider a special case of resolution of the form

0 → OPn(−n− 1)n → OPn(−n)n+1 → JZ → 0. (3.5)

It implies that
χ(OZ(k)) = χ(OPn(k))− χ(JZ(k)) =

= χ(OPn(k)) + (n+ 1)χ(OPn(k − n))− nχ(OPn(k − n− 1))

=
(
n+k

n

)
− (n+ 1)

(
k
n

)
+ n

(
k−1
n

)
.

Whenn = 3, we getχ(OZ(k)) = 6k − 2, as we expect.
Twisting (3.6) byOPn(n), we get an exact sequence

0 → OPn(−1)n → On+1
Pn → JZ(n) → 0. (3.6)

Taking cohomology, we obtain canonical isomorphisms

H0(Pn,JZ(n)) ∼= H0(Pn,On+1
Pn ) ∼= Cn+1,

Hn−1(Pn,JZ) ∼= Hn(Pn,OPn(−1− n))n) ∼= Cn.

The latter isomorphism follows from Serre’s Duality sinceOPn(−1 − n) ∼= ωPn .
Let

V = H0(Pn,JZ(n)),
W = Hn−1(Pn,JZ).

Then we can rewrite (3.6) in the form

0 → OPn(−1)⊗W → OPn ⊗ V → JZ(n) → 0. (3.7)

Let Pn = P(E∨) = |E|. Passing to the maps of stalks, we see that the exact
sequence is defined by a linear map

W ⊗ E → V.

or, equivalently by a tensor

a ∈W∨ ⊗ E∨ ⊗ V.
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62 LECTURE 3. FIRST EXAMPLES

We can also view it as a linear map

a : E → Hom(W,V ) = W∨ ⊗ V. (3.8)

Choosing coordinatest0, . . . , tn in E, a basis inW and a basis inV , the mapa is
given by a matrixA = (aij(t)) of size(n + 1) × n with entries linear functions
aij(t). For any pointx = [x0, . . . , xn], we denote byA(x) the matrix(aij(x)).
Tensoring exact sequence (3.7) by the residue field of a closed point, we find that

{x ∈ Pn : rankA(x) < n} = Supp(Z).

We can do better. Recall that exact sequence (3.6) comes from a projective resolu-
tion

0 →
⊕

S[−n− 1]n A→ S[−n]n+1 → IZ → 0,

where the mapA is given by our matrixA(t) of linear forms. ByHilbert-Birch
Theorem(see [Eisenbud, Com. Algebra,Theorem 20.15]), this implies thatIZ is
generated by maximal minorsDi of the matrixA. Since the idealIZ is saturated,
it determines uniquely the schemeZ (see [Hartshorne], Chap. 2, Exercise 5.10].
ThusZ is equal to the base scheme of a rational map

Ta : |E| → |V ∨|

defined by then-dimensional linear system|V | = |JZ(n)| generated by the max-
imal minors ofA. Explicitly, the mapTa is defined by

Ta([x]) = |Coker(a(x))| ∈ |V ∨| = Ker(ta(x)),

whereta(x) : V ∨ →W is the transpose ofa(x).

Remark3.4.1. The Hilbert scheme of ACM subschemesZ of Pn admitting a res-
olution (3.7) is isomorphic to an open subset of the projective space of(n+1)×n
of matricesA(t) of linear forms such that the rank ofA(t) is equal ton for an
open non-empty subset ofPn. Modulo the action by GL(n + 1) × GL(n) by left
and right multiplication. It is a connected smooth variety of dimensionn(n2 − 1)
(see [Peskine-Szpiro], Inventiones, 1974], or [Ellingsrud, Ann. Ec. Norm. Sup. 8
(1975)]).

Proposition 3.4.1. The mapTa is a birational map. The multi-degree is equal to
(dk) = (

(
n
k

)
).

Proof. Let us view the tensora as as a bilinear map

E ⊗ V ∨ →W∨. (3.9)
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3.4. BILINEAR CREMONA TRANSFORMATIONS 63

If we fix a basis inE, a basis inV ∨, and a basis inW , then the bilinear map
is defined byn square matricesB1, . . . , Bn of sizen + 1. If we write A(t) as
t0A0 + . . .+ tnAn, and writeAj in terms of columnsAj = [Aj1, . . . , Ajn], then

Bi = [A0i, . . . , Ani], i = 1, . . . , n.

The linear mapa can be considered as a bilinear map (or, as a set ofn bilinear
forms)

Cn+1 × Cn+1 → Cn, (~x, ~y) 7→ (~x ·B1 · ~y, . . . , ~x ·Bn · ~y).

The mapTa is given by assigning to[~x] ∈ |E| the intersection of the kernels of
the matrices~x · Bi. The common kernel is one-dimensional if[~x 6∈ Supp(Z).
This is equivalent to that then vectors~x ·Bi are linearly independent. The inverse
map is defined by assigning to[~y], the intersection of the kernels of the matrices
Bi · ~y = ~y · tBi. Since the rank of a matrix and its transpose are the same, we
obtain, that the inverse map is well-defined on the complement of Supp(Z).

Note thatT−1
a = Ta if we can choose coordinates inV,E,W such that the

matricesBi are symmetric.
The graph of the mapTa is the closed subset ofPn × Pn = |E| × |V ∨| given

byn divisors of type(1, 1) corresponding to the matricesBi considered as bilinear
forms onE × V ∨. The matricesB1, . . . , Bn are linearly independent since

n∑
i=1

λiBi = [
n∑

i=1

λiA0i, . . . ,
n∑

i=1

λiAni] = 0

for some~λ = (λ1, . . . , λn) 6= 0 implies thatA0 · ~λ = . . . = A0 · ~λ = 0, hence
A(x) · ~λ = (x0A0 + . . . + xnAn) · ~λ = 0. This means that rankA(t) < n for
all [x] ∈ Pn contradicting our assumption. Now we can compute the cohomology
class of the graph. It is equal to

(h1 + h2)n =
n∑

k=0

(
n
k

)
hi

1h
n−i
2 .

Consider the tensora as a linear map

ψ : W → E ⊗ V ∨ = (E∨ ⊗ V )∨. (3.10)

We view the target space as the space of bilinear forms onE∨ × V , or as a space
of linear mapsE∨ → V ∨. By choosing bases inE andV , it can be identified
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64 LECTURE 3. FIRST EXAMPLES

with the linear space of square matrices of sizen + 1. The injectivity of the map
E → Hom(W,V ) implies thatψ is injective, so we can identifyW with its image.
It is a linearn-dimensional subspace of the space of bilinear forms. LetDk ⊂ W
be the closed subvariety of bilinear forms of rank≤ k. Its equations in the affine
spaceW ∼= Cn+1 arek × k-minors of the matrix representing the bilinear form.
Let Dk be the image ofDk in the projective space|W |. We have a regular map

l : Dn \ Dn−1 → |E| (resp.r : Dn \ Dn−1 → |V ∨|)

which assigns toz = [w] the left (resp. the right) kernel of the bilinear formψ(w).
By definition, the image of the mapl (resp.r) is contained in the base locus of the
rational mapTa (resp.T−1

a ).
Note the special case whenE = V ∨ andTa = T−1

a . In this caseW lies in the
space of symmetric bilinear forms and the two mapsl andr coincide.

Example3.4.1. Consider thestandard Cremona transformationof degreen in Pn

given by

Tst : [x0, . . . , xn] 7→ [
x0 · · ·xn

x0
, . . . ,

x0 · · ·xn

xn
]. (3.11)

In affine coordinates,zi = ti/t0, it is given by the formula

(z1, . . . , zn) 7→ (z−1
1 , . . . , z−1

n ).

The transformationTst is an analogue of the standard quadratic transformation of
the plane in higher-dimension.

The base ideal ofTst is generated by the polynomialst1 · · · tn, . . . , t0 · · · tn−1.
It is equal to the ideal generated by the maximal minors of then× n matrix

A(t) =


t0 0 · · · 0
0 t1 . . . 0
...

...
...

...
0 0 . . . tn−1

−tn −tn . . . −tn


The matrixA(t) defines a resolution (3.7) of the base scheme ofTst equal to the
union of the coordinate subspaces of codimension 2.

It follows from the proof of Proposition3.4.1that the graph ofTst is isomorphic
to the closed subvarietyX of Pn × Pn given byn bilinear equations

xiyi − xnyn = 0, i = 0, . . . , n− 1.

It is a smooth subvariety ofPn × Pn isomorphic to the blow-up of the union of
coordinate subspaces of codimension 2. The action of the torus(C∗)n+1 on Pn
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3.4. BILINEAR CREMONA TRANSFORMATIONS 65

(by scaling the coordinates) extends to a biregular action onX. The corresponding
toric variety is a special case of a toric variety defined by a fan formed by funda-
mental chambers of a root system of a semi-simple Lie algebra. In our case the
root system is of typeAn, and the varietyX is denoted byX(An). In the case
n = 2, the toric surfaceX(A2) is a Del Pezzo surface of degree 6 isomorphic to
the blow-up of3 points in the plane, no three of which are collinear.

It is classically known and, it is an easy fact, that a Del Pezzo surface of degree
6 embeds by the anti-canonical linear system intoP8 as a complete intersection of
the Segre varietys(P2 × P2) and two hyperplanes. The previous proof gives the
analogous fact for anyX(An). Namely,X(An) embeds inPn2+2n as a complete
intersection of the Segre varietys(Pn × Pn) and a linear space of codimensionn.
By computing the canonical class ofX(An), one can show that the embedding is
given by the anti-canonical linear system.

Example3.4.2. Let Z be a connected closed one-dimensional subscheme ofP3

with Hilbert function6t − 2 andh0(OZ) = 1. In particular,[Z] = 6h2 and the
arithmetic genush1(OZ) = 3. AssumeZ is arithmetically Cohen-Macaulay. Then
the canonical map

φj : H0(P3,OP3(j)) → H0(P3,OC(j))

is surjective for allj ∈ Z. SincedegOC(j) = 6j > 2pa(Z) − 2 = 4, we have
h1(OC(j)) = 0 . Thush0(OC(j)) = χ(OC(j)) = 6j − 2. Taking j = 1, this
implies thatZ is linearly normal, i.e. it is not a projection of any scheme from a
higher-dimensional space. Takingj = 2, this implies thath0(JZ(2)) = 0, i.e. Z
does not lie on a quadric. WhenZ is reduced and irreducible, these two conditions
imply thatZ is ACM (see [Ellingsrud, Ann. Ec. Norm. Sup., 1974], p. 430).

Taking the cohomology of the exact sequence

0 → JZ → OPn → OZ → 0,

we obtain
h2(JZ) = h1(OZ) = 3.

Using resolution (3.6), we obtain

h2(JZ) =
3∑

j=1

h3(OP3(−bj) =
3∑

j=1

h0(OP3(bj − 4) = 3.

The only solution isb1 = b2 = b3 = 4. Applying Riemann-Roch, we see that
h0(JZ(3)) = 4, hence

4 =
4∑

i=1

h0(OP3(3− ai))−
3∑

j=1

h0(OP3(3− bj)) =
4∑

i=1

h0(OP3(3− ai)).

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



66 LECTURE 3. FIRST EXAMPLES

SinceZ does not lie on a quadric,0 =
∑4

i=1 h
0(OP3(2 − ai)), hence allai > 2.

Together, this easily implies thata1 = . . . = a4 = 3. Thus the resolution (3.4)
equals the resolutiion (3.7). So the linear system of cubics throughR is a homol-
oidal linear system and the multi-degree of the Cremona transformation is equal to
(1, 3, 3, 1). Because the degree of the transformation and its inverse are equal to 3,
such transformation are classically known ascubo-cubic transformations.

AssumeZ is a smooth curveC and let us describe theP -locus of the cor-
responding Cremona transformation. Obviously, any line intersectingC at three
distinct points (atrisecant line) must be blown down to a point (otherwise a gen-
eral cubic in the linear system intersects the line at more than 3 points). Consider
thetrisecant locusTri(C) of C, the closure inP3 of the union of lines intersecting
C at three points. Note that no line intersectsC at> 3 points because the ideal of
C is generated by cubic surfaces. Consider the linear system of cubics throughC.
If all of them are singular, by Bertini’s Theorem, there will be a common singular
point at the base locus, i.e. atC. But this easily implies thatC is singular, contra-
dicting our assumption. Choose a nonsingular cubic surfaceS containingC. By
adjunction formula, we haveC2 = −KS ·C+degKZ = 6+4 = 10. Take another
cubicS′ containingC. The intersectionS ∩ S′ is a curve of degree 9, the residual
curveA is of degree 3 andC+A ∼ −3KS easily givesC ·A = 18−10 = 8. Note
that the curvesA are the proper transforms of lines under the Cremona transforma-
tion. So they are rational curves of degree 3. We know that the base scheme of the
inverse transformationf−1 is a curve of degree6 isomorphic toC. Replacingf
with f−1 we know that the image of a general line` underf is a rational curve of
degree 3 intersectingC ′ at8-points. These points are are the images of 8 trisecants
intersecting̀ . This implies that the degree of the trisecant surface Tri(C) is equal
to 8. Since the degree of the determinant of the Jacobian matrix of a transformation
of degree 3 is equal to 8, we see that there is nothing else in theP -locus.

The linear system of planes containing` cuts out onC a linear series of degree
6 with moving part of degree 3. It is easy to see, by using Riemann-Roch, that
any g1

3 on a curve of genus 3 must be of the form|KC − x| for a unique point
x ∈ C. Conversely, for any pointx ∈ C, the linear system|OC(1) −KC + x| is
of dimension0 and of degree 3 (here we use that|OC(1)| = |KC + a|, wherea

is not effective divisor class of degree 2). Thus it defines a trisecant line (maybe
tangent at some point). This shows that the curveR parameterizing trisecant lines
is isomorphic toC. This agrees with the fact thatRmust be isomorphic to the base
curve of the inverse transformation. The Cremona transformation can be resolved
by blowing up the curveC and then blowing down the proper transform of the
surface Tri(C). The exceptional divisor is isomorphic to the minimal ruled surface
with the baseC. It is the universal family of lines parameterized byC. Its image
in the targetP3 is surface Tri(C ′), whereC ′ is the base locus of of the inverse

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



3.4. BILINEAR CREMONA TRANSFORMATIONS 67

transformation (the same curve only re-embedded by the linear system|KC + a′|,
wherea′ ∈ |KC − a|).

Let W = H0(P3,JC) ∼= C3. The hypersurfaceD2 is a plane quartic curve.
The images of mapsl : |W2 → P3 andr : |W2 → P3 are isomorphic toC. The
two embeddings ofD2 in P3 are given by|KC + a| and|2KC − a|. This gives an
equation of a plane quartic curve as the determinant of a square matrix of linear
forms. Up to a natural equivalence of such representations (replacing the matrix
of linear forms by row and column transformations) the set of such representations
is parameterized by Pic2(C) \ Θ, whereΘ is the hypersurface of effective divisor
classes of degree 2). Ifa = ′, then2a = KC , so thata is a theta characteristic.
Sincea is not effective, it is an even theta characteristic. It is known that the number
of even theta characteristics on a nonsingular curve of genus 3 is equal to 36. In
this case we can identify the spaces|KC − a|∨ = |U | and|KC − a′|∨ = |V ∨|, and
the matrix definingD3 can be chosen to be a symmetric matrix.

Example3.4.3. LetZ be the union of 4 skew lines inP3 and their twotransversals,
i.e. lines intersecting all the four lines. It is easy to compute thatZ is a curve of
arithmetic genus 3, obviously of degree 6. Assume that the four lines do not lie on
a quadric. ThenZ is arithmetically Cohen-Macualy and can be taken as the base
scheme of a cubo-cubic Cremona transformation.

The construction of two transversals to 4 skew lines`1, . . . , `4 is as follows.
Choose a set of three lines among the given 4 lines, say`1, `2, `3. By counting
constants, we see that there is a unique quadricQ containing these lines. Since the
lines are skew, the quadric is nonsingular, and the three lines belong to one of its
rulings by lines. The linè4 intersects the quadricQ at two pointsp, q. The two
lines passing throughp andq from the other ruling are the two transversals. When
the line`4 is tangent toQ, we havep = q, so the two transversals degenerate to a
double structure of one transversal.

Obviously, any line onQ from the ruling containing the first three lines belongs
to the P-locus. ThusQ belongs to a P-locus. Choosing four subsets of three lines
among̀ 1, . . . , `4, we obtain that the union of 4 quadrics belongs toP -locus. Since
the degree of the determinant of the jacobian matrix is equal to 8, there is nothing
else in the P-locus.

Example3.4.4. Consider the double structureZ on a twisted cubic curveC in P3

defined by an invertible sheafL ∼= OP1(−4). Exact sequence (2.28) gives an exact
sequence

0 → OP1(−4) → OZ → OC → 0.

Computing cohomology, we find that, forn ≥ 1 h0(OZ(n)) = h0(OP1(3n)) +
h0(OP1(3n − 4)) = 6n − 2. Thus the Hilbert polynomial ofZ is the same as for
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68 LECTURE 3. FIRST EXAMPLES

the subscheme defined by a resolution (3.7). Tensoring the exact sequence

0 → JZ → JC → OP1(−4) → 0

by OP3(3), we geth0(OZ(3)) = h0(OP1(9)) − h0(OP1(5)) = 4. Here we used
thath1(JZ(3)) = 0. This can be verified by using the exact sequences

0 → JZ(3) → JC(3) → OP3(−1) → 0,

and the fact thath1(JC(3)) = 0. It follows from calculations in Example2.7.2
that the linear system|JZ(3)| is homaloidal.

Let us writeP3 as|U | = P(U∨) for some two-dimensional linear spaceU and
identifyC with the image of the Veronese map

v3 : P1 = |U | → P3 = |S3U |, [u] 7→ [u3].

Binary cubic formsφ ∈ S3U with three distinct zeros in|U∨| form an orbit with
respect to SL(U). Each element of this orbit can be uniquely written as a sum
of two formsu3 andv3, hence lies on a unique secant ofC. A form φ with two
distinct zeros form another orbit. The closure of this orbit is the tangential surface
of C, the closure of the union of tangent lines toC. Finally, the curveC itself is
the third orbit, the unique closed orbit. If we choose a basisη0, η1 in U and view
an element ofS3U as a binary form

φ = a0η
3
0 + 3a1η

2
0η1 + 3a2η0η

2
1 + a3η

3
1 (3.12)

on the dual spaceU∨, then the equation of the tangential scroll Tan(C) of C is
given by the discriminant of the binary cubic form

D4 = 3t21t
2
2 − 4t0t32 − 4t31t3 − t20t

2
3 + 6t0t1t2t3 = 0. (3.13)

For this reason surface Tan(C) is also called thediscriminant quartic surface. The
curveC is its cuspidal curve. Consider a natural bilinear map of SL(U)-modules

S3U ⊗ S3U → S2U (3.14)

equal to the projection in the Clebsch-Gordan decomposition of the representations
of SL(U):

S3U ⊗ S3U → S6U ⊕ S4U ⊕ S2U ⊕ C.

In coordinates, it is given by the second transvectantt2. If we view an element of
S3U as a binary form

φ = a0η
3
0 + 3a1η

2
0η1 + 3a2η0η

2
1 + a3η

3
1 (3.15)
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3.4. BILINEAR CREMONA TRANSFORMATIONS 69

on the dual spaceU∨ with coordinatesη0, η1, then (3.14) is given by the formula

(φ, ψ) 7→ φ00ψ11 − 2φ01ψ10 + φ11ψ00,

where the subscripts indicate the second partial derivatives with respect toη0, η1.
Explicitly, (φ, ψ) is mapped toc0η2

0 + c1η0η1 + c2η
2
1, where

c0 = a0b2 − 2a1b1 + a2b0

c1 = a0b3 − a1b2 − a2b1 + a3b0

c2 = a1b3 − 2a2b2 + a3b1.

The pairing defines our tensora ∈ S2U⊗(S3U)∨⊗(S3U)∨. In previous nota-
tionsW = S2U∨, E = S3U, V = S3U∨. Note that the SL(U)-representationsU
andU∨ are canonically isomorphic via the determinant mapU ⊗ U → Λ2U ∼= C.

The three4 × 4-matricesBi defining the three bilinear forms are the matrices
of the bilinear formsc0, c1, c2. The matrixA of linear forms defining the resolution
(3.7) is the following

A(t) =


t2 t3 0
−2t1 −t2 t3
t0 −t1 −2t2
0 t0 t1


Computing the maximal minors we find them to be proportional to the partial

derivatives of the quartic formD4

3t1t2t3 − 2t32 − t0t
2
3, t0t2t3 + t1t

2
2 − 2t21t3, t0t1t3 + t21t2 − 2t0t22, 3t0t1t2 − 2t31 − t20t3.

The linear system formed by the partial derivatives is our homaloidal linear system
|JZ(3)|. SinceE ∼= V ∨, we can canonically identify the source space|E| with the
target spaceP3 = |V ∨|.

The columns of the matrixA(t) give us the relations between the partial de-
rivatives. As in the proof of Theorem3.4.1, we find that the blow-up BlZP3 is
isomorphic to the subscheme ofP3 × P3 given by three bilinear equations

t3u0 − 2t1u1 + t0u2 = 0,
t0u3 − t1u2 − t2u1 + t3u0 = 0,

t1u3 − 2t2u2 + t3u1 = 0.

Its intersection with the diagonal ofP3×P3 is isomorphic to the closed subscheme
Y of P3 given by the equations, obtained from the previous equations by setting
ui = ti, i = 0, 1, 2, 3. It is easy to see that these equations define a twisted cubic.
By taking the affine piecesUij : ui = tj = 1 in P3 × P3, and computing the
matrix of the partial derivatives at each point ofY , we find that thatY is a singular
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70 LECTURE 3. FIRST EXAMPLES

curve on BlZP3. Note that the exceptional divisor is isomorphic to the minimal
rational ruled surfaceF2. Its exceptional section is the curve of singularities of
BlZP3. The proper transform of Tan(C) under the first projection on the blow-up
scheme is its resolutions of singularities. It is isomorphic to a quadric. Under the
second projection toP3, it is blown-down toC. The restriction of the linear system
|JZ(3)| to a general planeH is the linear system of cubic curves inH passing
through the double structure on the set of three pointsH ∩ C. It consists of three
points with given tangent directions. A Cremona transformationT defined by the
homaloidal linear system|JZ(3)| mapsH to a cubic surface with 3 double points
projectively isomorphic to the surfacew3 + xyz = 0.

TheP -locus ofT is the discriminant surface Tan(C). It should be thought as
a degeneration of the trisecant octic surface of a nonsingular curve of genus 3 and
degree 6 inP3. It is easy to see that the normal bundle ofC in P3 is isomorphic
to OP1(5) ⊕ OP1(5). Using the computations in Example2.7.2, we obtain that
the exceptional divisorE1 of the blow-up ofX = BlCP3 is isomorphic toF0 =
P1 × P1. The sectionR of E1 defined by the invertible sheafOP1(−4) defining
the double structure is a curve onE1 of bi-degree(1, 1). The restriction of the
blowing down morphismπ1 : X → P3 toE1 is defined by one of the projections
P1 × P1 → P1. The proper transformF of Tan(C) onX is isomorphic toF0. The
curveR onF0 is also of type(1, 1). The two surfacesE1 andF are tangent to each
other along the curveR (recall thatC is a cuspidal curve on Tan(C)).

The exceptional divisorE2 of the blow-upν : X ′ = BlRX → X is also
isomorphic toF0. The proper transformE′1 of E1, the proper transformF ′ of F
intersectE2 along the same curve isomorphic toR. The proper transform of the
homaloidal linear system onX ′ is equal to the linear systemH = |3H−E′1−2E2|,
whereH is the full inverse image of a plane inP3. One checks that the restriction of
H toE′1 is the linear system|3f |, wheref is a fibre of one of the projectionsF0 →
P1. The varietyX ′ defines a smooth resolution of the Cremona transformation.
The morphismπ : X ′ → P3 is the compositionπ1◦ν. The morphismσ : X ′ → P3

is the compositionσ1 ◦ ν ′, whereν ′ : X ′ → X is the blow-down of the proper
transform ofF ′ andσ1 : X → P3 is the blowing down of the image ofE′1 onX to
a twisted cubicC ′ in the targetP3. The image ofE2 is the tangent surface ofC ′.

X ′

ν
~~}}

}}
}}

}}

ν′   A
AA

AA
AA

A

))SSSSSSSSSSSSSSSS

X
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//_______

π1

��
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3.5. MONOMIAL BIRATIONAL MAPS 71

Note that the blow-up BlZP3 is obtained fromX ′ by blowing downE′1 to the curve
of singularities of BlZP3. It resolves the singularities of BlZP3. One should think
aboutE′1 as an analog of a(−2)-curve, andF ′ as analog of(−1)-curve.

Finally observe that the determinantal quartic hypersurfaceD3 is equal to the
double conic. The 2-dimensional linear system of quadrics onP3 is equal to the
net|JR(2)|. We may think that the double structure onR is the scheme of singular
points of quadrics in the net. The situation is very similar to the resolution of the
planar quadratic map with one infinitely near point.

Example3.4.5. Letn = 4. The Hilbert function ofZ is equal to5(k−1)2. Thus it
is a surface of degree 10 andχ(OZ) = 5. It admits a degeneration into the union of
10 coordinate planes. The base ideal is generated by five polynomials of degree 4,
the maximal minors of a matrixA(t) of size5×4. If Z is reduced, it is birationally
isomorphic to the discriminant surfaceD4 ⊂ P3 of degree 5. It is known that, for a
general matrixA(t), the discriminant surface is smooth.

3.5 Monomial birational maps

LetXΣ be a toric variety defined by a fanΣ in a latticeN ∼= Zn. Let g ∈ GLn(N)
be an automorphism ofN . It defines an isomorphism of the toric varietiesXΣ

andXΣ′ , whereΣ′ = g(Σ). Let us identify these two toric varieties by means of
this isomorphism. LetΠ be the minimal common subdivision ofΣ andΣ′. Then
projectionsπ : XΠ → XΣ andσ : XΠ → XΣ′ define a smooth resolution of the
monomial Cremona transformationf = g ◦ π−1. On the dense open torus orbit
identified with(C∗)n with coordinatesz1, . . . , zn, the mapf given by monomials
whose exponent vectors are the rows of the matrixg

f : [z1, . . . , zn] 7→ [zm1 , . . . , zmn ].

Let us takeXΣ to be equal toPn with the toric structure defined by the stand-
ard fan with the1-skeleton consisting of raysR≥0e1, . . . ,R≥0en,R≥0e0, where
(e1, . . . , en) is the standard basis ofRn and e0 = −(e1 + · · · + en). Recall
that ample torus-linearized invertible sheaves onXΠ corresponds to convex lat-
tice polytopes in the spaceMR, whereM = N∨ is the dual lattice. The sheaf
π∗OPn(1) corresponds to the simplexΣn spanned by the vectors0, e1, . . . , en and
the sheafσ∗(OPn(1) corresponds to the simplexg(Σn) spanned by the vectors
0, g(e1), . . . , g(en). The intersectionhk

1h
n−k
2 onXΠ is equal to the mixed volumes

dk = Vol(Σn, k; g(Σn), n− k).

If g is the linear mapv 7→ −v, we get the standard Cremona transformation of
degreen. From our computation, we see thatdk =

(
n
k

)
. We do not know how
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72 LECTURE 3. FIRST EXAMPLES

to compute these numbers for an arbitraryg ∈ GLn(Z). However, formulas in
Remark1.4.1allow us to compute the degree of a monomial map.

The group GL(n,Z) is generated by the transformations

g1 : (m1, . . . ,mn) 7→ (m2,m3, . . . ,mn,m1),
g2 : (m1, . . . ,mn) 7→ (m1,m2 +m3,m3, . . . ,mn),
g3 : (m1, . . . ,mn) 7→ (−m1,m2,m3, . . . ,mn).

(see [Coxeter], 7.2). The corresponding monomial Cremona transformations are

f1 : (z1, . . . , zn) 7→ (z2, z3, . . . , zn, z1),
f2 : (z1, . . . , zn) 7→ (z1, z2z3, z3, z4, . . . , zn),
f3 : (z1, . . . , zn) 7→ (z−1

1 , z2, z3, . . . , zn).

The first transformation is a projective automorphism ofPn, the other ones are
quadratic transformations. Thus the subgroup of the group Cr(n) of Cremona
transformations ofPn (the Cremona group of degreen) generated by monomial
transformations is generated by projective and quadratic transformations.

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



Lecture 4

Involutions

4.1 De Jonquìeres involutions

We will be often using the following classical notion ofharmonically conjugate
pairs of points on the projective line.

Let γ : P1 → P1 be an involution ofP1. It is given by the deck transformation
of a degree two mapu : P1 → P1 which, in its turn, is given by a linear seriesg1

2

and a choice of its basis. Clearly, it is uniquely defined by a choice of two members
a+ b andc+ d of g1

2. In particular, we can choose the two members to be the two
divisors of the form2a and2c defined by the two ramification points ofu. Another
choice is to choose a reduced divisora + b and one non-reduced divisor2c. Then
the second non-reduced divisor2d is defined uniquely. This suggests the two ways
to define an involution onP1. Choose two distinct pointsa, b which will be in
involution, and assign to a pointc the unique pointγ(c) such that2c and2γ(c) are
the two non-reduced divisors ofg1

2. Another way, choose two distinct pointsa, b
and define the uniqueg1

2 containing2a and2b.

Definition 4.1.1. Two pairs{a, b} and{c, d} points onP1 are called harmonically
conjugate, if there exists ag1

2 such that2a, 2b, c+ d ∈ g1
2.

Lemma 4.1.1.Leta, b be the zeros of a binary formαt20 +2βt0t1 +γt21 andc, d be
the zeros of a binary formα′t20 + 2β′t0t1 + γ′t21. Then the pairs{a, b} and{c, d}
are harmonically conjugate if and only if

αγ′ + α′γ − 2ββ′ = 0. (4.1)

Proof. Consider the Veronese map[t0, t1] 7→ [t20, t0t1, t
2
2] with the image equal

to the conicC = V (x0x2 − x2
1). The pointsa, b are mapped to the intersection

pointsA,B of the lineV (αx0 + 2βx1 + γx2) with the conic. The linear seriesg1
2

73
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74 LECTURE 4. INVOLUTIONS

containing2a and2b is the pre-image of the linear series onC cut out by the pencil
of lines through the intersection pointQ of the tangent lines ofC at the pointsp1

andp2. This is the point[u0, u1, u2] such that its polar line with respect toC is
equal to the line〈p1, p2〉. The equation of the polar line isu2x0−2u1x1+u0x2 = 0.
Thus [u0, u1, u2] = [α,−2β, γ]. A divisor c + d belongs tog1

2 if and only it is
mapped to the intersection pointsC,D of the conic with a line passing throughQ.
This happens if and only ifα′α− 2ββ′ + γγ′ = 0.
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Note that, as a corollary, we obtain that the definition is symmetric with respect
to the pairs{a, b} and{c, d}. Also, if we choose the coordinatest0, t1 in P1 such
that{a, b} = V (t0t1), then a memberc + d of the pencil generated by2a and2b
are zeros of a binary formλt20 + µt22. In affine coordinatesa = 0, b = ∞, c =
z, d = −z, and the cross-ratio

R(c, a, b, d) =
(c− a)(b− d)
(c− b)(a− d)

=
(z − 0)(∞+ z)
(z −∞)(0 + z)

= −1.

This gives another equivalent definition of harmonically conjugate pairs. Another
equivalent definition is that the double cover ofP1 ramified at the union of two
pairs is an elliptic curve with complex multiplication by

√
−1.

LetX be a reduced irreducible hypersurface of degreem in Pn which contains
a pointo of multiplicity m − 1. We call such a hypersurfacesubmonoidal. For
example, every smooth hypersurface of degree≤ 3 is submonoidal.

Let us choose the coordinates such thato = [1, 0, . . . , 0]. ThenX is given by
an equation

Fm = t20am−2(t1, . . . , tn) + 2t0am−1(t1, . . . , tn)

+am(t1, . . . , tn) = 0, (4.2)

where the subscripts indicate the degrees of the homogeneous forms. For a general
point x ∈ X consider the intersection of the linear span`x = 〈o, x〉 with X. It
containso with multiplicity m − 2 and the residual intersection is a set of two
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4.1. DE JONQUIÈRES INVOLUTIONS 75

pointsa, b in `x. Consider the involution oǹx with fixed pointsa, b. DefineT (x)
to be the point oǹx such that the pairx andT (x) are conjugate with respect to
the involution. In other words, the pairs{a, b} and{x, T (x)} are harmonically
conjugate. We call it aDe Jonquìeres involution(observe thatT = T−1).

Let us find an explicit formula for the De Jonquières involution which we have
defined. Letx = [x0, . . . , xn] and let[u + vx0, vx1, . . . , vxn] be the parametric
equation of the linèx. Plugging in (4.2), we find

(u+ vx0)2vm−2am−2(x1, . . . , xn) + 2(u+ vx0)vm−1am−1(x1, . . . , xn)

+vmam(x1, . . . , xn) = 0.

Cancelingvm−2, we see that the intersection points of the line`x with X are the
two points corresponding to the zeros of the binary formAu2 + 2Buv + Cv2,
where

(A,B,C) = (am−2(x), x0am−2(x) + am−1(x), Fm(x)).

The pointsx andT (x) corresponds to the parameters satisfying the quadratic equa-
tionA′u2+2B′uv+C ′v2 = 0, whereAA′+CC ′−2BB′ = 0. Sincex corresponds
to the parameters[0, 1], we haveC ′ = 0. ThusT (x) corresponds to the parameters
[u, v] = [−C,B], and

T (x) = [−C +Bx0, Bx1, . . . , Bxn].

Plugging the expressions forC andB, we obtain the following formula for the
transformationT

x′0 = −x0am−1(x1, . . . , xn)− am(x1, . . . , xn),
x′i = xi(am−2(x1, . . . , xn)x0 + am−1(x1, . . . , xn)), i = 1, . . . , n.

Observe thatT is a dilation of the identity transformation ofPn−1. The divisors
from the homaloidal linear system are hypersurfaces of degreem which have
singular points of multiplicity≥ m − 1 at o. Such hypersurfaces are classic-
ally known asmonoidal hypersurfaces. In the notation of section2.8, we have
Gi = ti, i = 1, . . . , n, F0 = −x0am−1(x1, . . . , xn) − am(x1, . . . , xn), Q =
am−2(x1, . . . , xn)x0 + am−1(x1, . . . , xn). So, d = 1, r = m − 1. Since the
identity transformation has no base points, we obtain that the multi-degree is equal
to (m,m, . . . ,m). In particular, we see that any such vector is realized as the
multi-degree of a Cremona transformation.

Assume thatm > 2. The base scheme of the homaloidal linear systemH
definingT is equal to

Bs(H) = V (t0am−1 + am, t1(am−2t0 + am−1), . . . , tn(am−2t0 + am−1)).
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76 LECTURE 4. INVOLUTIONS

Note thatV (am−2t0 + am−1) = V (∂Fm
∂t0

) is the polar hypersurfacePo(X) of X

with respect to the pointx. Also, V (t0am−1 + am) = V (−Fm + ∂Fm
∂t0

). Thus
the base scheme contains the intersectionX ∩ Po(X). Set-theoretically, this in-
tersection is equal to the locus of pointsx ∈ X such that the embedded tangent
hyperplaneTxX contains the pointo. In particular, all singular points ofX are
contained in the base locus. In other words, the intersectionX ∩ Po(X) \ {o}
consists of the points where the projection map pro : X \ {o} → Pn−1 is not
smooth.

Consider theenveloping coneECo(X) of X at the pointo. It is the union of
lines througho and a point onX ∩ Po(X). Each such line either contained inX,
or intersects it only at one pointa besideso. In the first case, the line is contained
in the base locus ofT . In the second case, it is blown down to the pointa. This
easily follows from the formula for the transformation (use thatAC = B2 and we
can takeA′ = 2C,B′ = B). In our case ECo(X) = V (a2

m−2 − am−1am). Its
degree is equal to2(m−1). The other part of theP -locus is the polar hypersurface
V (∂Fm

∂t0
). It is blown down to the pointo. Its degree is equal tom − 1. There is

nothing else in theP -locus. Whenn > 2, we have to take the polar hypersurface
with multiplicity n− 1.

Example4.1.1. Assume thatn = 2. Then the varietyX is a hyperelliptic curve
of genusg = m − 2 (a rational or elliptic curve ifd = 2 or 3). If we choose the
coordinates ofo to be[1, 0, 0], then the equation ofX can be given in the form

t20ag(t1, t2) + 2t0ag+1(t1, t2) + ag+2(t1, t2) = 0. (4.3)

The transformation is given by the formula

x′0 = −x0ag+1(x1, x2)− ag+2(x1, x2),
x1 = x1(ag(x1, x2)x0 + ag+1(x1, x2)),
x2 = x2(ag(x1, x2)x0 + ag+1(x1, x2).

In affine coordinatesz1 = x2/x1, z2 = x0/x1 it is given by the formula

(z1, z2) 7→
(
z1,

−ag+1(1, z1)z2 − ag+2(1, z1)
ag(1, z1)z2 + ag+1(1, z1)

)
.

The base locus consists of2g+ 2 Weierstrass points onX and the singular pointp
of X taken with multiplicityg + 1. We check

d2 = (g + 2)2 − (2g + 2)− (g + 1)2 = 1.

TheP -locus consists of2g + 2 lines joiningo with one of the Weierstrass points
and the curvepo(X) of degreeg+1 that passes through the Weierstrass points and
intersectsX ato with multiplicity g(g + 1).

DR.R
UPN

AT
HJI(

 D
R.R

UPA
K 

NAT
H )



4.1. DE JONQUIÈRES INVOLUTIONS 77

Note that the De Jonquières involution associated to a submonoidal hypersur-
faceX hasX in the closure of its fixed points. As we discussed in the beginning
of this section, there are two involution on each line`x. One fixes the intersection
point of`x withX and another interchanges them. This allows us to define another
Cremona involution that commutes with the De Jonquières involution. It is not
defined uniquely.

We assume thatX is given by equation

t20am−2(t1, . . . , tn) + 2t0am−1(t1, . . . , tn) + am(t1, . . . , tn) = 0. (4.4)

and look for the hypersurfaceY in the form

t20bm′−2(t1, . . . , tn) + 2t0bm′−1(t1, . . . , tn) + bm′(t1, . . . , tn) = 0. (4.5)

The singular pointp = [1, 0, . . . , 0]. A line up + vx = 0 passing through a
point x 6= p intersectsX (resp.Y ) at two residual points satisfying the quadratic
equation

u2am−2(x1, . . . , xn) + 2uvam−1(x, . . . , xn) + am(x1, . . . , xn) = 0

(resp.

u2bm′−2(x1, . . . , xn) + 2uvbm′−1(x, . . . , xn) + bm′(x1, . . . , xn) = 0)

The condition that the two pairs are harmonically conjugate is

am−2bm′ − 2am−1b
′
m′−1 + ambm′−2 = 0. (4.6)

If we chooseY satisfying this condition and define the corresponding De Jon-
quières involutionT ′, then this involution will restrict to an involution onX. To
find the coefficientsbm−2, bm−1, bm satisfying (4.6), we have to solve a system of
linear equations. Obviously, a solution is an element of the kernel of a linear map

C[t1, . . . , tn]m′ ⊕C[t1, . . . , tn]m′−1⊕C[t1, . . . , tn]m′−2 → C[t1, . . . , tn]m+m′−2.

We expect to find a non-trivial solution when(
m′+n−1

n−1

)
+

(
m′+n−2

n−1

)
+

(
m′+n−3

n−1

)
>

(
m+m′+n−3

n−1

)
.

For example, whenn = 2, the inequality is2m′ > m.
Note that the two commuting Cremona involutionsT andT ′ defined by two

submonoidal hypersurfraces whose equations are related by (4.6) define the third
involutionT ′′ = T ◦ T ′. One can show that it is defined by the third submonoidal
hypersurface of degreem+m′ with equation

det

am−2 am−1 am

bm′−2 bm′−1 bm′

1 −t0 t20

 = 0.

It describes the locus of common harmonically conjugate pairs of points.
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78 LECTURE 4. INVOLUTIONS

4.2 Planar Cremona involutions

Recall that a Cremona transformationT : Pn 99K Pn is called an involution if
T = T−1. All involutions in the planar Cremona group have been classified (up
to conjugacy). We have already see one example of an involution, the standard
Cremona transformation

Tst : [x0, x1, x2] 7→ [x1x2, x0, x1, x0x1].

It is generalized to all dimensions. In affine coordinates, this transformation is
given by (z1, z2) 7→ (z−1

1 , z−1
2 ). The Moebius transformationz 7→ z−1 of P1

is conjugate to the transformationz 7→ −z (by means of the mapz 7→ z−1
z+1 ).

This shows that the standard Cremona transformationTst is conjugate in Cr(2) to
a transformation(z1, z2) 7→ (−z1,−z2). In projective coordinates, it is given by
(x0, x1, x2) 7→ (x0,−x1,−x2).

Another example of a planar involution is a De Jonquières involution associated
to a plane hyperelliptic curve of degreed. Its set of fixed points in the domain of
the definition is an open subset of the hyperelliptic curve. It is easy to see that its
birational type is an invariant of conjugacy class of the transformation. So, non
birationally isomorphic hyperelliptic curves define non-conjugate involutions.

There are two more examples of involutions: a Geiser involution and a Bertini
involution which we now define.

The classical definition of aGeiser involutionis as follows. Fix seven points
p1, . . . , p7 in P2 (maybe infinitely near) in general position (in the sense that no
four points are collinear, not all points lie on a conic). The linear systemH =
|3H − p1 − . . .− p7| of cubic curves through the seven points is two-dimensional.
Take a general pointp and consider the pencil of curves fromH passing through
p. Since a general pencil of cubic curves has 9 base points, we can defineγ(p) as
the ninth base point of the pencil.

Another way to see a Geiser involution is as follows. The linear systemH
defines a rational map of degree 2

f : P2 99K |H|∗ ∼= P2.

The pointsp andγ(p) lie in the same fibre. Thusγ is a birational deck transform-
ation of this cover. Blowing up the seven points, we obtain a Del Pezzo surfaceS
of degree 2, and a regular map of degree 2 fromS to P2. The Geiser involutionγ
becomes an automorphism of the surfaceS.

It is easy to see that the fixed points of a Geiser involution lie on the ramification
curve off . When the pointsp1, . . . , p7 are in general position, this curve is a curve
of geometric genus 3, of degree 6 with double points at the pointsp1, . . . , p7. It is
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4.2. PLANAR CREMONA INVOLUTIONS 79

birationally isomorphic to a canonical curve of genus 3. In this way, one can see
that a Geiser involution is not conjugate to any De Jonquières involution.

The degree of a Geiser involution is easy to compute. A general line is mapped
by the linear system|3H − p1 − . . . − p7| to a cubic curve. The pre-image of
this cubic curve consists of the line and a curve of degree 8, the image of the line
under the Geiser involution. Thus the degree of the Geiser involution is equal to
8. One can show that the homaloidal linear system consists of curves of degree 8
with triple points atp1, . . . , p7.

To define aBertini involutionone considers the linear system of plane sextics
with 8 double pointsp1, . . . , p8. We assume that the linear system of such sextics
has no fixed components. Then one can show that it defines a degree 2 map of the
blow-up surface Blp1,...,p+8 onto a quadric cone inP3. The branch divisor is cut out
by a cubic surface. If the points are in general position, then the curve is a smooth
curve of genus 4 with a vanishing theta characteristic. The deck transformation of
this cover is a Bertini involution.

The compute the degree of a Bertini involution, we restrict the double cover to
a general line. One can show that its image is a singular curve of degree 6 cut out
by a cubic. Its pre-image is equal to the union of the line and a curve of degree 17.
This shows that the degree of the Bertini involution is equal to 17. One can show
that the homaloidal linear system consists of curves of degree 17 passing through
the pointsp1, . . . , p8 with multiplicities6.

One can also describe ta Bertini involution in the following way. Consider the
pencil of cubic curves through the eight pointsp1, . . . , p8. It has the ninth base
pointp9. For any general pointp there will be a unique cubic curveC(p) from the
pencil which passes throughp. Takep9 for the zero in the group law of the cubic
C(p) and defineβ(p) as the negative−pwith respect to the group law. This defines
a birational involution onP2, a Bertini involution. One can show that the fixed
points of a Bertini involution lie on a canonical curve of genus 4 with vanishing
theta characteristic (isomorphic to a nonsingular intersection of a cubic surface
and a quadric cone inP3). So, a Bertini involution is not conjugate to a Geiser
involution or a De Jonquières involution. It can be realized as an automorphism of
the blowup of the eight points (a Del Pezzo surface of degree 1), and the quotient
by this involution is isomorphic to a quadratic cone inP3.

The following theorem due to E. Bertini shows that there is nothing else.

Theorem 4.2.1.Any element of order 2 inCr(2) is conjugate to either a project-
ive involution, or a De Jonquières involution, or a Geiser involution, or a Bertini
involution.
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80 LECTURE 4. INVOLUTIONS

4.3 De Jonquìeres subgroups

LetK be a subfield ofC(z) = C(z1, . . . , zn) such thatC(z) is a pure transcend-
ental extension ofK. Consider the subgroup AutC(C(z),K) of CrC(n) which
leave the subfieldK invariant. Then we have an exact sequence of groups

1 → AutK(C(z)) → AutC(C(z),K) → AutC(K) → 1.

Since any automorphism ofK can be uniquely extended to an automorphism of
C(z). This sequence splits and defines an isomorphism

AutC(C(z),K) ∼= AutK(C(z)) o AutC(K).

In the case whenK is pure transcendental extension ofC of algebraic dimension
k, the subgroup AutC(C(z),K) of AutC(C(z)) is called aDe Jonquìeres subgroup
of levelk.

Geometrically, the inclusionK ↪→ C(z) defines a rational dominant map
Pn 99K X, whereK is the field of rational functions ofX. Its general fibre is
a rational variety overK. The birational automorphisms from AutC(C(z),K) pre-
serves this rational fibration.

A Cremona transformationT : Pn 99K Pn is a called aDe Jonquìeres trans-
formationif there exists a rational fibration with generic fibre isomorphic toPn−k

that is left invariant byT .
We have already seen examples of De Jonquières transformations of order 2.

It follows from the proof of Proposition2.8.1that a dilated transformation is a De
Jonquìeres transformation of leveln− 1.

Let us see when an involution inPn−1 can be dilated to an involution inPn.
SupposeT : Pn−1 99K Pn−1 be an involution given by homogeneous polyno-

mialsG = (G1, . . . , Gn) of degreed in variablest1, . . . , tn. We are looking for a
transformationT̃ given by(F0, QG1, . . . , QGn), whereF0(t0, . . . , tn) is a mon-
oidal polynomial of degreed with multiplicity ≥ d−1 at the point[1, 0, . . . , 0] and
Q is a monoidal polynomial of degreer with singular point of multiplicity≥ r−1.
Write F0 = t0A1 +A2, Q = t0B1 +B2. The transformatioñT 2 is given by

(F0(F0, QG1, . . . , QGn), (QG1)(F0, QG1, . . . , QGn), . . . , (QGn)(F0, QG1, . . . , QGn))

= (F0A1(G) +QA2(G), Q̃G1(G), . . . , Q̃Gn(G)),

whereQ̃ = B1(G)F0 +B2(G)Q. SinceT 2 is the identity, we obtain

Gi(G1, . . . , Gn) = tiP, i = 1, . . . , n,
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4.4. LINEAR SYSTEMS OF ISOLOGUES 81

whereP (t1, . . . , tn) is a homogeneous polynomial of degreed2−1. Now, we must
have

F0A1(G) +QA2(G) = t0(B1(G)F0 +QB2(G))P.

Comparing the coefficients att0, we find

A1(G)A1 +A2(G)B1 = B1(G)A2P +B2(G)B2P,

B1(G)A1 +B2(G)B1 = 0.

For example, ifQ = 1, we must have

A1(G1, . . . , Gn)A1 = P. (4.7)

Example4.3.1. SupposeT = Tst is the standard Cremona transformation of degree
d = n − 1 in Pn−1 . ThenGi = t1 · · · tn/ti, i = 1, . . . , n. It is easy to see that
P = (t1 · · · tn)n−2. Thus, if we takeA1 = tn−2

1 , we obtain (4.7). Therefore,
takingF0 = t0t

n−2
1 , we obtain a Cremona involution of degreen − 1 in Pn. It is

given by the polynomials

(t0tn−2
1 , t2 · · · tn, . . . , t1 · · · tn−1).

4.4 Linear systems of isologues

Let f : Pn 99K Pn be a Cremona transformation of algebraic degreed andΓf ⊂
Pn × Pn be its graph. Consider the natural rational mapι : Γf 99K G1(Pn) to the
Grassmann variety of lines inPn which assigns to a point(x, f(x)) ∈ Γf the line
〈x, f(x)〉 spanned by the pointsx andf(x). It is not defined on the intersection
of Γf with the diagonal∆. LetC(f) be the closure off(Γf \ ∆). We call it the
complex of linesassociated tof . Note that

C(f) = C(f−1).

We say thatf is non-degenerateif C(f) is not contained in a proper subspace
of Pn. In terms of Pl̈ucker coordinatespij in Λ2(Cn+1), the complexKf has a
rational parameterizationφ : Pn 99K C(f), given by

pij = tiFj(t0, . . . , tn), 1 ≤ i < j ≤ n.

The mapφ is equal to the composition of the inverse of the projectionΓf → Pn

and the mapι. If the closure of fixed points in dom(f) is a hypersurface inPn

of degreek, then this hypersurface is a fixed component of each isologue. After
we subtract this hypersurface from the linear system, we obtain a linear system of
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82 LECTURE 4. INVOLUTIONS

hypersurfaces of degreed+ 1− k without fixed components. It is called thelinear
system of isologues. Its members areisologues.

If f is non-degenerate, then the linear system of isologues is parametrized by
the dual of the Pl̈ucker space. IfPn = |E| for some vector spaceE of dimension
n + 1, then isologues are elements of|Λ2E∨|. An isologue is calledspecialif it
belongs to the GrassmannianG1(|E∨|) of lines in |E∨|. Identifying a line in the
dual Pn with a codimension 2 subspaceΠ in Pn, we see that the corresponding
isologue hypersurfaceVΠ is equal to the closure of the set

{x ∈ Pn : x 6= f(x), 〈x, f(x)〉 ∩Π 6= ∅}.

In other words, a special isologue is the pre-image of a hyperplane in|Λ2E| which
cuts out the Grassmannian along the special Schubert variety〈Π〉 of lines inter-
sectingΠ. For example, whenn = 2, we can identifyG1(|E∨|) with |E|, hence
all isologues are special. They are parameterized by pointsp ∈ |E| and equal to
the closures of the sets

{x ∈ P2 : f(x) 6= x, p ∈ 〈x, f(x)〉}.

If f is degenerate, then some of these loci may coincide with the whole plane.
A Cremona transformationf is calledArguesian if dimC(f) < n. This

implies that the rational mapφ : Pn 99K G1(P2) has fibres of positive dimension.
Generically, the fibres are lines〈x, f(x)〉, and the transformation leaves these lines
invariant. In the casen = 2, this is equivalent to thatf is degenerate. It is clear
that any Arguesian transformation is of De Jonquières type, i.e. belongs to some
De Jonquìeres group. The De Jonquières involutions defined by a submonoidal
hypersurface are Arguesian.

If n = 3, thenf is Arguesian ifC(f) is an irreduciblecongruence1 of lines in
G1(P3). Recall thatG1(P3) is isomorphic to a nonsingular quadric in the Plücker
spaceP5. It contains two families of planes:

P (x) = {lines containing a pointx ∈ P3},
P (π) = {lines contained in a plane inP3}.

The cohomology classes of these planes freely generate

H4(G1(P3),Z) ∼= A2(G1(P3)) ∼= Z2.

The class of any congruenceS in G1(P3) is determined by two numbers(m,n),
called theorder andclass. The order is equal to the number of lines inS passing

1codimension 2 subvariety in the Grassmannian
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4.5. ARGUESIAN INVOLUTIONS 83

through a general point inP3. The class is equal to the number of lines inS lying
in a general plane inP3. Since through a general point inP3 passes only one fibre
of the mapφ, we see that the image ofφ is a congruence of order 1.

Example4.4.1. Consider the standard Cremona transformationTst in Pn. Its graph
is the toric varietyX(An). The transformation has2n fixed points with affine
coordinateszi = ±1. The linear system of isologues is a linear system of hyper-
surfaces of degreen+ 1 passing through the fixed points and the base locus ofTst.
If n = 2, thenX(A2) blown up at 4 points is a weak Del Pezzo surface of degree
7 (weak means that the anticanonical class is nef and big but not ample). The map
ι is a rational map of degree 2 onto the plane. The branch divisor is the union of 4
lines in a general position.

If n = 3, then isologues are quartic surfaces which contain the edges of the
coordinate tetrahedron and pass through 8 fixed points ofTst. The linear system of
isologues is 4-dimensional. It mapsX(A3) onto a hyperplane section ofG1(P3),
a linear complex of lines. It is isomorphic to a 3-dimensional quadric. This shows
thatf is degenerate but not Arguesian . The degree of the map is equal to 6. Special
isologues are quartic which are singular outside the vertices of the tetrahedron.

Remark4.4.1. The linear system of isologues is not an invariant of the homaloidal
linear system. It depends on the map itself, i.e. a choice of a basis in the homaloidal
linear system. In the previous example, sayn = 3, if switch the first two coordin-
ates, we find that the fixed locus consists of 4 lines:V (t0, t2±t3) andV (t1, t2±t3).

4.5 Arguesian involutions

We know that there exist Arguesian involutions inPn of any degreed. For ex-
ample, De Jonquières involutions occur in every degree. They leave invariant a
(n − 1)-dimensional variety of lines passing through a fixed point. Here we will
construct Arguesian involutions ofP3 of degreed = m+5. which leaves invariant
a congruence of lines of bidegree(1,m+ 1).

The following proposition is a result of E. Kummer (see a modern proof in
[Z.Ran, Crelle Journa, 1984]).

Proposition 4.5.1. Let γ1 be a line andγ2 be a smooth rational curve of degree
m + 1 intersectingγ1 transversally atm points. The closure of the set of lines
intersectingγ1 and γ2 at one point consists of the union ofm congruences of
bidegree(1, 0) formed by lines passing through one of the intersection points and
an irreducible congruence of bidegree(1,m + 1). Any irreducible congruence of
lines of bidegree(1,m) is either obtained in this way, or is equal to the congruence
of secant lines of a skew cubic (in this casem = 3).
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84 LECTURE 4. INVOLUTIONS

Let S ⊂ G = G1(P3) be an irreducible congruence of lines obtained from a
reducible curveγ1 ∪ γ2 as above. Note that all lines in this congruence intersect
γ1, so the congruence is contained in the tangent hyperplane ofG at the point
corresponding toγ1. In the casem = 0, it is a 2-dimensional quadric contained in
another hyperplane. Take any pointx on the lineγ1. The set of lines fromS which
pass throughx is a ruling of a cone of degreem+ 1 with the vertex atx. In S, this
defines a linear pencilC(x), x ∈ `1, of curves of degreem + 1 parameterized by
`1. If m > 0, the lineγ1 itself belongs to all such cones, it is a base points0 of this
pencil.

Now, we take any point onγ2 and do the same. This time we obtain a pencil of
linesL(x), x ∈ γ2, in G, parameterized byγ2. A curveC(x), x ∈ γ1, intersects a
lineL(y), y ∈ γ2, at one point represented by the line〈x, y〉.

Consider a rational mapψ : γ1 × γ2 99K S that sends a point(x, y) to the
intersection pointC(x)∩L(y). It is easy to see that the map is defined everywhere
except at the intersection points(xi, yi), xi = yi. Thus it extends to a regular map
from γ1×γ2 toS. The intersection points go to the same points0. This shows that
ψ is a normalization map, and#f−1(s0) = m. Whenm > 0, the surfaceS is a
non-normal scroll with an isolated singular point. The mapf is given by a linear
system of dimension 4 contained in the linear system|l1 + (m + 1)l2|, where|l1|
and|l2| are the rulings. So,S is a projection ofF0, embedded as a scrollΣ0,2m+2

of degree2m+ 2 in P2m+3, to P4.
SupposeΓ is contained in a smooth quartic surfaceX. It follows from the

theory of periods of K3 surfaces that quartic surfaces containing someΓ as above
form a subvariety of codimension 2 in the projective space of quartics. Consider
the following Cremona involutionT in P3. Take a general pointx, pass a secant`x
of Γ throughxwhich intersectsΓ at two pointsa andb. Define the involution oǹx

by designatinga andb to be its fixed points. ThenT (x) is defined to be conjugate
to x under this involution.

Let us locate the base points ofT . Obviously, the map is not defined at the
curveγ1 ∪ γ2. It is also not defined at the points where the secant line` is tangent
to X. Everywhere else the map is well defined. Let us determine the locusR of
the tangency points.

Consider the birational involutionτ of X that assigns to a pointx ∈ X the
intersection point of the secant`x of Γ which is not contained inΓ. A birational
involution of a K3 surface extends to a biregular involution. The conjugate points
are on a line from the congruenceS, so the fixed locus of the involution is the curve
R we are looking for. The linear system of planes through the lineγ1 cuts out on
X a pencil of elliptic cubic curves. It is easy to see thatτ induces th involution
on each cubic curve contained in a planeΠ obtained by projection from the unique
point in Π which lies onγ2 but does not lie onγ1. In particular, the divisor class
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4.5. ARGUESIAN INVOLUTIONS 85

F = H − γ1 is τ -invariant.
Consider the linear system inP3

H = |(m+ 2)H − (m+ 1)γ1 − γ2|.

It is clear that any line from the congruenceS is blown down to a point. The
dimension ofH is easy to compute. A homogeneous form of degreem + 2 van-
ishing on a lineV (t0, t1) with multiplicity ≥ m + 1 is equal to a linear com-
bination of monomialsti0t

m+2−i
1 and monomialsti0t

m+1−i
1 t2, t

i
0t

m+1−i
1 t3. Thus

the dimension of|(m + 2)H − (m + 1)γ1| = 3m + 6. To containγ2 requires
(m + 1)(m + 2) + 1 − m(m + 1) = 2m + 3 additional conditions. This gives
dimH = m+ 3.

Let |D| = |(m + 2)h − (m + 1)γ1 − γ2| be the restriction ofH toX. It is a
complete linear system and an easy computation givesD2 = 2m + 4. It is well-
known that a complete linear system on a K3 surface without fixed components has
no base points. Thus the linear system defines a regular mapf : X → Pm+3 onto
a surface of degree2(m + 4)/deg f . The linear pencil|E| = |h − γ1| of cubic
curves defines an elliptic fibration onX with E ·D = 2. This shows that the linear
system|D| is a hyperelliptic linear system onX and the mapf is of degree 2 on a
scroll of degreem+ 2 in Pm+3. Our curveR is the ramification curve of the map
f .

Assume thatX is general in the sense of periods of K3 surfaces. This means
that the divisor classesh, γ1 andγ2 generate Pic(X). The involutionτ defined
by the double coverf acts on the transendental lattice Pic(X)⊥ ⊂ H2(X,Z)
as the minus identity. It has two invariant divisor classesD andH − E. Since
D = (m + 1)(H − γ1) + (H − γ2) we may assume that the invariant part of
Pic(X) is generated byH − γ1 andH − γ2. We have

(H − γ1)2 = 0, (H − γ2)2 = −2m, (H − γ1) · (H − γ2) = 2.

SinceR is invariant with respect toτ , we can write

R ∼ a(H − γ1) + b(H − γ2). (4.8)

Since any nonsingular fibre of the elliptic fibration|H − γ1| has 4 fixed points, we
getR · (H − γ1) = 4. Intersecting both sides of the previous equality withH − γ1

we obtainb = 2. SinceR2 = 16, we obtain16 = 4ab − 2mb2 = 8a − 8m. This
givesa = m+ 2. Now

degR = R ·H = 3(m+ 2) + 2(4−m− 1) = m+ 12.
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86 LECTURE 4. INVOLUTIONS

To summarize, we obtained that the base locus ofT consists of aγ1, γ2 and a
smooth curveR of degreem+ 12 and genus 9. Also observe that, using (4.8) with
a = m+ 2, b = 2, we obtain that

R · γ1 = m+ 8, R · γ2 = 3m+ 8.

Let us determine the multiplicities of the base curves. Take a general point
x ∈ γ2 and consider the planeΠ = 〈x, γ1〉. The transformationT leaves this plane
invariant and fixes pointwisely the cubic curveE = Π∩X−γ1. We know also that
the involutionτ of X induces onE the involution defined by the projection from
x. We immediately recognize thatT |Π is a De Jonquìeres involution of degree3
whose homaloidal linear system consists of cubic curves singular atx and having
simple base points at the4 = (m+ 12)− (m+ 8) intersection points ofR with E
outside ofγ1. This implies that the curveγ1 is a curve of multiplicityd − 3 for a
general divisor from the homaloidal linear system definingT and the curveγ2 is a
double curve. The curveR enters with multiplicity 1.

Let Q be the image of a general planeH underT . It is a rational surface of
degreed equal to the algebraic degree ofT . The homaloidal linear system defining
T restricts toH to define a linear system of curves of degreed passing through the
setΣ = (R ∪ γ1 ∪ γ2) ∩H. From above we know that any intersection point with
γ1 is a point of multiplicityd − 3 and the intersection point withγ1 is a point of
multiplicity 2. It has alsom + 1 simple points. Since it mapsH to a surface of
degreed we must have

d2 − d =
∑
pi∈Σ

m2
i = (d− 3)2 + 4(m+ 1) + 12 +m.

This gives
d = m+ 5.

One can also describe theP -locus of the involutionT . It consists of the ruled
surface of degree8 + 2m = R · H whose rulings are tangents toR, a quartic
surface which is blown down toγ2, and a surface of degree2m+4 which is blown
down toγ1.

Let us consider the case of the congruenceS of bidegree(1, 3) of secants of a
twisted cubicγ. The surfaceS, embedded in the Plücker spaceP5 is a Veronese
surface. Again we choose a general quartic surfaceX containingγ. The map
f : X → S is a double cover branched along a smooth plane sextic curve. It is
defined by the linear system|2h − γ|. The ramification curveR belongs to the
linear system|6h − 3γ|. Its genus is 10 and its degree is15. The base curve is
the union of the curvesγ andR intersecting at24 points. We skip the details and
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4.5. ARGUESIAN INVOLUTIONS 87

leave to the reader to check that the homaloidal linear system definingT consists
of surfaces of degree 7 vanishing alongγ with multiplicity 3. TheP -locus consists
of the tangential ruled surface ofγ of degree 4 and a ruled surface of degree 12
whose rulings are tangent toR.

Example4.5.1. We will discuss a special classical example of an Arguesian invol-
utions of degree 5. It is obtained from the previous construction when the quartic
surface is special and the curveR becomes equal to the union of 8 skew lines and
a quartic elliptic curve intersecting each line at two points.

Fix a general pencilQ of quadrics inP3. The restriction ofQ to a general̀ ∈ S
defines a pencil of degree 2, hence an involution on`. This defines an Cremona
involution onP3. Take a general pointx = [v] in P3, pass a unique line throughx
which intersects̀1 and`2, and sendx toT (x) such that the pair(x, T (x)) is in the
involution defined byQ. This is an example of a De Jonquières type involution of
level1. Note that, for any filedK, an automorphism of order 2 ofP1

K is conjugate
to an automorphism given by(t0, t1) → (t1, at0 + t1) for somea ∈ K.

In formulas, let̀ 1 = V (t0, t1), `2 = V (t2, t3). For anyx = [a0, a1, a2, a3], the
plane〈x, `1〉 is equal toV (−a1t0 +a0t1). The plane〈x, `2〉 is equal toV (−a3t2 +
a2t3). The planes intersect along the line` given in parametric form by[sv1 + tv2],
wherev1 = (a0, a1, 0, 0), v2 = (0, 0, a2, a3). The pencil of quadricsV (u0q1 +
u1q2) restricted to the linè is equal to the pencil

A(u, a)s2 + 2B(u, a)st+ C(u, a)t2 = 0, (4.9)

where

A = u0q1(v1) + u1q2(v1),
B = u0b1(v1, v2) + u1b2(v1, v2),
C = u0q1(v2) + u1q2(v2).

Herebi are the symmetric bilinear forms associated to the quadratic formsqi. The
coefficientsA,B,C are bi-homogeneous functions in the coordinatesu = (u0, u1)
anda = (a0, a1, a2, a3) of degree 1 inu and degree2 in a. The pointx corresponds
to the parameters[s, t] = [1, 1]. The quadratic form has 0 at[1, 1]. This allows
one to express the coefficients of equation (4.9) as polynomials of degree 4 in the
coordinatesai:

[u0 : u1] = [q2(v1 + v2),−q1(v1 + v2)] = [q2(v),−q1(v)]

This gives the second solution[s, t] of (4.9) as polynomials of degree 4

[s, t] = [C,A] = [q2(v)q1(v2)− q1(v)q2(v2), q2(v)q1(v1)− q1(v)q2(v1)]
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88 LECTURE 4. INVOLUTIONS

Finally, the coordinates of the transformT (x) of the pointx become expressed as
polynomials of degree 5 in theai’s

T (x) = [a0s, a1s, a2t, a3t].

This shows that the involutionT is of algebraic degree 5.
Let us see where our transformation is not defined. Obviously, it is not defined

on the lines̀ 1 and`2, as well on the base locusE of the pencil of quadrics. Also, it
is not defined on any secant ofC which intersects̀1 and`2. In fact, the restriction
of the pencil to this secant consists of two points which do not move. The set of
secants ofE is a congruenceS1 of lines in the GrassmannianG1(P3) of bi-degree
(2, 6). The set of lines intersecting̀1 and`2 is a congruenceS2 of bi-degree(1, 1).
They intersect at8 points. Thus the base locus contains 10 lines and a quartic curve.
This can be confirmed by the explicit formulas for the transformation. They also
show that the lines̀1 and`2 enter with multiplicity 2.

Let us find the locus of fixed points ofT . A general pointx satisfiesT (x) = x
if and only if [s, t] = [1, 1] is the unique solution of the quadratic equation (4.9).
So, we get the equation

A− C = q2(v)(q1(v2)− q1(v1)) + q1(v)(q2(v1)− q2(v2)) = 0.

It is a quartic surfaceF with equation

q2(t0, t1, t2, t3)(q1(0, 0, t2, t3)− q1(t0, t1, 0, 0))

+q1(t0, t1, t2, t3)(q2(t0, t1, 0, 0)− q2(0, 0, t2, t3)) = 0.

It follows from the equations that the eight skew lines from the congruenceS2 lie
on the quartic surface. The curveE itself also lies on the surface. Also, if we plug
in v1 = 0 (resp.v2 = 0), we get zero. So, the quarticS also contains the lines̀1
and`2.

Consider the elliptic pencils|H − `1| and|H − `2| cut out by planes through
the lines`1 and`2. The linear system|2H − `1 − `2| mapsF two-to-one onto a
nonsingular quadricQ ∼= P1 × P1 in P3. Of course, this extends the rational map
which assigns tox ∈ F the points(`x ∩ `1, `x ∩ `2), where`x is the line in the
congruenceS1 passing thoughx.

Each pencil is the pre-image of a ruling. Since`i ·(H−`1) = `i ·(H−`2) = 0
for i = 3, . . . , 10, we see that the eight secants`3, . . . , `10 are blown down to
singular pointsq1, . . . , q8 of the branch curveW . The ramification curve of the
double cover is our quartic curveE. It belongs to the divisor class4H − 2`1 −
2`2 − `1 − . . .− `10, whereH is a plane section ofX.
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4.5. ARGUESIAN INVOLUTIONS 89

We have(H−`1)·`1 = 3, (H−`1)·`2 = 1 and(H−`2)·`1 = 1, (H−`2)·`1 =
1. This implies that̀ 1 (resp. `2) is mapped isomorphically to a curveR1 (resp.
R2) of bi-degree(3, 1) (resp. (1, 3)). They intersect atq1, . . . , q8 and also at two
more pointsa, b. The pre-image ofRi under the coverS → Q splits into the sum
of two lines`i +`′i with `′i ·`j = 1, i 6= j. The images of the two intersection points
`′1 ∩ `2 and`1 ∩ `′2 are the intersection pointsa, b of R1 andR2.

Conversely, start with a setP = {q1, . . . , q8} of 8 points onQ = P1×P1 such
that the dimension of the linear system of curves of bidegree(4, 4) with double
points at eachqi ∈ P is a pencil containing a reducible curveR1 + R2, where
R1, R2 are smooth rational curves (necessary of bidegrees(3, 1) and(1, 3)). One
can show that the sets of such points depends on14 parameters (by projecting from
q8, they correspond to base points of an Halphen pencils of elliptic curves of degree
6 with one reducible member equal to the union of two rational cubics).

Choose a smooth memberW of the pencil and consider the double cover ofQ
branched overW . Let Q′ be the blow-up of the setP, andπ : X → Q′ be the
double cover ofQ′ ramified along the proper transformW ′ of W .

The proper transformR′i of the curvesRi splits into the disjoint union of two
(−2)-curves̀ i + `′i such that̀ 1 + `′2 ∼ `2 + `′1 and`i · `′j = 2, i 6= j. Let |fi| the
pencils onQ’ defined by the two rulingsQ→ P1. We have

π∗(R1 −R2) = `1 + `′1 − `2 − `′2 ∼ 2(`1 − `2)

∼ π∗(3f1 + f2)− π∗(f1 + 3f2) = 2π∗(f1)− 2π∗(f2).

This gives
π∗(f1) + `2 ∼ π∗(f2) + `1.

Set
H = π∗(f2) + `1.

We haveH2 = 2(f2 +R1)2 +R2
1 = 6−2 = 4. AlsoH · `i = 1. The linear system

|H| mapsX onto a quartic surface inP3 and the images of̀1 and`2 are lines.
Let `1, . . . , `8 be the pre-images of the exceptional curvesLi ofQ′ → Q under

π. These are(−2)-curves onX. We have

H · `i = (π∗(f2) + `1) · `i = `1 · `i = R1 · Li = 1, i = 1, . . . , 8.

So, the curves̀i, i = 3, . . . , 10, are mapped to lines on the quartic model ofX.
Finally,

E ∼ 2(π∗(f1) + π∗(f2))− `3 − . . .− `10,

and we easily check thatH · E = 4, so thatE is mapped to an elliptic quartic
curve. The lines̀ 3, . . . , `10 are common secants ofE and`1 + `2. So, we can
reconstruct an involutionT of P3 with fixed locus isomorphic toX.
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90 LECTURE 4. INVOLUTIONS

Finally, observe that the set of involutionsT depend on 24 parameters, 8 for
the pairs of skew lines̀1 and`2, and 16 for pencils of quadrics. Modulo projective
transformations ofP3, we have 9 parameters. The isomorphism classes of our
quartic surfaces depend on the same number of parameters, 8 for sets of pointsP
and one for a choice of its member.

Another class of Arguesian involutions which exist in any projective space of
odd dimension are defined by varieties with an apparent double point. First let us
recall the following definition.

Definition 4.5.1. A closed subvarietyX of Pn is called asubvariety with one
apparent double pointif a general point inPn lies on a unique secant ofX.

A subvarietyX of Pn with an apparent double point (anOADP- variety) defines
a Cremona involution ofPn in a way similar to the definition of a De Jonquières
involution. For a general pointx ∈ Pn we find a unique secant ofX intersectingX
at two points(a, b), and then define the uniqueT (x) such that the pair{x, T (x)}
is harmonically conjugate to{a, b}.

A most general example of a variety with one apparent double points is an
Edge variety. The Edge varieties are of two kinds. The first kind is a general
divisorEn,2n+1 of bidegree(1, 2) in P1 × Pn embedded by Segre inP2n+1. Its
degree is equal to2n+ 1. For example, whenn = 1, we obtain a twisted cubic in
P3. If n = 2, we obtain a Del Pezzo surface inP5. The second type is a general
divisor of bidegree(0, 2) in P1 × Pn. For example, whenn = 1, we get the union
of two skew lines. Whenn = 2, we get a quartic ruled surface inP5 isomorphic to
P1 × P1 embedded by the linear system of divisors of bidegree(1, 2).

Let us recall what is known about smooth varietiesX with one apparent double
point. First, it is clear that ann-dimensionalX spansP2n+1.

Theorem 4.5.2.Supposen = 2, thenX is an Edge varietyE2,4 or E2,5. If n = 3,
thenX is either an Edge varietyE3,6 or E3,7, or a scroll of degree 8 inP7 equal
to the intersection of a quadric hypersurface with the cone over the Segre variety
s(P1 × P2) ⊂ P5 with a line as a vertex.

The casen = 2 is classical and goes back to F. Severi, and the casen = 3 was
treated in a paper by Ciliberto, Mella, Russso in JAG.

The Cremona involution defined byE1,2 (a pair of skew lines) is a projective
transformation given (in notation of Example4.5.1) by [a0, a1, a2, a3] 7→ [a0, a1,−a2,−a3].
The Cremona involution defined by a skew cubicE(1, 3) is the polarity with re-
spect to the net of quadrics containing the cubic. It is a bilinear transformation
which we considered in Example3.4.4. The Cremona involution defined by a Del
Pezzo surfaceX of degree 5 is also the polarity involution with respect to the
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4.6. GEISER AND BERTINI INVOLUTIONS IN P3 91

4-dimensional linear system of quadrics inP5. It is a bilinear transformation of
degree 5. Its exceptional divisor is the tangential variety ofX of degree 24. Its
base locus is a double structure onX.

4.6 Geiser and Bertini involutions inP3

The following is a classical generalization of the Geiser involution in the plane.
Assumen = 3, and consider a rational mapφ : P3 99K P3 defined by the linear
systemH = |2H − p1 − . . . − p6|, wherep1, . . . , p6 are points in general linear
position. Take a general pointx ∈ P3, then the quadrics fromH passing through
x form a net. The base locus of the net consists of 8 points, we have already seven
base pointsp1, . . . , p6, x. By definition,T (x) is the eighth base point.

A general plane is mapped to a quartic surface, a projection of a Veronese
surface. The pre-image of this quartic surface consists of the plane and a surface
of degree 7. This shows that the degree of the involution is equal to7. Let `ij =
〈pi, pj〉 andR be a a twisted cubic through the six points (it is uniquely defined).
The base locus of the involution consists of the union of 15 simple lines`ij and the
curveR taken with multiplicity 3. The P-locus consists of the six quadrics from
the linear system which have a singular point at one of the pointspj .

The set of fixed points of the involution is a famousWeddle quartic surface
with nodes atp1, . . . , p6. It is the locus of singular points of singular quadrics from
the linear system|2H − p1 − . . . − p6|. The rational mapφ maps this surface
birationally onto a Kummer quartic surfaceK. The 15 lines and the curveR are
blown down to the 16 nodes of the Kummer surface.

One can show that the complexC(T ) defined by the linear system of isologues
is the quadratic line complex associated to the Kummer surfaceK (see Griffiths-
Harris book, or Topics).

Remark4.6.1. The Geiser involution can be also defined using the geometry of the
Segre cubic primalS3, a cubic hypersurface inP4 with 10 nodes. It is known that
the linear system|2H−p1−. . .−p6| defines birational isomorphismψ : P3 99K S3.
It blows down the 10 chords〈pi, pj〉 to the singular points ofS3. Consider the
projection pr : S3 99K P3 from a nonsingular point onS3. The composition
p ◦ ψ : P3 99K P3 is a degree 2 rational mapP3 99K P3. The deck transformation
is the Geiser involution.

The planar Bertini involution can be generalized to an involution inP3 as fol-
lows. Consider a net of quadrics inP3 passing through 7 general pointsp1, . . . , p7.
It has additional base pointo. Take a general pointx ∈ P3. The quadrics from
the net passing through this point define a pencilP(x). Its base locus is an elliptic
curveE(x) of degree 4 with a fixed pointo. We use it to define a group law on
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92 LECTURE 4. INVOLUTIONS

E(x). We setT (x) to be equal to−x in the group law. This is the definition of
a space Bertini involutiondue to A. Coble. One can rephrase it in modern terms
as follows. LetX be the blow-up of the set{p1, . . . , p7, o}. The linear system
|2H − p1 − . . . − p7 − o| defines an elliptic fibrationf : X → P2 with a dis-
tinguished sectionEo = σ−1(o). The open subset of nonsingular points of the
fibres is a group scheme overP2. The Bertini involution restricted to this open set
is the negation morphismx 7→ −x. The fixed locus of the Bertini involution is the
union of the sectionEo and a surfaceS of degree 6 with triple points atpi’s. The
restriction off to the proper transform̄S of S in X is a degree 3 cover ofP2. Its
branch locus is the dual of a plane quartic curve. All of this is well documented in
Coble’s book “Algebraic geometry and theta functions” and also in my book with
D. Ortland (Asterisque, vol. 168).

Consider the linear systemH of quartic surfaces with double pointsp1, . . . , p7.
Its dimension is equal to34− 7 · 4 = 6. Besides the seven double points, the base
locus contains a curveC of degree 6 and genus 3, the locus of singular points
of the elliptic fibrationf . Let Qi = V (qi), i = 1, 2, 3, be a basis of the net of
quadrics through these points. For any quadratic formQ in three variables, the
quarticsV (Q(q1, q2, q3)) form a 5-dimensional subsystemH′ of H. The whole
linear system is generated by this subsystem and some quarticV (F4). The linear
system defines a regular degree 2 mapπ : Blp1,...,p7 → P6. Its imageY is the cone
over a Veronese surface inP5 with the vertex equal to the image of the pointo. The
branch divisor is cut out by a cubic threefold. This is in a complete analog with
the planar Bertini involution. In this way, the quotient ofP3 becomes birationally
isomorphic to a rational varietyY .

One can compute the degree of the Bertini involution as follows. The restriction
of the linear systemH to a general plane is a 6-dimensional linear system of quartic
curves. The linear systemH′ maps it4 : 1 to a Veronese surface inP5. This shows
that the projection of the image of the plane from the vertex of the cone is the
intersection of the cone with a surface of degree 4. As in the Geiser involution, this
implies that the degree of the Bertini involution is equal to 15.

The locus of fixed points of a general Bertini involution is surface of degree 6
with triple points atp1, . . . , p7. The base locus consists of the union of 21 chords
〈pi, p7〉 and the union of 7 skew cubics through 6 pointsp′is.

One can generalize a Geiser involutions as follows. A starting point is an ob-
servation that the base idealJZ of the linear system|3H − p1 − . . .− p7| is given
by a resolution

0 → OP2(−1)⊕OP2(−2) → OP2(−3)3 → JZ → 0.

This follows from the fact that the scheme of 7 points is a ACM subscheme ofP2

of codimension 2. Arguing as in the case of biregular transformations, we deduce
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4.6. GEISER AND BERTINI INVOLUTIONS IN P3 93

from this that the graph of the transformation is a complete intersection inP3×P3

of divisors of type(1, 1) and(2, 1). It defines a map of degree 2 fromP2 to P2. The
Geiser involuitiuon is the deck transformation of this map. We use this observation
to define a degree 2 mapPn 99K Pn whose graph is a complete intersection ofn−1
divisors of type(1, 1) and one divisor of type(2, 1). The linear system defining
this map has the base ideal given by a resolution

0 → OPn(−1)n−1 ⊕OPn(−2) → OPn(−n− 1)n+1 → JZ → 0.

Example4.6.1. Taken = 3. Then, computing the Hilbert functions, we find that
the base schemeZ is a curve of degree 11 and genus 14. For any smooth quartic
S containingZ, a residual curveC in |4h− Z| is a curve of genus 2 and degree 5.
The linear system|4h− Z| defines a degree 2 map fromS ontoP2. It is branched
along a curve of degree 6. The linear system|2h− C| consists of a skew cubicR.
Conversely, a quartic surface containing a skew cubicR defines the linear system
|2h−R| of curves of degree 5 and genus 2, and the linear system|2h+R| consists
of curves of degree 11 and genus 14.

LetX = BlZP3 → P3 be the degree 2 regular map defined by the linear system
|4H − Z|. The branch divisor is a surfaceB of degree 6 inP3. The ramification
divisorR is the proper transform of a surface of degree 12 which passes through
Z with multiplicity 3. The exceptional divisorE is a ruled surface isomorphic to
P(OZ ⊕OZ(4h−C)) ∼= F18. It is mapped byφ onto a ruled surface inP3 whose
rulings are tritangent lines of the sextic surfaceB. Also, it follows from the Cayley
formula for the number of quadrisecant lines of a curve of genusg and degreed

t4 =
(d− 2)(d− 3)2(d− 4)

12
− (d2 − 7d+ 13− g)g

2
,

thatZ has 35 quadrisecant lines (see [Griffiths-Harris]). They are blown down to
ordinary double points ofB.

Note that the double cover ofP3 branched along a general surface of degree 6 is
a non-rational variety. In our case, it is a rational variety. Its intermediate Jacobian
variety is isomorphic to the Jacobian variety of the curveZ. Finally, observe that
the Geiser involution of this type is not conjugate to the Geiser involution described
in above since the surfaces of fixed points are not birationally isomorphic.
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Lecture 5

Factorization Problem

5.1 Elementary links

In this lecture we assume that the reader is somewhat familiar with some basics
of the Minimal Model Program. LetM be the full category of the category of
projective algebraic varieties whose objects have terminalQ-factorial singularities.
We denote byN1(X) the vector space Num(X)⊗R, where Num(X) is the Picard
group modulo numerical equivalence. For any projective morphismU → V , we
denote the relativeMori coneby NE1(U/V )) ⊂ N1(U/V ). It is the real closure in
N1(U) = A1(U) ⊗ R of the cone of effective curves contained in fibres. Thenef

coneis the dual coneNE
1(U/V )) ⊂ N1(U/V ) = Pic(U) ⊗ R. The real closure

of the cone of effective divisors is denoted byNM
1(U). Its elements are called

quasi-effectivedivisor classes.

Definition 5.1.1. A Mori fibre spaceis a projective morphismφ : X → S, where
X ∈ M andS is a normal variety withdimS < dimX. Its fibres are connec-
ted,−KX is relatively ample (i.e. for any curveC in fibresKX · C < 0) and
dim N1(X) = dim N1(S) + 1. A morphism of fibre spaces is a diagram

X
f //___

φ

��

X ′

φ′

��
S S′

wheref is a birational map. There is no arrow at the bottom, so we keep the
vertical arrows to remember that we have structures of Mori spaces onX andX ′.

A morphism of Mori fibre spaces is called asquare(resp.Sarkisov isomorph-
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96 LECTURE 5. FACTORIZATION PROBLEM

ism) if, additionally, there is a rational mapg : S 99K S′ such that the diagram

X
f //___

φ

��

X ′

φ′

��
S

g //___ S′

is commutative (resp. it is square andf is an isomorphism)

It is known that a Mori fibre space is obtained by contraction of an extremal
ray inNE(X).

In dimension 2, a Mori fibre space is either a constant morphism ofP2, or a
projective bundle over a nonsingular curve.

In dimension 3, a Mori fibre space is one of the following three kinds:

(i) X → S = point, whereX is a Fano variety anddimN1(X) = 1;

(ii) a conic bundleX → S over a normal surfaceS with rational singularities,
the map contracts an extremal ray represented by an irreducible component
of a singular fibre or a fibre if the map is smooth. Each singular fibre is either
irreducible, non-reduced, or a bouquet of twoP1’s.

(iii) a Del Pezzo fibrationX → S, whereS is a nonsingular curve and a general
fibre is a Del Pezzo surface of degreed 6= 8, or a quadric, or a plane. In the
second case a singular fibre is a quadric with an isolated singular point. In
the last case the fibration is aP2-bundle. The map contracts an extremal ray
represented by the class of a line on a general fibre.

We will need a log-version of a Mori fibre space. Let(X,∆) be alog pair that
consists of a normal varietyX and aQ-divisor on∆. We assume thatKX+∆ is Q-
Cartier. For every divisorial valuationv : K → Z of the field of rational functions
K onX there exists a birational morphismν : Z → X of normal varieties and
an irreducible divisorE on Z such that the valuation is defined by the discrete
valuation ofK with the ring of valuation equal toOZ,η, whereη is a generic point
of E. The differenceKX + ν−1(∆) − ν∗(KX + ∆) is a linear combination of
exceptional divisors ofν. The coefficient atE is called the discrepancy of∆ and
is denoted byaE(X,∆). It depends only on the valuation. We say that(X,∆)
has terminal (canonical, log-canonical) singularities if, for allν : Z → X, the
discrepanciesaE(X,∆) are positive (non-negative,≥ −1). In fact, to check the
definitions, it suffices to look at the valuations defined by irreducible exceptional
divisors in a log-resolution of the pair(X,∆). If one takes∆ = 0, we obtain the
definition of terminal, canonical, log-canonical singularities.
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5.1. ELEMENTARY LINKS 97

One defines aMori log fibre spacef : (X,∆X) → (S,∆S) by requiring
that f(∆X) = ∆S , the pair(X,∆) has terminal singularities,X is Q-factorial,
ρX/S = 1, and−(KX + ∆X) is relatively ample.

The importance of Mori fibre spaces is explained by the following main result
of the Minimal Model program in dimension 3.

Theorem 5.1.1.Let (X,∆) be aQ-factorial terminal log-pair. Then a sequence
of elementary birational transformationsX 99K X1 99K . . . 99K XN = X ′,
called divisorial contractions and flips, creates a log pair(X ′,∆) with terminal
Q-factorial singularities such that one of the the following two alternatives occurs:

(i) (X ′,∆) is a minimal model, i.e.KX′ + ∆ is nef.

(ii) (X ′,∆) admits a structure of a Mori log spacef : (X ′,∆X′) → (S,∆S).

The goal ofSarkisov’s Programis to factor any birational morphism between
two Mori fibre spaces into a composition ofelementary links, i.e. morphisms which
elementary in the sense we will make precise.

Before we describe elementary links let us introduce one more definition.

Definition 5.1.2. A birational mapf : X 99K X ′ is calledsmall if there exists
an open Zariski subsetU whose complement is of codimension≥ 2 such that the
restriction off toU is an isomorphism.

Note that there are no small Cremona transformations of degree> 1 since the
P-locus is always a hypersurface. Also any small birational map of normal surfaces
must be an isomorphism. However in dimension≥ 3 small birational maps appear
frequently.

Definition 5.1.3. A flip (resp.flop) is a diagram of birational maps

X

φ   @
@@

@@
@@

@
f //_______ X+

φ+
}}{{

{{
{{

{{

Y

,

whereφ andφ+ are birational morphism onto a normal varieties with exceptional
loci of codimension≥ 2. Moreover,KX is relativelyφ-ample (resp. numerically
trivial) and−KX+ is relativelyφ+-ample (resp. numerically trivial).

It is clear from this definition that a flip is a small birational map. Following
Miles Reid, a birational transformation which is a flip or a flop, or its inverse, will
be called aflap.

We will be often using the following well-known fact.
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98 LECTURE 5. FACTORIZATION PROBLEM

Lemma 5.1.2. LetX ⊂ Pn × Pk be the graph of the projection map from a linear
subspaceL of dimensionn − k − 1. Then the first projection mapp1 : X → Pn

is isomorphic to the blow-upBlLPn with exceptional divisorL × Pk. The second
projectionp2 : X → Pk is isomorphic to the projective bundleP(E), whereE ∼=
O⊕n−k

Pk ⊕OPk(1).

Proof. The first assertion follows from the fact that the normal bundle ofL is
isomorphic toOL(1)⊕k. The varietyX is a complete intersection ofk of divisors
of type(1, 1). LetO(1) ∼= p∗1OPn(1) be the tautological line bundle corresponding
to the projection pr2 : Pn×Pk → Pk. ThenX ∼= P(E), whereE = (p2)∗(OX(1)).
Assume first thatk = 1. Then we have an exact sequence

0 → OPn×P1(−1,−1) → OPn×P1 → OX → 0.

Twisting byp∗1OPn(1) and taking the direct image, we obtain an exact sequence

0 → OP1(−1) → On+1
P1 → E → 0.

ThenE splits into the direct sum ofn line bundlesOP1(ai) with ai ≥ 0. Taking the
determinants, we get

∑
ai = 1. This givesE ∼= On−1

P1 ⊕OP1(1). Assumek > 1.
It is easy to see thatE is a uniform vector bundle, i.e. the isomorphism class of the
restriction ofE to any line does not depend on the line.1 This implies thatE splits
into the direct sum of vector bundlesOPk(ai). The restriction of the projection
pr2 : Pn 99K Pk over` is isomorphic to the projection ofPn 99K P1 from the space
〈L, `〉 ∼= Pn−k+1 with center atL. Since the restriction ofE = ⊕OPk(ai) to ` is
isomorphic toO⊕n−k

` ⊕O`, we obtain thatE ∼= On−k
Pk ⊕OPk(1).

Example5.1.1. Let Q be a quadric inP4 with isolated singular pointo. We may
considerQ as a cone with vertex ato over a nonsingular quadricQ0 in a hyperplane
H. The quadricQ has 2 rulings by planes arising from the two rulingsP1 andP2

of Q0 by lines. Consider the incidence variety

Xi = {(x, P ) ∈ Q× Pi : x ∈ P}.

Let φi : Xi → Q be the projections toQ. Thenφi is an isomorphism over the
complement of the pointo, and its fibreRi overo is equal toPi

∼= P1. We claim
that the birational transformationf = φ2 ◦ φ−1

1 : X1 99K X2 is a flop. First,
observe that the second projectionXi → Pi is aP2-bundle. It corresponds to the
compositionXi \ Ri → Q \ {0} → Q0 → P1, where the last map corresponds to

1[Okonek, Vector bundles on complex projective spaces], Theorem 3.2.3
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5.1. ELEMENTARY LINKS 99

the rulingsPi onQ. The varietyXi embeds inP4 × P1 as a complete intersection
of two divisors of type(1, 1). We have an exact sequence

0 → OΓ(−1,−1) → OΓ → OXi → 0,

whereΓ is the graph of the projectionP4 99K P1 from the pointo. Twisting by
p∗1(OP4(1) and taking the direct image underp2 : Γ → P1, we get, by applying
Lemma??, an exact sequence

0 → OP1(−1) → O⊕3
P1 ⊕OP1(1) → E → 0.

This easily implies thatXi
∼= P(E), whereE ∼= OP1(1)⊕2 ⊕ OP1 . The curveR

sits inXi as the image of a section defined by the projectionE → OP1 . Its normal
sheafNRi/Xi

is isomorphic toOP1(−1)⊕2. By adjunction, the anticanonical line
bundle ofXi restricted toRi is isomorphic to

ORi(2)⊗ Λ2(NRi/Xi
) ∼= ORi(2)⊗ORi(−2) ∼= ORi .

Thus−KXi is relatively numerically trivial. This proves that the birational mapf
is a flop.

Let π : Q′ → Q be the resolution of singularities ofQ equal to the proper
transform ofQ under the blow up of the pointo in P4. Its exceptional divisorE
is isomorphic toP1 × P1. There are two projectionsQ′ → Xi, i = 1, 2, which
restricts toE as the two projectionsE → P1.

Example5.1.2. Let T : Pn 99K Pn be the standard Cremona involution. LetX
be the blow-up of the vertices of the coordinate simplex. Consider the birational
mapT ′ : X 99K X obtained by liftingT to X. It is a small birational map that
restricts to a birational map of the proper transform of each facet of the simplex
to the exceptional divisor over the opposite vertex of the simplex. More generally,
for anyk > 1, it sends the proper transform of any face of codimensionk to the
proper transform of the opposite face of codimensionn− k − 1.

Let us see thatT ′ is an example of a flop. We will do it only in the casen = 3
leaving the general case to the reader. Consider the linear system of quadrics in
P3 that passes through the vertices of the coordinate simplex. Its dimension is
equal to5. Its proper transform onX has no base points and contracts the proper
transformsRij of the six edges of the coordinate simplex. It is equal to the linear
system|2e0−e1−e2−e3−e4|, wheree0 is the pre-image of a plane inP3 andei are
the divisor classes of the exceptional divisors over the base points. Since−KX =
4e0 − 2e1 − 2e2 − 2e3 − 2e4, we see that−KX is relatively numerically trivial.
The image ofX is a closed 3-dimensional subvarietyZ of P6 with 6 singular
points. Choose a basis in the linear system of quadrics formed by the quadrics
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100 LECTURE 5. FACTORIZATION PROBLEM

V (t0t1), V (t0t2), . . . , V (t2t3). It gives the birational morphismφ : X → P5

which contracts the curvesRi to the points[1, 0, . . . , 0], . . . [0, . . . , 0, 1]. Then the
compositionφ′ : T ′ ◦ φ differs fromφ by the projective transformationg of P5

given by[z0, . . . , z5] 7→ [z5, z4, . . . , z0]. The compositionφ−1 ◦ g ◦ φ is equal to
the composition of 6 flops.

One can give a toric interpretation of each flop. Consider the toric varietyP3

with the standard fanΣst defined by the vectorse1, e2, e3, e0 = −e1 − e2 − e3

in R3. For any subsetJ of {0, 1, 2, 3|} denote byFJ the convex cone spanned by
the vectorsej , j ∈ J . The interior ofFJ corresponds to the orbitOJ of dimension
3 − #J andOJ ⊂ OK if and only if K ⊂ J . More precisely, we can choose
coordinates inP3 such thatOJ is the coordinate subspacetj = 0, j ∈ J . Blowing
up a vertex of the coordinate simplexOJ ,#J = 3, we obtain the toric variety
whose fan is generated by its1-skeleton obtained by adding to the1-skeleton of
Σst the rayRJ = R≥0(

∑
j∈J ej). Let us blow-up two vertices sayp3 = O012

andp4 = O013. The new fanΣ acquires two new raysR012 = R≥0(−e3), and
R013 = R≥0(−e2). Note that the cone spanned by these two rays does not belong
to Σ because its intersection with the coneF01 ∈ Σ is equal to the rayR(e0 + e1)
which does not belong toΣ.

The proper transform̀34 of the edge〈p3, p4〉 corresponds to the coneF01 ∈
Σ. Let Σ′ be the new fan obtained fromΣ by deleting the coneF01. Let φ :
XΣ → XΣ′ be the toric morphism corresponding to the map of fansΣ → Σ1 under
which F01 is mapped to the cone spanned byR012, R013, F0, F1. The morphism
φ is a small contraction of the curvè34 to the0-dimensional orbit defined by the
non-simplical cone〈R012, R013, F0, F1〉 ∈ Σ′. Now let us consider the fanΣ+

obtained fromΣ1 by adding the 2-face spanned byR012 andR013 (now there is
no problem because we have deleted the face spanned byF0, F1). We have a toric
morphismφ+ : XΣ+ → XΣ′ which blows down the orbit corresponding to the
face〈R012, R013〉. This a commutative diagram of rational maps

XΣ

φ ""D
DD

DD
DD

D
f //________ XΣ+

φ+||xxxxxxxx

XΣ′

By adjunction formula,degKP3 · 〈p3, p4〉 = −2. This easily implies thatKXΣ
·

`34 = 0. Thusf is a flop. Note that adding toΣ′ the ray equal to the intersection
of the 2-faces〈R012, R013〉 and〈F0, F1〉, we obtain a fanΣ′′ such that the natural
morphismσ : XΣ′′ → XΣ′ is a resolution of singularities with exceptional di-
visor isomorphic to a nonsingular 2-dimensional quadric. There are two projection
Σ′′ → Σ andΣ′′ → Σ+ which define two new morphismsν:XΣ′′ → XΣ and
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5.1. ELEMENTARY LINKS 101

ν+ : XΣ′′ → XΣ which make the following diagram commutative:

XΣ′′

ν

||yy
yy

yy
yy ν+

##F
FFFFFFF

��

XΣ

φ ""E
EE

EE
EE

E
f //________ XΣ+

φ+{{xxxxxxxx

XΣ′

For future use, observe that the fansΣ andΣ+ are not isomorphic. The fanΣ+

contains the two opposite faces〈e2, e3〉 and〈−e2,−e3〉. The fanΣ does not have
such faces. Consider the projection toN → N ′ = Z3/Z(−e2). The image of
Σ+ ⊂ NR = R3 is aN ′-fan with1-skeletonR≥0 equal to the images of the vectors
e1, e3,−e3,−(e1 + e3). It defines the toric surfaceF1. The2-face〈e2, e3〉 of Σ+

is mapped to the 1-faceR≥0e3. However, it is easy to see, looking at the extremal
rays in the Mori cone, thatXΣ does not admit any morphisms ontoF1.

Another type of birational transformation we will need is an elementary trans-
formation of projective bundles.

Let P(E) → S be the projective bundle associated to a rankr locally free sheaf
E over a smooth variety varietyS. Let Z be an effective divisor onS considered
as a closed subschemei : Z ↪→ S andF be a locally free sheaf onZ of rank
r′ < r. Suppose we have a surjectionu : E → i∗F . It defines a closed embedding
su : P(F) ↪→ P(E). WhenF is of rank1, this is a section overZ.

Since the projective dimension ofOZ is equal to 1, the sheafE ′ = Ker(u).
is a locally free sheaf onS of rank r. The projective bundleP(E∨)2. is denoted
by elm(P(E), u,F) and is called the projective bundle obtained by anelementary
transformationalong the data(F , u). Note that

c(E ′) = c(E)/c(i∗F). (5.1)

SinceE ′ andE are isomorphic outsideZ, the two projective bundles are isomorphic
over the complement ofZ. WhenZ is smooth, one can show thatP(E ′) is obtained
from P(E) by blowing upsu(Z), followed by the blowing down the proper trans-
form of the pre-image ofZ in P(E).

Example5.1.3. Let S = P1 andX = Fn = P(OP1 ⊕ OP1(−n)) Take a closed
pointy ∈ P1 andF = Oy the structure sheaf ofy.

2We use Grothendieck’s notationP(E) := ProjS•E
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102 LECTURE 5. FACTORIZATION PROBLEM

Assumen > 0. Let sn : P1 → X be the section defined by the surjection
OP1 ⊕ OP1(−n) → OP1(−n). The image ofsn is the unique curve onX with
negative self-intersection equal to−n. It is called theexceptional section. Consider
a surjective map of sheavesu : OP1 ⊕ OP1(−n) → Oy and letE ′ be its kernel.
We know that every locally free sheaf overP1 is isomorphic to a sheafOP1(−a)⊕
OP1(−b). Computing the degrees, we find thata+ b = n+1. If botha, b < n, we
getE ′ is contained in the summandOP1 , so the cokernel ofu is not a sky-scrapper
sheaf. So, up to switchinga, b, we have only two possibilities(a, b) = (0, n + 1)
or (a, b) = (1, n). In the former case,u induces an isomorphism onH0, and hence
u factors through the projection toOP1(−n). This shows thatu defines a point
on the exceptional sectionsn(P1). The elementary transformation produces the
surfaceFn+1

∼= P. In the latter caseu factors throughOP1 . Thenu defines a
point outside of the exceptional section. The elementary transformation produces
the surfaceFn−1.

Assumen = 0. Then, by similar argument, we obtain thatE ′ ∼= OP1 ⊕
OP1(−1), hence the elementary transformation produces the surfaceF1

∼= P(OP1⊕
OP1(−1)) ∼= P(OP1 ⊕OP1(1)).

There are 4 types of elementary links between Mori fibre spacesX → S and
X ′ → S′.

Type I:

Z

��~~
~~

~~
~~

flaps //___ X ′

��
X

��@
@@

@@
@@

@ S′

~~}}
}}

}}
}}

S

HereZ → X is a divisorial contraction of an extremal rayR withKZ ·R < 0, and
S′ → S is a morphism with relative Picard number equal to 1.

Type II :

Z

��~~
~~

~~
~~

flaps //___ Z ′

  B
BB

BB
BB

B

X

��@
@@

@@
@@

@ X ′

~~||
||

||
||

S S′
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5.1. ELEMENTARY LINKS 103

HereZ → X andZ ′ → X are extremal divisorial contractions as in the previous
case.

Type III :

X

��

flaps //___ Z

  B
BB

BB
BB

B

S

  @
@@

@@
@@

@ X ′

~~}}
}}

}}
}}

S′

This link is the inverse of a link of type I.

Type IV :

X

��

flaps //_______ X ′

��
S

��@
@@

@@
@@

@ S′

~~}}
}}

}}
}}

T

Here the morphismsS → T andS′ → T are morphisms to a normal varietyT
with relative Picard numbers equal to 1.

Example5.1.4. Let us specialize to dimension 2. There are no flips here, and all
varieties are nonsingular.

In type I, S could be a one-point variety. In this caseX must a Del Pezzo
surface with Picard number 1, i.e.S = P2. The morphismZ → X is the blow-up
of one point. ThenS′ = P1 andZ = X ′ ∼= F1 → S′ is theP1-bundle structure on
F1.

In type II, S = P1, X → P1 is aP1-bundle,Z → X blows up one point, and
Z → X ′ blows down the proper transform of the fibre through this point. So,X ′ →
P1 is another projective bundle, andX 99K X ′ is an elementary transformation.

Type III is the inverse of type I. In Type IV,X = X ′ = P1 × P1, T is the
one-point varietry, and the two Mori fibrations are the two projections toP1.

Example5.1.5. Consider the standard Cremona transformationT : P2 99K P2.
We start with the Mori fibre spaceX = P2 → point. Then we blow up the point
p1 = [1, 0, 0] to get a morphismZ → X. The projection from the pointp1 defines
a P1-bundle structureZ → P1. This gives us a first link betweenX → point and
X ′ = Z → P1. It is of type I. Next we make an elementary transformation at
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104 LECTURE 5. FACTORIZATION PROBLEM

the pointp2 = [0, 1, 0]. This is a link of type II leading to one of the projections
F0 = P1×P1 → P1. Next we make an elementary transformation at the pre-image
of the third base point[0, 0, 1] on P1 × P1. This is a link of type II. We obtain the
minimal ruled surfaceF1 → P1. Finally, we blow down the exceptional section
F1 → P2. This is a link of type III.

Z ′

~~}}
}}

}}
}}

  A
AA

AA
AA

A

II

Z ′′

!!B
BB

BB
BB

B

}}||
||

||
||

II

Z

��~~
~~

~~
~~

I

F1

��

F0

��

F1

��

Z

��
III

P2

��@
@@

@@
@@

P1

~~~~
~~

~~
~~

P1 P1

  A
AA

AA
AA

A P2

��
pt pt

We leave to the reader the job of doing the same for degenerate standard Cremona
transformations with two or one base points.

Example5.1.6. Consider the standard Cremona transformationT : P3 99K P3.
We start with the Mori fibre spaceX = P3 → point. Next we blow up the
first point p1 = [1, 0, 0, 0]. The projection from this point defines aP1-bundle
X1 → P2. This is our first link. Next we blow-up the pre-image of the second
base pointp2 = [0, 1, 0, 0] and make a flop along the proper transform of the
edge of the coordinate simplex joining the pointsp1, p2. It follows from Example
5.1.2that the new surface admits a morphism toF1. This is our new Mori fibre
space. Then we blow up the the third vertexp3, make two flops along the edges
〈p1, p3〉, 〈p2, p3〉 and get a morphism toD7, the blow-up of 2 points (a Del Pezzo
surface of degree 7). Next we blow up the vertexp4, make three flops along the
edges〈pi, p4〉, i = 1, 2, 3 and get a morphism toX3 → D6, a Del Pezzo surface
of degree 6. The 3-foldX3 is a toric variety, the corresponding fan contains8
rays spanned by the vectors±ei, i = 0, 1, 2, 3. It has 18 two-dimensional cones
〈−ei,−ej〉, 〈−ei, ej〉, i 6= j. It is isomorphic to the blow-up of 4 points inP3. We
can start blowing down the four exceptional divisors making square morphisms of
Mori fibre spaces.
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5.1. ELEMENTARY LINKS 105

Z1

}}||
||

||
||

flop
���
�
� Z2

}}||
||

||
||

2 flops
���
�
� Z3

}}||
||

||
||

}}||
||

||
||

3 flops
���
�
�

P3

��
I

X1
oo

��
II

X2

��
II

X3

��
II

X4

��

//

II

X5

��

//

II

X6

��

//

II

X7

��

//

I

P3

��
pt P2oo F1

oo D7
oo D6

oo // D7
// F1

// P2 // pt

Example5.1.7. Consider a non-degenerate quadratic transformation inPn, n >
2. Recall that it is decomposed as the blow-up of a nonsingular quadricQ0 in a
hyperplane, followed by the projection from a point on the image quadricQ ⊂
Pn+1 that does not lie in the proper transform of the hyperplane containing the
quadric. Its decomposition into elementary links is as follows.

Z

~~~~
~~

~~
~~

��?
??

??
??

?

II

Z ′

��~~
~~

~~
~~

  A
AA

AA
AA

A

IIPn

  @
@@

@@
@@

@ Q

����
��

��
�

��@
@@

@@
@@

@ Pn

~~}}
}}

}}
}}

pt pt

Note that a nonsingular quadric of dimension> 2 is an example of a Fano variety
with Picard number equal to 1.

Example5.1.8. Let X = P(O⊕3
P1 ) ∼= P1 × P2 → P1 be the trivialP2-bundle.

Take a pointy ∈ P1 and a surjectionO⊕3
P1 → Oy. The kernel is isomorphic toE =

O⊕2
P1 ⊕OP1(−1). The corresponding projective bundleP(E ′∨) = P(O⊕2

P1 ⊕OP1(1))
is isomorphic to the blow-up of a line inP3 with the morphism toP1 defined by the
projection from the line. Leta1 : P(E) → P3 be the birational morphism which is
the inverse of the blow-up of the line. Letb1 : P1 × P2 99K P(E) be the birational
map defined by the elementary transformation.

Consider the other projectionX = P1 × P2 = P(OP2)⊕2 → P2 and make
the elementary transformation with respect to the surjectionO⊕2

P2 → O`, where`
is a line. The elementary transformation produces the projective bundleP(OP2 ⊕
OP2(1)). It is isomorphic to the blow-up a point inP3 with the morphism toP2

defined by the projection from the point. Leta2, b2 be the similarly defined rational
maps.

Thus we get a chain of elementary links decomposing the birational mapT :
P3 99K P3 equal to the composition(a2 ◦ b2) ◦ (b−1

1 ◦ a−1
1 ).
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106 LECTURE 5. FACTORIZATION PROBLEM

Z ′

$$IIIIIIIIII

��

Z

�� $$JJJJJJJJJJ

P3

III
��

P(E)
a1oooo

��
II

P1 × P2
b1oo_ _ _

��
IV

P2 × P1
b2 //___

��
II

P(E ′) a2 //

��
III

// P3

��
pt P1oo P1

##G
GG

GG
GG

GG
G P2

{{www
ww

ww
ww

w P2 // pt

pt

The mapT can be described as follows. Fix a pointxi and a linè i not contain-
ing xi and identifyP2 with the family of lines throughxi andP1 with the family
of planes through̀i. The line` corresponds to the pointy over which we do the
elementary transformation. The pointx1 is the base point ofa−1

1 .
Fix a general planeΠ1 and a general linè in P3. Identify Π with the family

of lines throughxi by taking the intersection of a line〈x, xi〉 with the planeΠ.
Identify P1 with the family of planes through̀i by taking the intersection of a
plane〈x, `i〉 with `. Now consider the following map. Take a general pointx ∈
P3. The line`x = 〈x, x1〉 and the planeΠx = 〈x,Π1〉 defines a line throughx2

and the plane through̀2. We takeT (x) to be the intersection point of this line
and this plane. Let us see the indeterminacy points ofT . Let Ai = `i ∩ Π and
Bi = 〈xi, `i〉 ∩ `. Obviously, the imageT (x) is not defined ifx = x1 or x ∈ `1.
Also, T is not defined at any pointx in the intersectioǹ ′1 of two planes〈`1, B2〉
and〈x1, A2, B2〉. Thus we see that the base locus containsx1 and the union of
two intersecting lines̀1 + `′1. It is easy to check that the pre-image of a general
plane in the targetP3 under the mapa2 ◦ b2 is a divisor of type(1, 1). The map
b−1
1 ◦a−1

1 : P3 99K P2×P1 is given by the 5-dimensional linear system of quadrics
throughx1 and`1. It mapsP3 to P5 with the image equal toP2 × P1 embedded
by the Segre map. This shows thatT−1(plane) is a quadric, thusT is a degenerate
quadratic transformation.

Example5.1.9. Consider the Cremona transformation defined by the homaloidal
linear system of cubics through the double structure of a rational normal curveC
in P3. Let |L| = |2H −C| be the 2-dimensional linear system of quadrics through
C. It defines a structure of aP1-bundle on the blow-upq : X1 = BlCP3 → P2.
For any pointx ∈ P2 = |L|∨, the fibreq−1(x) is the secant linèx contained in
the base locus of the pencil of quadrics in|L| defined by this point. The proper
transformF of the tangent surface Tan(C) is mapped to the conicK in the plane
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5.1. ELEMENTARY LINKS 107

parameterizing the tangent lines ofC. The exceptional divisorE1 is a finite cover
of P2 of degree 2. The two surfaces are tangent along the curveR which is a
section of the bundle over the conicK (recall that Tan(C) contains the curveC
as its cuspidal curve). The curveR is the ramification curve of the double cover
q|E1 : E1 → P2.

Let ν : Z = BlRX1 → X1 be the blow-up ofR. Computations from section
2.28 show that the normal bundle ofR in X1 is isomorphic toOP1(3)⊕2. This
shows that the exceptional divisorE2 of ν is isomorphic toF0. The proper trans-
form F ′ of F in Z intersectsE2 along the curveR′ of type (1, 1). The proper
transform ofE1 intersectsE2 along the same curve. The union ofE2 andF ′ is the
pre-image of the conicK under the projectionq ◦ ν : Z ′ → X1 → P2. Now we
blow downF ′ to a curveR′ on the new projective bundleX2 → P2. In other words
we make an elementary transformation ofX1 → P2 along the curveR given by an
invertible bundleL onK of degree 1.

A fibre of q : X1 → P2 is naturally identified with a secant〈a, b〉 of C and
the planeP2 with the symmetric squareC(2). The map{a, b} → 〈a, b〉 defines an
embedding ofC into the Grassmannian of lines inP3. The image of the embedding
in the Pl̈ucker space is a Veronese surfaceV ⊂ G(2, 4). The morphismq becomes
isomorphic to the universal family of lines over the Veronese surface. ThusX1

∼=
P(E), whereE is isomorphic to the pre-image of the universal subbundle over
G(2, 4) restricted toV . Since a general point inP3 lies on a unique secant and any
general plane contains three secants, we obtain that the cohomology class ofV is
of type(1, 3). his allows us to compute the Chern classes ofE . We havec1(E) =
2, c2(E) = 3. The first equality implies thatE ′ is self-dual. The Chern classes
of L arec1(L) = 2, c2(L) = 1. Applying (5.1), we obtain that the new vector
bundleE ′ ∼= obtained by the elementary transformation hasc1(E ′) = 0, c2(E ′) =
2. One can show thatE ′ ∼= E(1), soP(E) ∼= P(E ′). After making the elementary
transformation, we define the blowing downX2 → P3 with the exceptional divisor
equal to the image ofE′1.
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108 LECTURE 5. FACTORIZATION PROBLEM

5.2 Noether-Fano-Iskovskikh inequality

LetHX be a linear system without fixed components on a smooth varietyX which
defines a rational mapX 99K Y to a normal varietyY , so thatHX is equal to the
proper transform of an ample linear systemHY onY . We will use a log resolution
σ : X ′ → X of its base scheme. Recall that it is given by a sequence of birational
morphisms

X ′ = XN
σN−→ XN−1

σN−1−→ . . .
σ2−→ X1

σ1−→ X1 = X,

where each morphismσi : Xi+1 → Xi is the blowing up of a smooth closed
subschemeBi of Xi, which we can always assume to be of codimension≥ 2.

For anyN ≥ a > b ≥ 1, we set

σab = σa ◦ . . . ◦ σb.

We will often identifyBi with a closed subvariety ofXj , j ≤ i, if the morphism
σij : Xi → Xj is an isomorphism at the generic point ofBi.

LetHi = σ−1
i1 (H) be the proper transform ofH in Xi. ThenBi is contained

in its base scheme and we set

mi = min
D∈Hi

multηiD,

whereηi is the generic point ofBi.
It follows from Hironaka’s Theorem on resolution of singularities that we can

also assume that the followingnormal flatnesscondition is satisfied

• mi > 0,mi ≥ mj , 1 ≤ i ≤ j ≤ N .

• A general divisor of the linear systemσ−1
i1 (H), the scheme-theoretical inter-

section of two general divisors inσ−1
i1 (H), and the base scheme ofσ−1

i1 (H)
are normally flat alongBi (in particular, it is equimultiple alongBi).

Let Ēi be the exceptional divisor ofσi : Xi+1 → Xi. It is the projective bundle
overBi defined by the normal bundleP(N∨

Bi/Xi
) of Bi in Xi. It is a reduced

effective divisor inXi. We denote byEi its proper transform inX and byEi its
scheme theoretical pre-image inX.

We define a partial order on the set of subvarietiesBi by writing Bi > Bj if
σij(Ēi) ⊂ Ēj . TheEnriques diagramof the resolution is an oriented graph whose
vertices are the subvarietiesBi and an edge connectsBi withBj if Bi > Bj andBi

is contained in the proper transform ofĒj in Ēi under the mapσij . If additionally,
σi,j : Ēi → Xj mapsBi isomorphically ontoBj , we say thatBi is infinitely near
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5.2. NOETHER-FANO-ISKOVSKIKH INEQUALITY 109

toBj of order 1. By induction, we defineBi to be infinitely near of orderk toBj

and writeBi �k Bj in this case.
For anyi ≤ j let γij be the sum of the lengths of the paths connectingi andj

in the Enriques diagram.
In the case of surfaces, all subschemesBi’s are closed pointsxi ∈ Xi−1 and

the exceptional divisors̄Ei are isomorphic toP1. In this case the notion of being
infinitely near makes the partial order on the set of pointsBi’s. Two pointsxi, xj

are connected by an edge(xi, xj) if and only if xi �1 xj .
The standard formula for the behavior of the canonical class under the blow-up

of a smooth closed subschemes shows that

KX = σ∗(KX0) +
N∑

i=1

δiEi = σ∗(KX0) +
N∑

j=1

(
∑
j≤i

γijδj)Ei, (5.2)

whereδj = codim(Bi, Xi−1)− 1.
LetHi = σ−1

i1 (H) be the proper transform of the linear systemH toXi. It is
equal toσ∗i1(Hi−1)−miĒi. By induction, we obtain

σ−1(H) = σ∗(H)−
N∑

i=1

miEi = σ∗(H)−
N∑

i=1

(
∑
j≤i

γijmj)Ei, (5.3)

For example, ifH = |dH −
∑
miZi| is a smooth homaloidal linear system inPn,

we may take for a resolution the sequence of blow-ups ofBi = (Zi)red. In this
case the Enriques diagram consists of disjoint vertices, and we obtain

KX = −(n+ 1)σ∗(H) +
∑

aiEi,

σ−1(H) = dσ∗(H)−
∑

miEi.

Definition 5.2.1. LetH be a linear system without fixed components on a variety
X. We say that the pair(X, bH), where0 ≤ b ≤ 1 is a rational number, has
canonical singularities(resp. terminal) if there exists a log resolution ofBs(H)
with

δi − bmi ≥ 0, i = 1, . . . , N, resp. > 0.

Thecanonical threshold(terminal thresholdofH is maximal positive rational num-
ber c(H) such that the pairs(X, cH) has canonical (terminal) singularities. An
irreducible componentEi is calledcrepantif c(H) = ai/ri.

One can show that these definitions do not depend on a choice of a log res-
olution and coincide with the definition of the canonical (terminal) pair(X, bD),
whereD is a general divisor inH.
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110 LECTURE 5. FACTORIZATION PROBLEM

ThusH has canonical singularities ifδi ≥ bmi ≥ 0 for all i. Also, we see that

c(H) = min{ δi
mi
} (5.4)

The following theorem is called theNoetehr-Fano-Iskovskikh inequality.

Theorem 5.2.1.Let f : X 99K Y be a birational map defined by a linear system
HX = f−1(HY ) for some ample linear systemHY onY . Assume that, for some
rational numbert, we have|tHY + KY | = ∅ but |tHX + KX | 6= ∅. Thent <
c(HX).

Proof. Let (X ′, π, σ) be a log resolution off . We have

π−1(HX) = π∗(HX)−
N∑

i=1

miEi = σ∗(HY ).

WriteKX′ = π∗(KX)+
∑
δiEi, multiply both sides byt, addπ∗(KX)+

∑
aiEi,

to the left-hand side andKX′ to the right side to obtain

KX′ + σ∗(tHY ) = π∗(KX + tHX) +
N∑

i=1

(δi − tmi)Ei. (5.5)

Assumeδi ≥ tmi ≥ 0 for all i. Applying σ∗ to both sides and using that
σ∗(KX′) = KY , we get

∅ = |KY + tHY | = |σ∗(π∗(KX + tHX) +
N∑

i=1

(δi − tmi)σ∗(Ei)|.

Since the right-hand side is non-empty, we get a contradiction. Thusδi − tmi < 0
for somei, hencet > c(H).

Letα : X → S, andα′′ : Y → S′ be Mori fibrations. Since the relative Picard
numbers are equal to 1, we can write

HX ⊂ | − rKX + α∗(A)|, HX = −r′KX + α′∗(A′)

for some rational positive numbersr, r′ and some effective divisor classes onS
andS′. ThentHY +KY | = ∅ for t > r′. So if r > r′, then|tHX +KX | 6= ∅ for
r ≥ t > r′. Thus

c(H) < r′ (5.6)
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5.2. NOETHER-FANO-ISKOVSKIKH INEQUALITY 111

Together with (5.4), this implies that

max{mi

δi
} > 1

r′
.

Let us apply this to the case whenX = Y = Pn, HX ⊂ |dh| is a homaloidal
linear system onPn andHY = |h|, whereh = c1(OPn(1)). SinceKPn = −(n+
1)h, we obtain thatr′ = n+1

d , hence

c(HX) <
n+ 1
d

, (5.7)

and

max{mi

δi
} > d

n+ 1
.

For example, ifn = 2, we obtain that there exist a base point of multiplicity
> d/3. This of course follows from Noether’s inequality

m1 +m2 +m3 > d,

if m1 ≥ m2 ≥ . . . ≥ mN .
Let us rewrite

∑N
i=1(δi− tmi)Ei as the sum

∑
j≤i γij(δj− tmj)Ei. If all these

sums are non-negative, thent ≤ c(HX). Thus

c(H) = min
i,j

{ ∑
j≤i γijδj∑
j≤i γijmj

}
.

Hence, in view of (5.6), we obtain

max
i,j

{∑
j≤i γijmj∑
j≤i γijδj

}
>

1
r′
. (5.8)

Definition 5.2.2. The exceptional divisorEi is called themaximal singularityof
the linear systemH if it satisfies(5.8).

Assume that allδj ≥ δi for anyi ≤ j (e.g.dimX = 2). LetEj0 corresponds to
the minimal vertex in the Enriques diagram, i.e.σj01 : Xj → X is an isomorphism
at the generic point ofBj . Then, by the choice of a resolution, we havemj0 ≥ mj

for anyj ≤ i with γij 6= 0. This implies that

mj0

δj0
=

∑
j≤i γijmj0

δj0
∑

j≤i γij
≥

∑
j≤i γijmj∑
j≤i γijδj

>
1
r′
.
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112 LECTURE 5. FACTORIZATION PROBLEM

So, we can find the maximal singularity among the irreducible components of the
base scheme and its multiplicitym satisfies

m ≥ δ

r′
,

whereδ + 1 is equal to the codimension of the component.

Example5.2.1. Let us look at Example2.5.3. The Enriques diagram consists of
4 minimal vertices corresponding to the for points in the base locus, and the fifth
vertex corresponding to a line infinitely neat to the fourth vertex. All the multipli-
citiesmi are equal to 1. Any of the minimal vertices givemi/δi = 1/2. we have
r′ = 2/4 = 1/2. So, none of them is maximal. For the fifth vertex the ratio (5.8) is
equal to2/3, and this is larger than1/2. So, the componentE5 of the exceptional
divisor of the resolution is maximal.

For any morphismφ : X ′ → X we denote by≡φ-equivalence ofQ-Weil
divisors (whereD ≡φ 0 if D · C = 0 for any curveC with σ(C) = point).

The following is known as theNegaivity Lemma. We refer for the proof to
[Kollar].

Lemma 5.2.2. Let σ : X ′ → X be a birational morphism with exceptional ir-
reducible divisorsEi. A Q-Weil effective divisorD is calledσ-effective if noEi

appears inD. Assume that ∑
aiEi ≡φ H +D

for someσ-effective divisorD andσ-nefQ-Cartier divisorH. Then allai are non-
positive. Moreover, ifσ(Ei) = x ∈ X and the restriction ofD or H to σ−1(x) is
not numerically trivial, thenai < 0.

Corollary 5.2.3. LetX,Y beQ-factorial varieties, andf : X 99K Y ′ be a small
birational map. LetH be an ample divisor onX such thatH ′ = f(H) is nef. Then
f−1 is a morphism, hencef is an isomorphism ifH ′ is ample.

Proof. Choose a smooth resolution(X,π, σ). It suffices to show that, for any
point y ∈ Y , dimπ(σ−1(y)) = 0. Sincef is small, the exceptional divisors
Ei of π are the same as exceptional divisor ofσ. Thenσ∗(π∗(H)) = H ′ and
σ∗(σ∗(H ′)) = H ′ implies∑

aiEi = σ∗(H ′)− π∗(H) = (π − nef) + (π − effective).

Also

−
∑

aiEi = −π∗(H) + σ∗(H ′) = (σ − nef) + (σ − effective).
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5.2. NOETHER-FANO-ISKOVSKIKH INEQUALITY 113

By the Negativity Lemma, we get that allai = 0. Thusσ∗(H ′) = π∗(H). Suppose
dimπ(σ−1(y)) > 0 for some pointy. Take a curveC in σ−1(y) such thatπ(C) is
not a point. Then

0 = H ′ · σ∗(C) = σ∗(H ′) · C = π∗(H) · C = H · π∗(C) > 0.

This is a contradiction.

Note that in the case of surfaces, this is well-known and follows from negative
definiteness if the intersection matrix of exceptional divisors.

Theorem 5.2.4. Let f : (φ : X → S) → (φ′ : X → S′) be a birational iso-
morphism of Mori fibre space defined by a linear system without fixed components
H ⊂ |D|. WriteD in the form−µKX + φ∗(A) for some effective divisor class
A onS and a rational positive numberµ (this is possible, by definition of a Mori
fibre space). LetH = f−1(H′), whereH′ ⊂ |D′| = | − µ′KX′ + φ′(A′)| for some
ampleD′ onX ′ and ampleA′ onS. Then

(i) µ ≥ µ′ andµ = µ′ if and only iff is square;

(ii) if (X, 1
µHX) is a canonical pair and|KX + 1

µHX | is nef, thenf is a Sarkisov
isomorphism.

Proof. Let us consider equality (5.5). SubstituteKX′ = σ∗(KY ) +
∑
biFi for

some exceptional divisorsFi of σ. Then we get

π∗(KX + tHX) +
∑

(ai − tri)Ei = σ∗(KY + tHY ) +
∑

biFi. (5.9)

LetΓ be a general curve contained in fibres ofX → S which is disjoint fromφ∗(A)
and allπ(Ei)’s. The latter condition allows one to identifyΓ with its pre-image in
X. Intersecting both sides withΓ, we obtain

π∗(KX + tHX) · Γ = (σ∗(KY + tHY ) · Γ +
∑

biFi · Γ.

Taket = 1/µ′, then the right-hand side is equal to

1
µ′
σ∗(φ′∗(A′)) · Γ +

∑
biFi · Γ.

SinceX has terminal singularities allbi’s are positive. AlsoA′ is ample. This
implies that the right-hand side is non-negative. Since the left-hand side is equal
to (1 − µ

µ′ )KX · Γ, we get1 − µ
µ′ ≤ 0, i.e. µ′ ≤ µ. Moreover, ifµ = µ′, then

φ′(A′) · ·σ∗(Γ) = 0, thusf(Γ) = σ∗(π∗(Γ)) is contained in fibres ofφ′. This
means thatf is square. This checks (i).
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114 LECTURE 5. FACTORIZATION PROBLEM

Assume that(HX , µ) is canonical. Then, if we taket = 1/µ in (5.9), we obtain
that the coefficientsa′ = ai − ri

µ in the sum
∑

(ai − ri
µ )Ei are all non-negative.

Replacing nowΓ with a general curveΓ′ contained in fibres ofφ′, and repeating
the previous argument, we obtainµ ≤ µ′. By (i), f is square.

LetEi = Fj for some subsetK of indicesi ∈ I. Consider the equality

π∗(KX +
1
µ
HX) +

∑
a′iEi = σ∗(KY +

1
µ
HY ) +

∑
biFi

It gives ∑
a′iEi −

∑
biFi ≡π σ

∗(KY +
1
µ
HY ),

∑
biFi −

∑
a′iEi ≡σ π

∗(KX +
1
µ
HX).

If Ei = Fj for somei andj, thenEi enters in the equality with coefficientsa′i− bj
and, in the second equality, with the coefficientbj − ai. The right-hand sides are
the sums of a relative nef and relative effective divisors. Applying the Negativity
Lemma, we get that all non-zero coefficients and both equalities are non-positive,
in particulara′i = bj if Ei = Fj . So, we obtain that each exceptional irreducible
divisor of σ is equal to a non-crepant exceptional irreducible divisor ofπ and all
other exceptionalE′i are crepant.

Now let ν : Z → X be the extraction of the crepant exceptional divisors ofπ
and letf ′ = f ◦ ν : Z 99K Y be the composition of the rational maps. Then the
exceptional irreducible divisors off andf−1 are the same. In particular,f ′ is a
small birational map. Let us show thatf ′ is an isomorphism. Choose a very ample
divisor onZ andD′ = f ′(D) be its image inY . Since

KZ +
1
µ
HZ + δD = (φ ◦ ν)∗(A) + δD

is ample (and terminal) for0 < δ << 1 and similarly

KY +
1
µ
HY + δD = (φ ◦ ν)∗(A) + δD

Thenσ has the same set of irreducible components and we have

π∗(KX +
1
µ
HX) + δD′ = (φ ◦ ν)∗(A′) + δD′

is ample (and terminal) for0 < δ << 1. Applying Lemma??, we obtain thatf ′

is an isomorphism. In particular,g = f−1 is a crepant morphism(i.e. all of its
exceptional divisors are crepant).
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5.3. THE UNTWISTING ALGORITHM 115

We have

g∗(KX +
1
µ
HX) = KY +

1
µ
HY = φ′∗(

1
µ
A′).

This implies thatg factors throughφ′ : Y → S′, henceg, and hencef , is an
isomorphism. Since we know thatf sends fibres ofφ to fibres ofφ, f induces an
isomorphismS ∼= S′.

5.3 The untwisting algorithm

In this section we explain how the Sarkisov program works. The main idea (called

a 2-ray game) is as follows. We start with a birational mapf : (X
φ→ S) →

(X ′ φ′→ S′) between two Mori fibre spaces. It is given by a linear systemH onX
without fixed components such thatHX = f−1(HX′), whereHX′ is a very ample
linear system onX ′. We writeHX = −µKX + φ∗(A),HX′ = µ′KX′ + φ′∗(A′).

We introduce the invariants, called theSarkisov degree. They form a triple
(µ, c, e) which consists of the numberµ such thatH = −µKX + φ∗(A), the
canonical discrepancyc(H) and the numbere of crepant divisorial valuations for
H. We order lexicographically the Sarkisov degrees.

Supposef is not an isomorphism of Mori fibre spaces. By Theorem5.2.4,
there are two cases to consider

(i) (X,KX + 1
µH) does not have canonical singularities;

(ii) (X,KX + 1
µH) has canonical singularities butKX + 1

µH is not nef.

If the first case occurs, thenc < 1
µ . We apply Proposition5.3.1below to find

a blow-upν : Z → X with ρZ/X = 1 such thatKZ + cHZ = f∗(KX + cHX),
whereHZ = σ−1(HX). It is called amaximal extraction. In the case of surfaces,
this is just the blow-up a base point with maximal multiplicity. One shows that a
maximal extraction strongly decreases the Sarkisov degree. Sinceρ(Z/S) = 2,
there will be two relative extremal rays inNE(Z). One of themP defines a
relative contraction(Z/S) → (X/S). We look at another oneQ and consider its
contraction(Z/S) → (Y/S). If Y is in the Mori category, we obtain a new Mori
fibre spaceY/S. This is our first link of typeI or II. If Y/S is not a Mori fibre
space, we make a small contraction(Z ′/S) → (Y/S) with flapping rayP ′. Again
the relative Picard number of(Z ′/S) is equal to 2, so we can find another extremal
rayQ′. We repeat the game hoping that a sequence of flaps terminates (it does in
dimension 3).

In case (ii) we make the link by choosing some contractionS → T as follows.
LetP ∈ NE(X) be the ray defining the Mori fibrationX → S. SinceKX + 1

µH is
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116 LECTURE 5. FACTORIZATION PROBLEM

not nef, we find an extremal rayQ with (KX + 1
µHX) ·Q < 0. SinceKX + 1

µH =
φ∗(A), the raysP andQ are different. Then we show that the extremal face〈P,Q〉
exists, so we can contract this face to getX → Y → T equal toX → S → T .
This step decreases the Sarkisov degree.

The process ends when the newµ becomes equal toµ′ and newK + 1
µH

becomes canonical and nef. Then we obtain a Sarkisov isomorphism.

Proposition 5.3.1. LetH be a linear system without fixed components defining a
birational mapf : X 99K Y . There existsZ with at mostQ-factorial terminal sin-
gularities and a Mori extremal contractionν : Z → X such that(Z, c(ν−1(H)))
has canonical singularities and

KZ + cν−1(H) = ν∗(KX) + cH).

Here c is the canonical threshold ofH. The morphismc is called themaximal
extraction.

Proof. If all dimensions of the base schemesBi in a resolution satisfydimBi ≤
dimBj if Bi > Bi, this is easy. We choose a maximal singularity represented by
an irreducible component of the base scheme, and blow it up. The corresponding
birational morphismν : Z → X is our maximal extraction.

Let us consider the general case. Consider a log resolutionπ : Z → X. Let c
be the canonical threshold of(X,H). Let t0 be minimalt ≥ 0 such that

KZ + t0HZ = π∗(KX + t0HX) +
∑

(ai − t0ri)Ei

is nef. Consider an extremal rayR in NE(Z/X) such thatKZ · R < 0 and
(KZ + t0HZ) · R = 0. We find suchR represented by a curve in someEi such
thatai − t0ri = 0

Let Z → Z1 be the contraction ofR andHZ1 be the image ofHZ . We define
t1 ≥ t0 as above, and continue by induction until we define(Zi,HZi , ti). The
process terminates when we are left with only one contractionZk → X with
c = tk. This is our maximal extraction.

5.4 Noether Theorem

Let us see how the Sarkisov Program allows to prove Noether’s Theorem on fac-
torizations of a Cremona transformationf : P2 99K P2.
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5.4. NOETHER THEOREM 117

Proposition 5.4.1. Let f : Q 99K Q be a birational automorphism of a nonsingu-
lar quadricQ ∼= F0 in P3. Consider it as a Mori fibre spaceX0 → S by choosing
one of the rulingsφ1 : Q → S = P1. Thenf is a composition of links of type
II and IV between Mori fibre spacesXi → P1, whereXi = F0 for eveni and
Xi = F1 for oddi.

Proof. LetH be a linear system onX0 = Q defining a birational mapf : Q 99K Q.
We choose the very ample linear systemH′ = OQ(1) on the target quadric. The
linear systemH is contained in the complete linear system|af1+bf2|, wheref1, f2

are the standard generators of Pic(Q). Obviously, we may assume thata ≥ b > 0.
We have−KQ = 2f1 + 2f2. Let us consider the Mori fibration onQ defined by
the projectionp1 : Q → P1 with fibre of the divisor classf1 so thatf2 generates
the relative Picard group. We haveH0 = − b

2KX0 + a− bf1, so thatµ = b
2 .

Obviously,µ′ = 1/2. Applying Theorem5.2.4, we obtainb > 1, unless the map
is an isomorphism, in which case the assertion is obvious. Since|KQ +H′| = ∅
but |KQ + 1

µH| 6= ∅, we obtain that the canonical thresholdc of (Q,H) satisfies

c > 1
µ = 2

b . Thus we can find a base pointx1 of maximal multiplicityr1 > b/2.
Let ν1 : Z → Q be the blow-up ofx1 with exceptional divisorE1. Let F1 be
the proper transform of the fibre ofp1 : Q → P1 passing throughx1. We have
ν∗1(f1) = E1 + F1. Thus we can write

−KZ = 2ν∗1(f2) + 2ν∗1(f1)− E1 = 2ν∗1(f2) + 2F1 + E1,

H1 = ν−1
1 (H) = aν∗1(f2) + bν∗1(f1)− r1E1 = aν∗1(f2) + bF1 + (b− r1)E1.

Let σ1 : Z → X1
∼= F1 be the blowing down ofF1. Then

−KX1 = σ1(E1) + 2σ1(ν∗1(f2)) = g + 2s,

whereg = [σ1(E1)] is the class of a fibre of the projectionp : F1 → P1 ands is a
section from the divisor classg + s0, wheres0 is the exceptional section. We also
have

H1 = (σ1)∗(H1) = as+ (b− r1)g = −a
2
KX1 + (b− a

2
− r1)g.

Sinceb ≥ 2, we havea ≥ 2, hence2/a ≤ µ′ and the canonical thresholdc′ of H1

is greater than 1. This gives a maximal base pointx2 of multiplicity > a/2. Since
s0 ·H1 = b− r1 < b/2 < r1, the pointx2 cannot lie on the exceptional sections0.
Let ν1 : Z1 → X1 be the blow-up ofx2 and thenσ1 : Z1 → X2 be the blow-down
of the proper transform of the fibre ofp : X1 → P1 through the pointx2. The
surfaceX2 is isomorphic toF0 and the birational transformation

tx1,x2 := (σ1 ◦ ν−1
1 ) ◦ (σ ◦ ν−1) : Q 99K X2
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118 LECTURE 5. FACTORIZATION PROBLEM

is equal to the composition of the two elementary transformations elmx2 ◦ elmx1

onQ, where we identifyx1 andx2 with their images onQ. Note that the pointx2

could be infinitely near tox1.

Let us fix a pointx0 ∈ Q. The linear projectionpx0 : Q \ {x0} → P2 defines
a birational map. Letl1, l2 be two lines onQ passing throughx0 andq1, q2 be
their projections. The inverse mapp−1

x0
blows up the pointsq1, q2 and blows down

the proper transform of the lineq1, q2. For any birational automorphismT of P2

the compositionp−1
x0
◦ T ◦ px0 is a birational transformation ofQ. This defines an

isomorphism of groups

Φx0 : Bir(Q)
∼=→ Bir(Q), σ 7→ px0 ◦ σ ◦ p−1

x0
.

Explicitly, Φ−1
x0

is given as follows. Choose coordinates inP3 such thatQ =
V (z0z3 − z1z2) andx0 = [0, 0, 0, 1]. The inverse mapp−1

x0
can be given by the

formulas
[t0, t1, t2] 7→ [t20, t0t1, t0t2, t1t2].

If T is given by the polynomialsf0, f1, f2, thenΦx0(T ) is given by the formula

[z0, z1, z2, z3] 7→ [f0(z′)2, f0(z′)f1(z′), f0(z′)f2(z′), f1(z′)f2(z′)], (5.10)

wherefi(z′) = fi(z0, z1, z2).

Remark5.4.1. Let z1, . . . , zn ∈ Q be base points ofT different fromx0. Let
T−1(x0) be a point ifT−1 is defined atx0 or the principal curve ofT corresponding
to x0 with x0 deleted if it contains it. The Cremona transformationΦx0(T ) is
defined outside the setq1, q2, px0(z1), . . . , px0(zn), px0(T

−1(x0)). Here, we also
include the case of infinitely near fundamental points ofT . If some ofzi’s lie on
a line li or infinitely near to points onli, their image underpx0 is considered to be
an infinitely near point toqi.

Let Aut(Q) ⊂ Bir(Q) be the subgroup of biregular automorphisms ofQ. It
acts naturally on Pic(Q) = Zf+Zg, wheref = [l1], g = [l2]. The kernel Aut(Q)o

of this action is isomorphic to Aut(P1) × Aut(P1) ∼= PGL(2) × PGL(2). The
quotient group is of order 2, and its nontrivial coset can be represented by the
automorphismτ of Aut(P1 × P1) defined by(a, b) 7→ (b, a).

Proposition 5.4.2. Let σ ∈ Aut(Q)o. If σ(x0) 6= x0, thenΦx0(σ) is a quadratic
transformation with fundamental pointsq1, q2, px0(σ

−1(x0)). If σ(x0) = x0, then
Φx0(σ) is a projective transformation.
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5.4. NOETHER THEOREM 119

Proof. It follows from Remark5.4.1thatΦx0(σ) has at most 3 fundamental points
if σ(x0) 6= x0 and at most 2 fundamental points ifσ(x0) = x0. Since any bira-
tional map with less than 3 fundamental points (including infinitely near) is regular,
we see that in the second caseΦx0(σ) is a projective automorphism. In the first
case, the image of the lineq1, q2 is equal to the pointpx0(σ(x0)). ThusΦx0(σ) is
not projective. Since it has at most 3 fundamental points, it must be a quadratic
transformation.

Take two pointsx, y which do not lie on the same fibre of each projection
p1 : F0 → P1, p2 : F0 → P1. Letx = F1∩F2, y = F ′1∩F ′2, whereF1, F

′
1 are two

fibres ofp1 andF2, F
′
2 are two fibres ofp2. Thentx,y is a birational automorphism

of F0.

Proposition 5.4.3. Φx0(tx,y) is a product of quadratic transformations. Ifx0 ∈
{x, y}, thenΦx0(tx,y) is a quadratic transformation. Otherwise,Φx0(tx,y) is the
product of two quadratic transformation.

Proof. Assume first thaty is not infinitely near tox. Supposex0 coincides with
one of the pointsx, y, sayx0 = x. It follows from Remark5.4.1thatΦx0(T ) is
defined outsideq1, q2, px0(y). On the other hand, the image of the lineq1, px0(y) is
a point. Here we assume that the projectionF0 → P1 is chosen in such a way that
its fibres are the proper transforms of lines throughq1 underp−1

x0
. ThusΦx0(T ) is

not regular with at most threeF -points, hence is a quadratic transformation.
If x0 6= x, y, we composetx,y with an automorphismσ ofQ such thatσ(x0) =

x. Then
Φx0(tx,y ◦ σ) = Φx0(tx0,σ−1(y)) = Φx0(tx,y) ◦ Φx0(σ).

By the previous lemma,Φx0(σ) is a quadratic transformation. By the previous ar-
gument,Φx0(tx0,σ−1(y)) is a quadratic transformation. Also the inverse of a quad-
ratic transformation is a quadratic transformation. ThusΦx0(tx,y) is a product of
two quadratic transformations.

Now assume thaty � x. Take any pointz 6= x. Then one can easily checks
thattx,y = tz,y ◦ tx,z. Here we viewy as an ordinary point ontx,z(F0).

Theorem 5.4.4. Any Cremona transformation of the plane is a composition of
projective transformations and the standard quadratic transformationT0.

Proof. Combining the previous propositions, we obtain that any Cremona trans-
formation of the plane is a composition of projective and quadratic transforma-
tions. A quadratic transformation with reduced base locus is a composition of the
standard Cremona transformationTst and a projective transformation.
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120 LECTURE 5. FACTORIZATION PROBLEM

It is enough to show that a quadratic transformationsT with two or one base
points is a composition ofTst and projective transformations. SupposeT has fun-
damental points atp1, p2 and an infinitely near pointp3 �1 p1. Choose a pointq
different fromp1, p2, p3 and not lying on the linep1, p2. Letf be a quadratic trans-
formation with base points atp1, p2, q. It is easy to check thatf ◦ T is a quadratic
transformation with three base points(p1, p2, T (q)). Composing it with projective
automorphisms we get the standard quadratic transformationTst.

Finally, let us consider a quadratic transformationT with base pointsp3 �
p2 � p1. Take a pointq which is not on the line passing throughp1 with tangent
directionp2. Consider a quadratic transformationf with base pointsp1, p2, q. It
is easy to see thatf ◦ T is a quadratic transformation withF -pointsp1, p2, τ3(q).
By the previous case we can write this transformation as a composition ofTst and
projective transformation.

5.5 Hilda Hudson’s Theorem

Noether’s Theorem has no analogs in higher dimension. In fact, the following
negative result was proven by Hilda Hudson 1927.

Theorem 5.5.1.Any set of generators of the Cremaon groupCr(3) must contain
uncountable number of transformations of degreed > 1.

By a different method, and for arbitraryn ≥ 3, this result was proven recently
by Ivan Pan. We will reproduce it here.

First we generalize the construction of a dilated Cremona transformation.
Obviously, the Cremona transformation defined by(F0, QG1, . . . , QGn) con-

tains the hypersurfaceV (Q) in its P-locus. Conversely, for any hypersurfaceV (Q′)
of degreek with a pointq of multiplicity ≥ k − 1 one can construct, using the
previous lemma, a Cremona transformation of degreed > k that contains the
hypersurface in its P-locus. For example, we can takeGi = ti, i = 1, . . . , n,
Q = Hd−k−1Q′, whereV (H) is a general hyperplane containingq, andF0 is a
hypersurface of degreed with d− 1-multiple point atq with (F0,HQ

′) = 1.
Now we are ready to prove Hudson-Pan’s Theorem. Consider a family of

uncountably many degreed > 1 hypersurfacesXi, i ∈ I, no two birationally
isomorphic, which all vanish at some pointq with multiplicity d (for example,
cones over plane pairwise non-isomorphic cubic curves3). For each suchi ∈ I
we construct a Cremona transformationTi which containsXi in its P-locus. Sup-
pose we have a set of generators of Cr(n) which contains only countably many

3Here we use thatn > 2
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5.5. HILDA HUDSON’S THEOREM 121

non-projective transformations. Each generator contains only finitely many hyper-
surfaces in its P-locus. If we have a product of generatorsg = gi1 · · · gis , then
each irreducible hypersurface in theP -locus ofg is contained in theP -locus of
somegik . Thus the set of hypersurfaces contained in the P-locus of some Cremona
transformation is countable. This contradictions proves the theorem.
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